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1. Introduction

Fractional differential equations play major significance in numerous
domains such as physics, control theory, neural networks, and epidemiology.
Over time, a wide range of fractional differential and integral operators have been
established and employed by mathematicians to serve particular needs, often
relying on different invariant point theorems like Schauder's, Brouwer's, and
Banach's contraction principle.details on the theory and application, see [1-8].

In 1967, Caputo proposed the problems emerging from the theory of
viscoelasticity and proposed a novel definition of the fractional-order derivative.
One significant advantage of the Caputo constructedlies in the fact that the
boundary conditions for FDE of Caputo, see [9, 10].

Fifth-order problems emerge in several branches of mathematics and
physics. A range of studies has applied different numerical techniques to tackle
such problems, see [11-19].

In the article [20], the author studied on (0,1) the following problem

z®() +&g(Of (2()) =0, §ER,,
z"(1) =2(0) =z'(0) =2"(0) =2""(0) = 0.
In [21], the authors studied the nonlinear equation
m®(t) = g(t, m(t)), € (0,1),
with the boundary conditions
(@) = @) = (@) = mO() =0
m'(D)+im"(1)=0,{+&>0,
and obtained existence results of at least one positive solution.

In the article [22], the authors interested in the existence of solution for the
following problem

1]

m®(t) = —g(t,m(t)),t € (0,1),
with
{m(l) = &m(e), m®(0) = 0,k = 1,3,
0<e<1,&e*#1,

where g is continuous function.
In [23], the authors by using lower and upper solution method and schauder
fixed point theorem, studied the following:

w®(2) = —g(z,v(2),v"" (2)),z € [0,1],
w(0) =w'(0) =w'(1) =w® (1) =w®(1) = 0.
In the paper [24], the authors studied the existence and nonexistence of
monotone and convex positive solutions for the problem

v W) + gw, v(w), v’ (W), v’ (w)) = 0,w € (0,1),
v(0) =v"(0) =v"(1) =0, (1.1)
v®(0) = §u(0) = ¢ [ v(s)ds + Ti=y viv(ew),
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where g:[0,1] Xx R® > R is continuou function and & >0, {,& =0, also
0<vy<é&<..<g,<1(k=1,n).
In [25], the authors investigate the following
DN DXDP*DUDIsDFx(t)
= (t,D*DXD D% x(t), x(t))w,
+(t, D% D% x(t), x(t))w,
+(t, IEx(t), x(£))ws + (¢, x(t))wy,

where
x(0) = gy, & ER, x(1) =2, ERtE,
D*sD%%x(0) = €,,&, €ER, and{ D¥%D%x(1) =1,,4, ER,
@asx(O) =&,& € R, Da6x(1) = /11,1‘1 € R,

where (W;);-7z7 ER and 0 < a; < 1.
In this study, we discuss for all t € [0,1] the following eqation

DY, (“Doru(t))
= ()61 (t, u® (1)) + 92 ()G, (£, u® (1)) + 93 (1) G3(t, u(t)),
with boundary conditions
(u(1) = do,u'(0) = dy,u"(0) = dy,d; € R, 1 = 0,2,
{u(O) =1, f, u(t)dt, 2, €R, (1.3)
W' (1) = 2, f u(®)dt, 2, €R,

(1.2)

where €D/, and D, denote the Caputo fractional derivatives of orders
1<y<2 and 2<§ <3, respectively. Furthermore, u® ), =024
represent the classical derivatives of the function u. Moreover, ¢; € C([0,1], R).

We arrange this work it follows: In Section two, we include a notation and
definitions that is essential to the analysis of our problem (1.2)-(1.3). Section 3 is
dedicated to the main problem (1.2)-(1.3). Moreover, we establish the existence
and uniqueness of the solution using the Banach fixed-point theorem, and we
demonstrate the existence of at least one solution via Schauder's theorem. Next,
we present the examples 1 and 2 to confirm the our results.

2. Basic Preliminaries
In the following, we exhibit the property of FDEs, see [26-33].

Definition 2.1: Let n > 0 and let f:[c,d] = R be a function. The Riemann—
Liouville fractional integral of order 7 is defined by

FILF@) = o ) € =" f (D) dz,

where I'(-) denotes the Gamma function.
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Corollary 2.2: Let my, m, € R}. Then the semigroup property holds:
RL:]:ll (RL.‘]:::,Zf(t)) —RL ‘7:.1;.1+m2f(t).

Definition 2.3: Let n > 0 and suppose that f € C™([c,d],R). The Caputo
fractional derivative of order 7 is defined by

DLFO) = s Jy (=) O (@) dr,
where n = |n] + 1.

Lemma 2.4: Let 1 > 0, n € N*, and (m),_g7=s € R.
1. Forevery t € c,d], we have:
I (DL ©)
= f(t) + my + myt + mut? + - + my_ t"7Y,
where n = |n] + 1.
. If
“DLf(t) =0,
then f is a polynomial of degree at most n — 1, that is
ft) =mg+myt+ mztz 4ot mn—ltn_l-

Proposition 2.5: Let m;, m, € R} such that m, > m;. Then
CDZT(RL:Y?,.Zf(t)) —RL :];"lz—m1f(t).

Theorem 2.6: (Schauder's Fixed-Point Theorem) Let @ be a non-empty,
closed, convex, and bounded subset of a Banach space X. If a continuous
operator Y: ® = @ maps @ into a relatively compact set, then Y has at least
one fixed point in ®.

Lemma 2.7: Let 2< 8§ <3, 1<y <2 and g € C([0,1], R). We consider the
following equation.

DY, (“Dvu(t)) = g(t),t € (0,1], Q2.1
with conditions
u(0) = fol Au(t)dt, dy = u(1),d; = u'(0), 2.2)
and
w'(1) = [, Zu(t)dt, u"(0) = dy. (2.3)
Then, the solutions to problem (2.1)-(2.3) are given as follows:
u(t)
= Jy 2 g()ds + (0 + D + 1)~ )t

+(y = SPOE+ Ay [ u()de + dyt + 22,
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where
1 (1- )8+y—1 1
Y1 = do = Jy Triry9(9)ds — Ay [y u(Dadt
4 _ %2
dl 2 )
and
1 1 (1-5)0*r—2

Y, =1, fo u(l)de — fo mg(s)ds —dy —ds.

Proof: Let 2 < § <3and 1 <y < 2. From the Lemma 2.4, we get
Dliu(t) = RtV g(t) + co + c1t, ()57 € R
By applying the operator + to this equation, we obtain
u(t)
= FLI%g(0) + ¢ (P75 (D) + ¢ (P8 ()
+0, + 6,t + 6,t2,
where (6;);_57 € R. We get

RLjS
0

ot (t-s)8*tr-1 co 5
u(t) = fO WQ(S)dS + F(8+1)t

‘1 §+1 2
+F(5+2)t + 0, + 0.t + 6,t%,

(2.4)

and using the condition (2.2), we obtain
8o = Ay [, u(t)dt.
Taking the derivative of the function given in (2.4) leads to
u'(t)

t (t-s)8+tr-2 8¢y L5-1
0 r(+y-1) g(s)ds + r(+1) t (2'5)

(+1)cq , 5
S04 15+ 0, + 20,

The condition (2.2), given
u’(O) = 01 = dl'
By differentiating the function (2.5), we get

u!l (t)

1 t -
= el =97 Pg(s)ds

(6-Dco ,5—2 , 6+V)c1 51
+6 (r(5+1) T ¢ ) +20,.

The condition (2.3), given

+

d;
~

62=

By substituting these values into the equation (2.4), we find
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u(t)
_ t (t_s)5+y 1 C1t5+1
- fo T(5+y) g(s)ds + r(5+1) r(6+2)

+ 4y Jy u(®)dt +dyt + 22,

Then
u(1)
1 (1-s)0tr1 c1
- fo r(5+y) g(s)ds + r(5+1) + r(6+2) (2.6)
+A, f; u(®)de +dy +
= d,,
and
u’(l)
— _ \0+y-2
- F(6+y 1)f (1 S) g(s)ds+r(8+1)
(5+1)
+ F(6+zc)1 +d, +d,
= 1, J, u(t)dt.
We obtain the system
r(5+1) =1 r(5+z)
§cg _ (6+1)cq (27)
r(6+1) 2 r(6+2)’
such that
— 1 s+y-1 1 dz
Y =do— r6+7) fo (1 -5 g(s)ds — 4 fo u(t)dt —d; — PX
and
1 -
Yo = A, fo u(1)dt — F(5+y 1)f (1 =5)*2g(s)ds — d; — d,.
After solving this system, we find the constants
=T@E+2) W16 +1) —yy),
and

¢ = (P, — YT (6 +2).
Substituting these value into the equation (2.4), we find the result.

3. Existence and Uniqueness of Solutions via Fixed-Point Theorems
For clarity, this section is divided into three subsections:

3.1 Hypotheses and Notation:
Let the space:

X ={u:u® € c(0,1],R),l = 02,4},

where
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el = Ml + @]l + [ 1] .
and
|[u®||_ = sup [u'(D)],1=0,24.
te[0,1]
We consider the operator U: X' — X, defined by
Uu(t)
1 t _
= s Jy €= 97T 1(9)61 (5, uP(5) + 0,(5)6, (5, uP (5))
+93(5)G3(s,u(s))]lds + (6 + D1 (6 + 1) — p,)t?

+(Py — SPOET + A, [ u(t)de + dyt +Zt2,

where
l.[)1,u = do— F(51+y)
X f (1= [y(5)Gy (s, u®(s))
+95(5)G(5,uP(5)) + 93(5)G3(s,u(s))]ds
—M Jy u(tydt —dy — 2,
and

1 1
You = 4 fo u(t)dt — TG+y-1)

Xy A=)"72 [9i()G1 (5,1 (s))
+02(5)Go(5,u®(5)) + @3(5)G3 (s, u(s))]ds
_dl - dz.
Throughout this paper, we assume the following hypotheses
(H1) Let the functions (G;);_73 are jointly continuous.
(H2) For all u;,u, € R and t € [0,1], we have

|G (t, w) = G;(t,v)| < [u@®) —v(©®)I,j = 1.3.

We need to consider the quantities:

Sy ——1 e
M, = (F(6+y+1) + F(6+y)) i=1 lloll,

_ 121 32 3 .
M, = (F(5+y—1) + r(5+y_2)) i=1 ”‘PL”,

_ 36 24 3 '
H3 - (F(8+y—3) + F(5+y_4)) i=1 ”(pL”

and
_ 20 5 1
1 7 ps+y+1) | T(S+y)  T(S+y-1)
+—2 1 4 19|d,| + 25|d,]

I(6+y-2) ' T(6+y-3)
+16|d,|.



8 M. KAID, C. KAHLALLOU AND Z. DAHMANI

3.2 Uniqueness of the Solution
Theorem 3.1: Assume that the conditions (H1) and (H2) are valid. If

4]+ 12, <1-3%8, 10, (3.1)
then, problem (1.2)-(1.3) has a unique solution.

Proof: For (u,v) € X? and t € [0,1], we have
[Uu(t) — Uv(t)|
<t ls =977 03065 (6, u®) + 9206, (6, u?(D)
¢, ()G (8, u* () — @1 ()G, (8, v*(1)) + 92 (£) G, (8, v2 (1))
+p3(0)Gs(t, v(t))|ds
+|(5 + 1)[(1,01,11 - ¢1,v)(5 +1) - (l,bz_,, - 1pzu)”
+|5(¢1,v - lpl,u) - (wz,v - Ebz,u)|-

We have
i1 el
Y10 — Yr0] < (m + /11) lu—vll,
and
Y2 lloill
|¢2,u - 7~l}2,v| < (;,(;7_'_}/)1 + 12) ||u - 17”
Thus

[Uu(t) = Uv(t)]

il 1937, llgill _
S r(6+y+1) ”u 17|| + ( r(6+y+1) + Mll) ”u v” (3 2)

7% el
+ (Bl 12, )l — v
< (Mg + |24 + 122D llw = vl
On other hand
Uu®@(t)

= Ji S [pa (06 (tu() + 92(DGa(t17(0)

+@1 ()G (t, u*(t)]ds
+(8 + D(Pru(6 + 1) —1h5,)5(8 — 152
+8(8 + D) (Yo — 61t + dy,
and
|Uu® () — Uv@ ()|

i lleill 12038, lloill
< =2=""u-v —==1 " lu—-v
- F(5+y—1)” I+ r(6+y-1) I I (3.3)
3237 lleall
+ r(6+y-2) llu = vll
I, |lu — vl

INA
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Also
Uu®(t)

ot (t-5)0tr-S )
Jo TGty [03(0)G3 (2, u(®)) + 9, ()G, (t, u* (1))

+91(O)G, (¢, u*(t))]ds
+6(8 —2)(62 = 1)(6 = 3) (Y1, (6 + 1) — 12, )t°*
+(6 —2)(6% — )8 (P2 — 6103,
thus
|[Uu®(t) — Uv™®(t)| < Osllu — vl (3.4)
Using the formula (3.2), (3.3) and (3.4), we obtain
lUu — Uvlly
< [ I) + 4]+ e = vl .
Hence, by condition (3.1), the operator U becomes a contraction mapping.

3.2 Existence of at Least One Solution

Theorem 3.2: Suppose that Hypothesis (H1) holds, and that the following
condition is satisfied

0 < Xicr lor(®)G(t,u )| < M,

where M denot a positive real number. Then, problem (1.2) has at least one
solution on [0,1].

Proof: Let (u,)neny be a sequence, where
lim [lu, —ulle = 0.
n-+oo
Thanks to the continuity of the functions (G;);_73, we can easily determine
the following limits:

|Uu, (t) — Uu(t)| » 0,n - 0,

|Uul? () — Uu@ ()| » 0,n > 0,
and

|Uul? () — vu® ()| » 0,n - 0,
then

[lUu, — Uull,x - 0,n - 0,

thus, U is continuous. Let , be the set defined by

QO = {u € C([0,1], R), [[ullx < g},
such that

MA; < Z,41h ] + 2] < = (3.5)
We have
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[Uu(@)|

= oo €= 97 eu(9)G1 (5w (5)) + 92(5)Gx (5, uP(5))
+93(5)G3(s, u(s))lds + ((6 + 1)? + 8|y + (6 + 2) |92
Al + 1y | + 12,

where

|dz|
[ < m+ [Aq [l + 1do| + |dy ]| + ==

and
[Wan] < roos o+ W llull + 1| + [dl.

Thus
M M
|Uu(®)] <5 (4 T(S+y+1) + F(6+y))
+5(4|2 | + 122)PuP + 19|d, |
+25|d,| + 15|d,]|.

In a similar way

(2) 16M
|Uu (t)| = l"(5+y 1) +F(6+y 2) +1dal,

and
M
F(6+y 3) r(s+y-2)°

|[Uu® ()| <

From (3.5), we get
IUullx < MA; +5(4|2:1] +12; D0
< o,
then U(,) is bounded. Let t;,t, € Rand t; < t,, we get

IUu(tz) Uu(tl)l

< ot 16 = 957 = (6 = )79y ()61 (5, u® (5)
+<Pz(S)Gz(S u@ () + 93(5)G3(s, u(s))|ds

= 17 (62 = )70, (5)61 (5,u® (5))

+92(5)G; (S.u(z)(S)) + @3(5)G3(s,u(s))|ds
(8 + D16 + 1) =y, ||tF — £F]
+|¢2u é‘wlu”tlﬂ-l tf+1|+|d1||t2_t1|+

< Jl + JZ + O(tl' tZ)'

where

di=

and

lda|
- |t2_t1|

M
F(6+y)

|(t — )Tt — (£, — )5 ds 5 0 as ¢, > ¢y,

Mlty—t,]%+Y
ré+y+1)

Jr = -0 as t;, = ty,
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also
F(t;,t;) > 0as t, > tg,
thus
[Uu(ty) — Uu(ty)] > 0 as t; = &
In a similar way
|Uu@(t,) — Uu®(t)| - 0 as ¢, - ¢,
{|Uu(4)(t2) —Uu®(t)| >0 as t, > t;.

Finally, U is equicontinuous, by the Arzela—Ascoli Theorem, the operator
U is compact. Therefore, the Schauder Fixed Point Theorem guarantees the
existence of at least one solution.

Example 1: Let t € [0,1], we consider
DLO(D20u(8))(£) = VEu' (£) + tu® (@) +u(®),
! u(0) =2 f u(®)dt,u’'(0) = 1,u(1) =0, (3.6)
'@ =2} @t © =
In this example, we have
(A =2,dy = 1,d, =5, ¥ = (1,50),6 = (2,50),
P3(t) = 2,01(8) =t 0,(t) = VE,
Gs(t,u(D) = u(t), G, (t,u®(8)) = u" (1), G (t,u®P () = u®(®).
Hence, 3.6 possesses a unique solution over [0,1].
Example 2: We consider for all ¢t € [0,1], the problem the following
(D198(D29%(t))(t) = (cos t)u’ (¢) + (sin u(t) + (sint)u(t),

(1) =2, u(0) = exp(m) J; u(®)dt,w'(0) =, 3.7)
= — J; u(®)dt,u"(0) = ol
We have

A =exp(n),d, =m,d, (1,98),6 = (2,99),

1
= —5+2 Y =
and

@3 (t) = sin?t, @, (t) = sint, @,(t) = cost,

Notation: This graph provides a representation of a numerical approximation
solution to (3.7). We notice that the composition D¥?8(D?*%1u) is taken in this
order, the nonlocal conditions couple the whole solution domain.
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—0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 1
Approximation of u(t) for Problem (3.7)
Example 3: We consider the following problem on the interval [0,1]:
D (DE°u(t)) = ut(t)(sin?(t)) + u(t) (sin t) + (u"(t))? (cos t),

with conditions:

u®) =2w@) =

Y 7o) =
1—1!]01 u(s)ds u’(0) V5+2'’

u'(0) =mu(0) =e" fol u(s) ds.

One can verify that this example satisfies all conditions of Theorem 3.1.

=
= 0.5
U'q‘.
—0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 T 0.8 9 1 1.1
t
Figure 2
Approximation solution of u(t) for Example 3.
Discussion

The graphes (see Figures 1 and 2) represent approximations of solutions for
example 2 and example 3. They were produced by discretizing the fractional
derivatives.

Conclusion

The comparison of the two graphs reveals that modifying the integral
condition significantly affects the solution. The first condition introduces a strong
nonlinear feedback that can cause stiffness and sharper variations in the solution,
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but the modified condition smooths this interaction, resulting in a more stable and

less

oscillatory solution. This shows how changes in nonlocal boundary

conditions can influence the qualitative nature of fractional boundary-value
problems.
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