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Abstract

In this article, we study a Duffing problem include two sequential fractional derivatives,
we prove the existence and uniqueness results using some classical fixed point theorems. The
UML-stability of the proposed problem is examined. We conclude our work by presenting
an application.
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1. Introduction and fractional calculus

Differential equations include fractional calculus are considered as active
field of research due to their applications in numerous areas including computer
science biological sciences and dynamics, we refer to the works [16, 17, 24] and
the references therein. Many interesting topics concerning research for
differential problems with fractional derivatives are devoted to the existence,
Ulam-stability (U-stability) and UML-stability of the solutions, see [2, 6, 11, 18,
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22, 29]. Recently several authors have interested in the existence and stability of
fractional boundary value problem, we refer to the monographs [1, 12, 14, 22,27,
28]. In this paper, we study the sequential Duffing problem of arbitrary orders.
The classical form of the equation [5]

D?z(1)) + AD'z() = () — ¢(1,2(1)),0< 1< 1,1>0,

with the boundary value condition: z(0) = d,;, D'z(0) =d,, d; € R,i = 1,2,
this equation has many applications in chaotic phenomena, for more in-
formation, we cite the works [3, 4, 7, 20, 21]. In the last years, some authors have
studied the above problem with fractional derivative, for instance see [8, 10, 13,
15, 23, 26]. The following Duffing problem with sequential fractional derivatives
is the subject of the paper

D[ D°z(0] = ¢() = B (1, 2, DP2(D) = (1, 2(),1°2()), (1)
with initial values RLD%z(0) =0,z(1) — I"z(w) = 0,2z(0) =0 for 1 <9 <
20<B<6<lay=0A>0 0€R 0<n<1, t€EE=[0,T], where

D9’ D% denote the Caputo and Riemann-Liouville fractional derivatives,

®, 1/) EXR? >R and ¢:E > R are given continuous functions. D’ [16,
17], is defined by

cD?[z(] = I"Oz2™©],9 > 0,
and ®*D? [16, 17], is defined by
d\" ; n-
polz(0)] = (%) U™ Lz(D).
The R-L fractional integral [16, 17] of order 9 > 0, stated as
9 _ )o-1
PlzQ)] = r(s)f (t =) 1z(s)ds, 1 > 0.
where T'(.) is the Euler gamma function.
Lemma 1: [16, 25] For 9 > 0, we have
16[ CDBZ([)] —-z() = ‘{l=_01 Ciil,
where c; € R.

Lemma 2: [16, 25] For z € C(0,T) NI:(0,T) and ®:D%z € C(0,T) N
LY(0,T), we can write

PP*D%z(0)] = 2() =}y et Ln =[] + 1.

Theorem 3: [19] For ( € &', we can write

y® =b®) S Ty () fy =) y(s)ds,
with & >0, a; (i=12,...,n) are the bounded and monotonic increasing
functions on £' = [0,T), then

y@) = b <Z; 1( 12..j'=1 %J‘ G _S)Z‘ 187 1b(5’)d$)
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Remark 4: For n = 2, if &,¢, > 0,a,,a, = 0,b(1) is nonnegative and locally
integrable on E' and z(1) is nonnegative and locally integrable on E' with

Yy —bW < a [ (=) y(s)ds + a, f; (t— )71y (s)ds,
then

r(er)

y© ~b(©) < T2, <(“1“£1)) [ (= sy k(s)ds

(aZF(Sz)) f = s)jSZ_lk(s)ds)-

I(jez)
Remark 5: Under the conditions of Remark 6, let b(t) is a nondecreasing
function on E’. Then we have
y(© < bW (E,, [a;T(e)e51] + Egz [a,T(e2)i%2]),
where E, [18] is defined by: E,[x] = X%, x € C.

F(}£+1)
Let Z = {Z:Z € C(E,R)andg, DPz € C(E, R)}, the space (Z,].l;) is a
Banach space,.with the norm
lzllz = llzll + [|*-DPz]],
where
llz|l = suplz(t)land”zRLDﬂ” = sup|RLDﬂz(L)|
We define the stablhty for (1). For @ > 0, we glve
| D°[*DPy )] = (6() = A2y =21, )| < w1 €&, )
and
| D°[*DPy ()] - (6() = A2y =2ty O)| S wx(B),t€E ()
where y € C(E,R") and 11,0 = Ly, DPy(®) and 1, =
Ly, 1% ©).
Definition 6: The fractional Duffing equation (1) is UHML-stability with respect

to Eg,s if Yoo >0 and for any y € Z of (2), there exists z € Z of (1) and
Jo > 0, with

Iy —z(D| < o®Egsltl, L € E.
Definition 7: The fractional Duffing equation (1) is UHRML-stable, with respect

to YEgys if Yo >0 and for all y € Z of (3), there exists z € Z of (1)
Jo, >0, with

|J’(l) - Z(L)l < Uxm)((l)Es_;,g[t],L EE.
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Remark 8: y € Z is a solution of (2) iff g:Z —» R which depend on z, with
lgt)| < w,t € E and

CDa[RLDﬁy(l)] = (d)(t) - A1Xy(l)—2)(y(l)) +g(),LEE.

2. Existence theorems
Lemma 9: For a given h(t) € C(E, R), the problem
CDO[RLDSz() — h(1) = 0,1 € E]
RLpS2(0) = z(1) = I"z(w), z(0) = 0, (4)
1<9<20<6<10<w<1,0E€ER,
has a unique solution

z() = [ (1= $)P*0"1n(s)ds

1
r@®+6) 70

§+1
+ r(6+y+2) foﬂ’ (w — S)\‘J+5+Y—1h(s)ds

Nnr+s8+y)
_ [(s+y+2)8+ fT (T — 5)%*91h(s)d ©)
r+6) -0 s §)as
Or(s+y+2) (Y 78 S+1 6 5
+ n (F(6+y+1) F(6+1)) + F(6+1)L ’
- S+y+1 _ pé+1 S+y+1 T(6+y+2)
where T: =T(§ + 2)w THTE+y+2), w * TSIty
Proof: Using Lemma 1, we can write
RLDSz(1) = @f (t—3) h(s)ds + ¢y + ¢y, (6)
where ¢y, c; € R. Now, applying Lemma 2, we get
- _1 L 9+6-1 0
z() = s =9 h(s)ds + ¢o 55 r(5+1) ™
§+1 5-1
+cq r(5+2)l + 7,

where ¢, € R. Since z(0) = 0, we have ¢, = 0, and by R+D%z(0) = 6, we
obtain ¢, = 6.
Now, using z(T) = I"z(n), we get

_ T(8+y+2)r(6+2)  A9HS+y-1
L = = 1"(8+6+y)f (w—5) h(s)ds

— )P0 U(s)ds + 0 ().

1
) Jy T(+y+1)  T(5+1)
By placing coefficients ¢y, c; and ¢, in (7) we get (4).

We define 0:Z — Z by:

02() = s Jo (=971 (d() = A, () —2x(s))ds

r+y+2)%*! w o\ O+SHy—1 _ _
+ MC(9+68+y) fo ((U S) (d)(s) AlXZ(S) ZXZ(S))dS
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r(§+y+2)0+1 .1 B
NGB UL (TO R WA O AO)E

(3)
G )5+1 6 5
r(s+y+1) T(6+1) ¢ 1“(5+1)l ’

Or(6+y+2)
e (
and
RLDBOZ())
1

- r+6-p) J‘OL (l - S)B+6_ﬁ_1(¢(s) - Al)(z (S)—ZXZ(S))dS

T(6+y+2)T(§+2) 5~ A+ _
nr(g+5+y)r(a—lﬁ+z) Jo (@ =97 ((s) = Ay () —2x,(5))ds

)
D@ ERNEDETI (T 045714 (5) — A,y () =, (5)) s
Nr@+8)r(s—pg+2) o 1Xz 2Xz
Hl"(6+y+2)l"(5+2)( Wty _ T8 )La_ﬁ+1 + 6 [S_B
Mr(§-p+2) [(6+y+1) T(6+1) r(6-p+1) ’
We give the notations:
L 79+6 F(5+y+2)T5+1a)8+‘5+y F(S+]/+2)T8+5+1
17 re+6+1) [|T(O+8+y+1) [Ir@+6+1) ’
A i— 16|78 |9|r(5+y+2)( wdtY T8 ) 541
17 r6+1) | [(6+y+1) = T(5+1) ’
R et [(5+y+2)[(8+2)T8+1o9+8+Y (10)
2" T r@®+6-p+1) [T @©+6+y+)T(5—f+1)

[(5+y+2)I(5+2)T9+26-B+1
Nr@+8+1)r@E-p+2)
A i = |9|F(6+y+2)F(6+2)T5_ﬁ+1( wd*Y T8 ) |6|T5-8
20 [TM|T(6-B+2) T(6+y+1) = T(6+1)) ' T(6-p+1)°
Now, we prove that O has a fixed point.

+

Theorem 10: If ¢,: 5 X R? > R, ¢: 5 - R are continuous functions and let

(Hy):3  uq,uy >0 which for all t€E and y;,z; €ER,i =12, the
following inequalities hold true

lo(tz1,22) — (LY, Y2l < iz =yl + 122 — y21),

|1/’(L: Zq, ZZ) - lp([' Y1, yZ)l

IA

a2y = yil + 122 — y2 D).
If

1

Uy (1 + F(a+1)) < (Vi + V)Tt = Au, (11)

is valid, then (1) has one and only one solution on Z.

Proof: Define
N(A+2)+A1+A;
= T
1—[AH1+M2 (1+I‘(a+1))] (V14V3)

where N; < oo such that

] N = maX{Nll NZ’ N3}1
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N, = S;ug)kp(t, 0,0)|,N, = S;ug)h/)(t, 0,0)| and N3 = §u9|¢(t)|-
€z €z (S

We prove that TB, € B,, B, = {z € Z:||z||; < €}. Using (H;), we can
write

| 0] = Jo (42005 DP2 )|
< |o (2" DP2(®)) - 9, 0,0)] + (2, 0,0)]
< w (121 + [*0°2©|) + Ny < wy(llzll + [|*Dz])) + N,
< wllwllw + Ny < e+ N,
(12)
| 20| = [¥(20,1%20)]

IA

[¥(y 2z, 1%2(1)) — (., 0,0)| + (L, 0,0)]

< 1 (2@ + 120D + Ny <y (2l + 72) +
< U (1 M) Izllz + N < g, (1 + r(a+1)) et

For z € B, and by (12), we have
1 -
10201 < g Jo = )77 (S) = Aty () =2k, (S)lds

F(5+V+2)15+1 9+6+y—-1 _ _

I‘(6+}/+2)L5+1

D fy (T =)™ (s) = By 2o ()=t (5)ds

18] L5+|9|F(5+y+2)( Sty T8 )5+1
r(6+1) || r(6+y+1) r(6+1)

< <[Au1+u2(1 m)]s+N(A+2)>

[ T8+8 F(6+y+2)T8+1ws+‘S+V F(5+y+2)Ts+5+1

r+6+1) [T T(9+8+y+1) |OT(9+85+1)

+|6|F(5+y+2)( w8ty 78 )T‘5+1+ 6|78
|| ré+y+1) T(6+1) r(¢+1)

= [Aul + iy (1 tia +1))] Vie+ N(A + 2)V; + A,
which implies that

ozl < [Aws + 12 (1 + 7575)
Using (9) and (10), we can write
[*“D% 0z
[ 79+ T(5+y+2)I(8+2)T8+1wd+8+Y
r@+8-p+1) Nr+6+y+)r(6-p+1)

+

] Vie+ N(A+ 2)V, +A,.

T(§+y+2)[(§+2)79+28-F+1
l'll"(\9+6+1)1"(5_ﬁ+2) ] [Aﬂl + I’l2 (1 m)] &+ N(A + 2)
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|9|F(6+y+2)F(6+2)T5‘B+1( Wty T8 ) |o|T8-A
nré-p+2) r(é+y+1) r(é+1) r(6-p+1)

= [Au+ o (14 )| Vae + N+ 2)V; + A,
From the definition of ||. ||, we have
0@z = lo@Il + ||*D°0z()||
1
< [Au+ o (14 m)] (V, + V,)e + N(A + 2)(V, + V)
+A + A, < g
which implies that OB, < B.. Now for y,z € B,,t € E, we get
10z(1) — 0y (V)]
1 -
Jy @="(A] =14y ()| + | 22(8) =22 (5)])ls

+

_r
I(a+1)

— T(9+96)
ING) 5+1 _
SRS [ (0 = )™ (A] () =12, )] + | axa (=22 (5)])ds
r(s+y+2)t%+1 .1 _
it @ =97 (Al )=, O] + ] 222y ()])ds.
So, applying (H;), we get
102 = 0yll < A + 12 (1 ++25) | Vallz = ¥z (13)
also, we have
|1%:0% 0z—F1DP Oy || < Ay + p (1 + M;H))] AP (14)

From (13) and (14), we can write
loz — 0yll; = |0z — oyl + ||*“D®0z—RLDP 0y||

< [am + 1 (14 17255)| @1+ 9lz =y,

I(a+1)
Thus, the proof is achieved.

Now we are in a position to prove the existence of at least one solutions for
(1) by using Lemma of [9].

Theorem 11: Suppoe that ¢, P:E X R? > R and ¢:E > R are continuous.
Assume that:

(Hy): Let pq,ps p1,p2 ER, and py,py € R} which for real numbers
71,7, € R, the following inequalities are satisfied
lo (4 21, 22)| < po + p1lz1] + p2lz2,
and
[Y (21, 2,)| < 00 + 0121 + p2 22|
(Hs): Let By > 0, with

6] < By Vi EE
If
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Apy +p2) + (01 +02) < (Vi +V)™h (15)
Then the Duffing problem (1) admits one solution at least.

Proof: We begin by showing that O is completely continuous (O is continuous).
Forf € Z and L; > 0,i = 1,2, we get
lo(,y,2)| < L, 1Y@, y,2)| <L, foreachy,z € f.
Then for any z € F, we have

0201 < ez fy €= 9™HDE) = i ()22, ()ds
e 2) S5+1 _
sy (@ = )M P(s) — At () o, ()ds
T(5+y+2)8t1

Dy (=) d() — Ayt (s) = ()l

+9F(8+y+2)( w8ty T8 )5“ 6.8
it r¢+y+1) T(5+1) r@+1)’

using (Hs), we can write
N0@)Il < [By + ALy + Ly|V; + A,.
On the other hand, we have
|**D%0(2)|| < [By + ALy + L]V, + A,
Hence for z €, we obtain ||O]||, < oo.

Now, we prove that O is equi-continuous sets of Z. Let z € F and
0 <y <, <1, then we can write

102(12) — 0z(1)|

(Bo+AL1+L2) 0+5 4 |,0+5 _ 046
<m[(tz—t1) +[8*0 =g+

T(§+y+2)w*0*Y T +y+2)T94 1 501 541
+(ﬂ¢ +AL + LZ) [ |n|r(a+5+y+1) [MF@+6+1) |
|9|[‘(5+y+2)( w8ty )

|| r(6+y+1) r(5+1)

+ S+1 _ 6+1|

|9
6]
[(5+1) |t2 - ll|

and
|*-D8 0z (1,)—REDP 0z(1,))|
A _ _
< (Bp+AL1+Ly) [(tz )B4 |lg+5 B _l\19+s ﬁ”

- TO+5-B+1)
(k+AN1+N)T(8+y+2)T(6+2)wd+5+Y
+ [(ﬁ¢ +AL + Ly [T (9+8+y+ 1) (6—B+2)
(B¢+AL1+L2)F(6+y+2)F(5+2)T‘9+5] | S-B+1 _ 5_ﬁ+1|
[N @@+85+1)r(6-p+2)
[0IT(8+y+2)T(6+2) {  wOtY
MT(6—B+2) (F(6+y+1) r(5+1))
10] 15—3|
r(6-B+1) 1

S5—B+1  5-B+1
-4 |

2"
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Therefore, the operator O is equicontinuous.
Finally, we verify that ¥ defined by
Y={z€Z:2=00(2),0< 0 < 1},
is bounded. For w € ¥ and (¢ € E, we have
z(1) = 00z(1).
By (H,), we can write
O]

< [:8([) + Apy + po + [A(py + p2) + (p1 + Pz)]”Z”Z]V1 + Ay

and
IRLDSW(L)|
< [By + 8o + po + [A(py + p2) + (o1 + p)]lIzII7 ]V + A,
In view of the above estimates,we get
lzllz < [A(Ay + 22) + (v + v2)1(Vy + Vo)lIzll,
+[ﬂ¢ + AAO + yﬂ](vl + Vz) + Al + Az,

which imply that
[Bo+Ado+yo](Vi+V2)+A1+A;
1-[AQ1+22)+(r1 +72)]1(V1+72)
Consequently, F is bounded.
We deduce that O admits one fixed point at least, which is a solution of (1).

llzllz <

3. UML-stability theorems

In the following theorems, we will prove the UHML-stability and
UHRML-stability of (1).

Theorem 12: Let ¢, € C(E X R4, R), ¢ € C(5,R) and assume that (H,)
satisfies. Then the Duffing equation (1) is UHML-stable.

Proof: Let y € Z be a solution of (2) Then, by applying Lemma 11, we have

_ 1946 0 b1 5+1 5-1
vy =1""h,) + r(6+1) + TSk + byt°7t,
and
9+6 _ 5 b1 s+1 _ 3 6-1
|y(‘) I"*“hy @ r(5+1) T Tt byt 16
™ 9+6 < ™ ( )
— T+6+1) T r(9+6+1)°
From these relation, it follows
_ _ 948 _ S b1 s+1 _ 3 ,6-1
YO =201 = [y© = 17hy () = 73550 = 1 O = b
+19%%[h, () — h (t)]|
b _
|y(t) — 198D, (1) — r(5+1) 8 1"(812) S+ — py 81

+|I‘9+8[hy(L) - hz(t)] |;
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where
hy () = o) — Ap;, (0 — P3O,
and
h,() = ¢ — Ap; (O — Pz O,
So, by (H;), we get

9+6 Apiq ro—
"y @ = R, 0]] < r(ﬂia)f (=9 y s

B [0 (= )" ly — zll 2 ds.

r(a+5)
Thanks tot (16) and (17), we can state that
ly(s) - Z(S)Ilz
< oot o (= 9™ y(s) — 2(s)llds

l"(8+6+1) T(9+6)
9+6-1 _
F(8+5) Jy =9 lly(s) — z(s)llzds.
Then, thanks to Remark 4 and Remark 5, conclude that
”y - Z“Z < ﬁ (E3+5[A#1L8+5] + ES+5[.“2[‘9+6])-

Theorem 13: Let ¢, :E X R?> > R, ¢: 5 > R be continuous. Assume (H;)
satisfies. If 3 x € C(Z,R,) is increasing and 3 0, > 0 such that

I*3[x (] < g, x(),L € E. (18)
Then (1) is UHRML-stable with respect to yEg,s.

Proof: Let y € Z be a solution of (3). Using Remark 10, we get

|y(t) —I"*%hy ) = r(6+1) 0 = r(giz) T
< r(8+5) fo (L —5)%*% 1y(s)ds.
and
2() = 1R, () + - (M) 0+ F(;z) 8 4,8,
Then
ly(s) = z($)lz
<t Jo (=M ()ds + 10 [ (= )™y (s) — 2(9) s

trtoeg Jo = 9 Hly(s) — 2(9)lds.
By (18), we get

ly(s) = 2z < W@ + it Jy (=)™ ly(s) = 2(9)llds
trtoeg Jo €= 9 ly(s) — 2(9)lds.

Now, using Remark 4 and Remark 5, we have
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11
Iy = zllz < oy x (D (Eoss[Auat™®] + Egy st ]).
So, the Duffing equation (1) is UHRML-stable.
4. Example
We give the Duffing equation
RL 1
4 1 ; D3z(1)
D3[RLD2z()] + Sz
cD3[ ] se™ | 2vm(120+1) 2\/;(120“)( RLp35() )
- 19)
e 3 V5 1\ _ 3 e2t+1 (
+m(cos z(1) + I—Z(l) + —) = sl

L 2(0) = R, F:D32(0) = 22 ) =1z z( )

and
4 1 3 1 1 V5
|( (D3 [07200] - 2 - (z, 2O Déz(o) -y (u(l), m(o) <w
4 1 3 1 1 V5
{ D3 [RLsz(t)] - gte““ =¥ (z, 2O D?z(t)) -9 (z,z(t), m(t)) < wF (1),
where
{ RLD%Z(L)
O]
1, z(1),RE D32(1)> sz ,
é 2Vm(120+0) zﬁ(1zo+l)<1+ RLD%Z(L) )
llp (1 z(1), 12 Z(L)) (cosz(t) + 1z z(t) + %)
4 a1 =1 = E — l =&
and 9 =35, =2 A=gmb=ypa=30=5r=30=
We have
V,= 1.162,V,= 1.4674.
Forall t € [0,1] and yj,z; € R,j = 1,2, we have
|‘P(l z,(1), Zz(l)) (P(l v (), }’2(1))| 240\/— z1 —yil + 123 — ¥21),

and

(L2, 20) - YL,y O)| < (|z1

Hence condition (H;) holds with u, =
Thus condition

-yl + |Zz = ¥2D.

and Hz =55 respectively.
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[Aul + iy (1 W—H))] (V, +V,) = 0.021343 < 1,

is satisfied. Then (19) admits one solution on [0,1] and is UHML-stable with

ly =zl
11
= (11)( —[ZSe” 24007 ]+E11[_L6]> O<ie=1
1

Let y(1) = ¢z,
4,101 lm 1,41 1m o1

Hence (18) is satisfied, then by theorem 13 the problem (19) is

UHRML-stable with

ly —zll
_\/— 1 1 E
< F(3)m12(E11[256n YT L ]+E11[24016]),0SLS1.
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