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Abstract

The aim purpose of the present work is to investigate a nonlinear Gronwall-Bellman-
Bihari-Gamidov’s type inequality. This investigation allows us to study the asymptotic
behavior of some differential equations in presence of perturbation in the sense that the
solutions are bounded and exponential convergence to a small neighborhood of the origin.
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The obtained findings can be used to study some properties of boundedness of solutions for
perturbed differential equations.
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1. Introduction

Numerous studies have been conducted on the qualitative behavior of
time-varying differential equations, and stability issues involving perturbations in
the state space have been thoroughly examined. The primary purpose of this
approach is to efficiently investigate qualitative features of solutions for systems
of differential, integro-differential, and functional-differential equations with
impulsive perturbations. These features include attraction, boundedness, stability
by Lyapunov, stability by Chetaev, and stability by Lyapunov ([22], [28],
[31]-[34]). Additionally, estimates of solutions for systems with various types of
(continuous, discrete, and parametric) perturbations can be written analytically
([31-19], [12]-[16], [18], [20]-[21], [23]-[28], [29], [35]-[41]).

The science of linear and nonlinear differential equations, as well as integral
equations, has developed largely due to integral inequalities, which give explicit
limitations on unknown functions ([1], [11], [32]). The Gronwall-Bellman
integral inequality is one of the most well-known and often applied inequality
types ([2], [19]). A number of novel extensions of the Gronwall-Bellman
inequality have been constructed by many authors ([10], [14], [17], [20], [24],
[25], [31]) in recent years, in light of the significant applications of this inequality.
These generalizations can be effective tools in the study of certain new classes of
differential and integral equations. In the meanwhile, other writers have
investigated numerous extensions of the Gronwall-Bellman disparity.

Investigating a nonlinear Gronwall-Bellman-Bihari-Gamidov's type
inequality is the main goal of the current paper. Some sufficient conditions
ensuring the global exponential convergence and boundedness of the solutions of
the system are obtained. We prove that, we are able to examine the asymptotic
behavior of some differential equations in the presence of perturbations thanks to
this integral inequalities. The results acquired can be applied to the study of the
boundedness and exponential convergence of solutions to a small neighborhood
of the origin for certain perturbed differential systems.

1.1 Exponential convergence and boundedness analysis

Let consider the following differential equation: x = W(¢t,x). Unless
otherwise stated, we assume throughout the paper that the function W(.,.)
encountered is sufficiently smooth. We often omit arguments of function to
simplify notation, R" is the n-dimensional Euclidean vector space; R* is the
set of all non-negative real numbers; ||x]|| is the Euclidean norm of a vector
x € R"™. For all x, € R" and t, € R*, we will denote by x(t, t,, xo), or simply
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by x(t), the unique solution at time t, starting from the point x,. Unless
otherwise stated, we assume throughout the paper that the function encountered is
sufficiently smooth. We often omit arguments of function to simplify notation,
[|.]| stands for the Euclidean norm vectors.

In the sequel, for dynamic systems with parameter, we will remember what
uniformly ultimate boundedness and exponential convergence in the sense of
[39]. Let consider the following system described by:

x =We(t, x) (1)
with W¢ are smooth functions with € €]0,&*[,¢* > 0, t € R, is the time and
x € R™ is the state, € > 0 represents a small parameter in the system. The
existence and uniqueness of the solutions are ensured by the fact that W#(¢, x): =
WY(t, x,¢) is continuous in (t,x,¢) and locally Lipschitz in (x, ), uniformly in
t. The solution of (1) will depend on the parameter &, where the solution can be
written as x(t, €).

Let x(t, €) the solution of (1.1) with respect the initial condition (t,,x(0)).
System (1.1) is said to be globally exponentially ultimately bounded if:

llx(t, o)l < kllx(0)|le ¢t + r(e), forall t >t, >0, )
with k>0, y > 0,7(e) > 0, > 0.
Using the definitions introduced by [3] and [5], the last inequality is none

other than practical stability in the sense that the trajectories approach a small
neighborhood of the origin which is equivalent to:
lx ()]l — r(e) < k|lx(0)]|e”"tt0), forall t >ty = 0.

So, the solutions are globally uniformly bounded. Moreover, by taking
initial conditions outside the ball B, centered at the origin and of radius (&), the
solutions converge exponentially to B,. Therefore, in the case when r = r(¢)
goes to zero as € tends to zero, then for initial conditions taken outside the ball
B,, the states approache the origin exponentially as t tends to infinity.

The class of system under consideration has the following form:

x(t) = A()x(t) + (L, x(t), €),
where A(t) € R™™, is matrice whose elements are continuous and bounded and
the function (¢, x, €) is a smooth function.

In the following, we need a version of Gronwall's Lemma of the Gamidov
type to be able to study the boundedness of the solutions and their asymptotic
behavior.

The famous Gronwall inequality [19], can be expressed by taking into
account a small parameter € €]0,&*[,€* > 0, as follows: Let u®(t) be a
continuous function defined on the interval [tg,t,] with € > 0 and

& t &
uf(t) <a+ bfro ué(s)ds,
where a and b are nonnegative constants. Then, for all t € [ty,t,], we have
uf(t) < aelt=to),
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The above inequality can be extended as follows:
Let a be a positive constant, u®(t) and b(t), t € [t,,t;] be real-valued
continuous functions, b(t) = 0, satisfying
us(t) < a+ ffo b(s)ut(s)ds, t € [to, t;]-
Then, for all t € [¢t,, t;], we have
ué(t) < aexp{ftt0 b(s)ds}.

The result shows that u(t, €) is no more involved in the right-hand side of
first inequality. This inequality has important applications in the theory of
ordinary differential equations in connection with proof of uniqueness of solution
and its comparison criteria. It has been further extended by many authors to cover
some more problems of ordinary differential equations. For more general case, let
u® and v nonnegative piecewise continuous functions on [0, +00) for which the
inequality:

us(6) < c(t) + ffo Ut (s)v(s)ds, Vt = t,,

holds, where t, is a nonnegative constant and ¢ is nonnegative piecewise
continuous function. Then,

us(t) < c(t) + f; eTOTO c(s)v(s)ds, Ve = t,,

where T'(t) = [ tto v(t)drt. As an extension, when c(t) is bounded by ¢ for all

t == t, = 0, for which the inequality
us(t) < c + ffo WE(s)v(s) + w(s))ds, Vt > t,
holds, where w nonnegative piecewise continuous function on [0, +00) Then,
ut(t) < (c + J wis)ds)ela" @, ve > ¢,

The somewhat more general extensions of the original Gronwall inequality
can be found in [14]. The Gamidov's Lemma can be stated as follows (see [17]).
If

us(t) < £(8) + ¢ f; d(s)(w(s))Pds
where all functions are continuous and nonnegative on [0,4+oo[, 0 <p <1,
¢ = 0, then there exists a constant k¥ > 0, such that

1
us(t) < £(8) + ckP(f; TP (s)ds) 7.

To obtain a result of exponential convergence and boundedness of solutions
for the above system, we need the following new version of Gamidov's Lemma.
Let € €]0,&"[,e* > 0.

Lemma 1.1: If
vE(t) < £+ [ [cePY (vE)P(s) + 6vE(s)]ds
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where v is continuous and nonnegative on [0,4+); p € (0,1); ¢,¢ > 0 and
y,6 suchthat 0 < 6§ <y then

1
ve(t) < 2%1?6& + (j%;)E et

Proof: Let

we(t) =€+ fot [ce=PYS(pE)P(s) + §vE(s)]ds > 0,Vt =0

then, we have w,(0) = £ and w,(t) = vé(t) forall t = 0. For each ¢ > 0, the

function w;, is differentiable at t and
W, (t) = ceTPEWEVP (L) + Sve(t)

then W, (t) < ce"PYeWP (t) + Sw,(t). Since w(t) > 0, it follows that

We(t) 1-p)yt 1-p
Well) p)Y
Wl = ce + 6w, " (b).

Consider now u,(t) = w,. P (t), vt = 0. It comes that
1, (t) < c(1 —p)e™P7 + §(1 — p)u,(t) and u,(0) = £77.
We denote by p the solution of the linear differential equation
p() = 8(1 = p)p(8) + c(1 — pePt
{p(o) = £,
By the method of variation of constants, we get

= (P17P — £ pS0-p)t 4 € Ly(1-p)t
p) = y_g)e +y_6e .

It follows from the standard comparison principle that
u(t) < p(),vt=0
which implies that

1-peé(1-p)t 4 _€ ,y(1-p)t
u.(t) <47 Pe +y_se .
1
Since w,(t) = u.(t)*-? and ﬁ > 1, then, we get

1% 5t 2Pc 1% yt
Wg(t) < 21-vfe +(ﬁ) re’”,

and consequently
P pe L
vE(t) < 21-pLelt + (ffg)weyf.

Our goal is to prove the boundedness of solutions for the following
dynamical system:

x(t) = A(t)x(t) + (L, x(t), €) (1.3)
where x(t, €) € R" is the system state, A(t) € R™", is matrice whose elements

are continuous and bounded. The function Y(t,x,¢), € €]0,&"[,e* >0, is
smooth enouth and there exists a non negative constant y,(€), such that

(L, 0,8)| < Po(e), ¥Vt =0, > 0.
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to address this important problem, we suggest that it is convenient to separate the
bounded and the convergence of solutions in two classes.

Let ®(t,t,) denotes the state transition matrix of A(t). Thus, if the linear
system is globally uniformly asymptotically stable then (see [25]),

|®(t, to)ll < ke Yt t) vt > t, >0, (1.4)

k and y are some noneagative constants.
Now, we prove the global uniform boundedness and convergence of
solutions of (1.3) under the following assumption:

(H) There exist a nonnegative continuous function bounded function {(t)
by a constant ¢ > 0 and a continuous positive function &.(t), such that

lp(t, x(t), )|l < @B |x|P + .(),0 <p < 1,Vx € R, Vt >0,
where ¢, satisfies
E(t) < p(e) <+400,p>0,Vt=0.

Theorem 1.2: Suppose that the matrix A(t) is globally uniformly asymptotically
stable and (H) is satisfied, then the solutions of system (1.3) are globally
uniformly bounded. Moreover, the solutions converge exponentially to a small
neighborhood of the origin.

Proof: The solution of the system (1.3) is given by:
x(t,€) = O, ty)x, + ft‘O d(t, )Y (s, x(s), €)ds.
Thus,
llx (e, )l < D, el xoll + ftto I I (s, x(s), €))llds.
From (1.4), it follows that
llx(t, &)l < k|lxolleE ) + kfti, e VE) ||y (s, x(s), €)|lds, Vt = t, = 0.
Since (H) holds, one gets
lx(t, &)l < llxolle Y10 4 ke [ eI Cllx(s, )P + £e(s))ds, VE = g 2 0.
Multiplying both sides by e?*, yields
e’ lx(t, )l < kllxolle?*o + kf:o e’ {lx()IIP + e (s) ds.
Thus,
e"llx(t, )]l < Kllxolle?™ + k [, e7¢.(s) ds + k¢ [} eAPIs (e¥<||x(s, &) )P ds.
Let u(t) = e¥t||x(t, )||, it comes that
us(t) < kut(ty) + k ffo e¥sE.(s) ds + k¢ ffo e(1=PI11s (£ ()P ds.
Thus,
us(t) < kuf(ty) + k ft’; e¥SE.(s) ds + k¢ ffo e(1=PIYs 3P (5) ds.
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It follows that,
u(t) < ku(ty) + (8)"( vE— eVio) 4 k([ eGP ufP (s) ds.
Using Gamidov’s Lemma, it comes that
us (1) < kuf(t,) + @(eyt — e7%0) + kgrP(f > ds)t P
So,
erllx(t, )| < ke?ollx(ty, )| + 22 (o7t — evto) + EE [ert — evtopi,
Therefore,
(6, )l < ke 7D x(t, )] + 2 (1 - eVt 4 K ertfert — eriafi-r,
Finally we get,

14
lhe(t, )l < ke V0 x(t, ) + 25 4555
Hence, the solutions of system (1.3) are globally uniformly bounded.

Moreover, using the following estimation:
()l = E2E 4+ 55 < ke Ve, o),

and by taking initial conditions 0uts1de the ball B centered at the origin and of

k| k
radius (p(g) + y{K ), on can deduce that the solutions converge exponentially to

B.

We give now an integral inequality variant of the prvious result. Let a be a
positive constant, u®(t) and b(t), t € [ty,t;] be real-valued continuous
positive functions, satisfying

ui(t) S a+2 [ b(s)(uE(s)zds, t € [to,ty]. Iq1)
Then, for all t € [t, t;], we have
ut(t) < (a2 + [} b(s)ds)?. (Iq2)

Indeed, for some fixed 8 > 0, we define the differentiable function v*(t)
n [to,t,] by:
1
vi(t)=0+a+2 ftto b(s)(us(s))zds,

by computing the derivative of the above function and using the inequality (Iq1)
verified by u®(t), one gets

1 1
%Ug(t) = 2b()(u(t))z < 2b(H)(v* ()=
Since v¥(t) = 0, we can integrate the last inequality to obtain:
1 1 t
()2 — (W*(to))2 < [, b(s)ds.
Thus,
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ut(t) S V(D) < ((a+ 0)2 + [} b(s)ds)™

Hence, we can conclude the new estimation on u®(t) by taking the limit of
0 to zero.

Using the above integral inequality (Ig1), one can study some properties of
solutions of perturbed systems of the form: x(t) = A(t)x(t) + Y. (¢, x(t)), in
the case when the linear part is globally uniformly asymptotically stable and the
nonlinear part satisfies:

1
e (s, )l < 1(e)lIx]lz, vx € R", vVt > 0,1(g) > 0,& > 0.

We can used also the same method as the one in Theorem 1.2 by
considering:

x(t,€) = D(t, to)xo + ffo D(t, )P (s, x(s))ds.
Using the fact that,
llx(t, ) < 1P (E, el Nlxoll + f:o It I e (s, x(s))lds.

one gets the following inequality:
t 1
e’llx(t, o)l < klixolle™™ + [, ke"L(e)llx(s)lf2ds,

which has the form of (Ig1), so an estimation on the solutions as (Iq2) can be
obtained.

In the sequel, inspired by the idea of (see [10]), we will develop a
Gronwall-Bellman-Bihari type inequality involving a small parameter which will
be useful for studying a class of perturbed differential equations.

Lemma 1.3: Let x:[ty, t;] = Ry be a continuous function that satisfies the
inequality:

x(O) <M+ ffo 9(s)w(x(s))ds, t € [to, 1],

where M = 0,9: [ty, t1] = R, is cotinuous and w: R, — R is continuous and
monotone- increasing. Then the estimation

x(t) < OH@M) + [, 9(s)ds), ¢ € [to, ]
holds, where @:R — R is given by
D(u): = fou ﬁds,u € R.
Now, we shall suppose the following assumption required for the

boundedness of solutions.
(H") There exist an increasing nonnegative function w, such that

v (€, x(®), Ol < w(llx(s)ID, vx € R", vt = 0.

Theorem 1.4: Suppose that the matrix A(t) is globally uniformly asymptotically
stable and (H') is satisfied, then the solutions of system (1.3) are globally
uniformly bounded. Moreover, The solutions converge exponentially to a small
neighborhood of the origin.
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Proof: The solution of the system(1.3) is given by:
x(t,€) = DL, to) %o + f, (L, (s, x(s), €)ds.
Thus,
llx(t, )l < 1, to)ll llxoll +ftto 1D I 1Y (s, x(s), &)l ds.

Taking into account, the global uniform asymptotic stability of the nominal
system x(t) =A(t)x(t), and the assumption ("), one gets,

llc(t, )1l < Kllxplle™ ¢ + ffo ke " Dw(llx(s, &)l)ds.

Thus, using the fact that W is a nonnegative increasing function, one
obtains

e’ |lx(t, o)l < kllxolle”* + ftto ke w(e"*||x(s, €)l)ds.
We set
u(t) = ellx(t oll.
Then,

u(t) < ku(ty) + f[o ke"sw(u(s))ds.
Using Lemma 1.3, it comes that
u(t) < dH(@(ku(ty)) + ffo ke¥sds),

where

u 1
¢(u)=f0 IS) S

The above inequality on u(t) is equivalent to:
u(t) < ku(ty) + (I)‘l(s (¥t — eTto)).
Now, using that @~ is an increasing function, it comes that
e’ lx(t, )l < kllxplle”t + @~ (f ("t - eyto)>.
Thus,
HML@HSkwdw”“*0+€“¢”<§@”—eﬁﬂ>
Remark that, one has the following estimation
o1 <E (e?t — eyto)) <Kert
4 Y

it is verified because ®(x) = x or ¥ < 1.
Finally, we obtain

(e, )l < kllxolle ¢~ 47,
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Hence, the solutions of system (1.3) are globally uniformly bounded.
Moreover, using the following estimation

(6, )l =7 < Kllxolle -7,

and by taking initial conditions outside the ball B’ centered at the origin and of

.k . .
radius ” the solutions converge exponentially to B'.

We give now an application to control system to illustrate the applicability
of the main result.

1.2 Example
Consider the following planar system:

xf

. 1
Xy ==X —txXy + ——5———
I A+D%,, /x§+x§
5 t x3
Xy = —Xy+txy + ——5———
(1+t2)2 2,2
1+ [x2+x3

which can be written as x = A(t)x + Y (t, x, €), where x = (x1,%,) € R? is the
state of the system,

(1.5)

-t
€ e ylxl
1ljl(tv X, E) = (1+t2) +
1+ [x2+x2
€ e

I I
X2
+

Pa(tx€) =
(1+t%) 1+ [x2+x3

Remark that, the fact that the function \/m and \/|x_2| are not
Lipschitzian around zero does not pose a problem for the existence and
uniqueness of the solutions because our study of the asymptotic bahavior of
solutions is done outside a small neighborhood of the origin. A straightforward
computation shows that the transition matrix R, is given by

cos (% (t? — tg)) —sin (% (t* - tg))

o1 2 wen0 (18w

D(t,ty) = e~ t)
sin G (t? - tg)) cos G (t? - tg))
It follows that P®(t,ty)P = e~(t=t) Moreover, the assumption () is
satisfied with ¢(t) =e™t, (=1, ¢&.(t)=——<p(e)=¢. Thus, by

(1+t2) —
application of Theorem 1.2, the solutions of system (1.3) are globally uniformly
bounded and converge exponentially to a small neighborhood of the origin.

2. Conclusion

In this work some new sufficient conditions are proposed for the exponential
stability in the sense that the solutions approach to a small ball centered at the
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origin. An example in dimensional two is given to demonstrate the design
procedure and the effectiveness of the proposed approach.
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