
©

Dragomir-Agarwal type of inequalities involving fractional integrals 
of Atangana-Baleanu and generalized M-convex function

Ibrahim Slimane *
Faculty of Exact Sciences and Informatics
Abdelhamid Ibn Badis University 
P. O. Box 227 
27000 Mostaganem
Algeria

Muhammad Uzair Awan †

Zarnab Aslam §

Department of Mathematics
GC University Faisalabad
Faisalabad
Pakistan

Abstract
The major goal of the current article is to establish various novel fractional Dragomir-

Agarwal inequalities utilizing Atangana-Baleanu fractional integral operator. We primarily 
employ the class of generalized M-convex functions to reach the major conclusions of the 
study. In the form of corollaries, we also gain some consequences from the major results.

Subject Classification:  26A33, 26D10, 26D15, 26A51.

Keywords: Atangana-Baleanu fractional integral, Hermite-Hadamard inequality, Dragomir-
Agarwal, Generalized M-convex.

*	E-mail:	slimaneibrahim@outlook.fr (Corresponding Author)
†	 E-mail:	awan.uzair@gmail.com
§	 E-mail:	zarnabaslam98@gmail.com

Journal of Interdisciplinary Mathematics
ISSN:  0972-0502 (Print), ISSN:  2169-012X (Online)
DOI : 10.47974/JIM-1995

 
 
Dragomir-Agarwal type of inequalities involving fractional integrals of 

Atangana-Baleanu and generalized  -convex function 
 
Ibrahim Slimane    , Muhammad Uzair Awan  , Zarnab Aslam   

 Faculty of Exact Sciences and Informatics, Abdelhamid Ibn Badis 
University  

P. O. Box 227 27000 Mostaganem, Algeria 
 Corresponding Author: slimaneibrahim@outlook.fr 
 Department of Mathematics, GC University Faisalabad, Pakistan 

 
 
 
 
 
Abstract: The major goal of the current article is to establish various novel 

fractional Dragomir-Agarwal inequalities utilizing Atangana-Baleanu fractional 
integral operator. We primarily employ the class of generalized  -convex 
functions to reach the major conclusions of the study. In the form of corollaries, 
we also gain some consequences from the major results. 

 
Keywords: Atangana-Baleanu Fractional integral, Hermite-Hadamard 

inequality, Dragomir-Agarwal, Generalized  -convex. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1. Introduction and basic concepts 
Classical convexity and its properties have always remained an active area 

of research in mathematical analysis. This might be ascribed due to its several 
great implications in other subjects of applied sciences, such as optimization 
theory, management sciences, operator theory, etc. Although a mathematical 
model depending upon convexity have significance, a variety of physical 
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problems also exist, for which we have to use a non–convex mathematical model. 
Now, we define a convex set and convex function. 

Let    , then it is called convex, if  
               

for all         and      . Similarly a function       is called 
convex, if  

                                 
for all         and        . 

Consequently, broader extensions and numerous generalizations of 
traditional concepts related to convexity were constructed in existing research. It 
is worth mentioning here that sometimes the formulation of new general concepts 
of the usual convexity notion also enjoy several good features which usual 
convexity notion has. For some recent studies regarding convexity and its 
generalizations, see [8, 9, 19, 27]. If we look at the definition of convex functions, 
it is the comparison of means. Awan and his coauthors [4] proposed the concept 
of functions that satisfy  -convexity as:  

Definition 1: ([4]) A mapping          , is called  -convex, if  
                             

for any       and        , where   √   and      
 .  

Definition 2: ([4]) The mapping   exhibits    - -convexity, if  
                             

for all       and      .  

Definition 3: ([4]) The mapping   exhibits quasi- -convexity, if  
                            

for all       and        .  
It is clear from the notion of convexity that they are closely linked to the 

notion of inequalities. The idea of convex functions influenced the evolution of 
the analysis of inequalities significantly. Applying the convexity feature of the 
functions, we can readily generate some inequalities that we've seen in the 
literature. Hadamard's Hermite-inequality is a famous result in this area. It gives 
us a criterion for a function to be convex that is both necessary and sufficient. It is 
defined as: 

Let us consider a convex function              , then  

   (     
 )   

     
∫    
  

                  
   

Pearce et al. prepared a really interesting book on certain recent advances 
and uses of Hadamard's Hermite-inequality. In the realm of numerical analysis 
and the notion of mean, the Hermite-Hadamard class of inequalities has several 
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implications [12]. There are several studies on Hadamard's Hermite-inequality [3, 
9, 10, 11, 15, 16, 20, 28, 6, 29, 30]. 

Fractional calculus (FC) is an area of mathematics that investigates various 
real and or complex number powers of differential and integral operators. FC has 
become a multidisciplinary subject because of its various uses in engineering 
sciences. Several additional extensions of traditional FC ideas have been 
developed in the literature in recent decades (see [18]). Distinct fractional 
operators with some singular or non-singular kernels have been seen to play a 
vital role in various real-world challenges. Using Riemann-Liouville (RL) 
fractional integrals, Sarikaya et al. [22] found a fractional analog of Hermite-and 
Hadamard's Dragomir-type Agarwal's inequalities. This piqued scholars' interest, 
and as a result, numerous novel fractional analogs of Hadamard's 
Hermite-inequality were discovered through new and creative methods. For 
example, see [19, 17, 5, 14, 25, 31]. 

Before going any further, let's review certain formerly learned FC for 
nonsingular kernels. The FC literature contains some operators. The 
Caputo-Fabrizio (CF) derivative is useful for analyzing various physical 
problems [7], but it has the shortcoming of not being reducible to the original 
function. In 2016, Atangana and Baleanu were able to solve this issue 
(AB-operator for short). They suggested a modified fractional operator and an 
accompanying integral operator in the kernel, including the function of 
Mittag-Leffler, because the ML function is better suited to simulating nature and 
physical processes. The operator AB has been employed to analyze different 
models. Some applications of the AB-operators are listed in [1, 13, 23, 21, 24, 26]. 
Now, let us recall the AB-operators definiton:  

Definition 4: ([2]) Let               and         then, AB derivative 
of   in the Caputo sense is expressed as:  

   
             

    
   ∫           [  

      

     ]     (1) 

Definition 5: ([2]) Let               then AB operator of   in the 
RL-case is expressed as:  

   
             

    
   

 
  ∫          [  

      

     ]     (2) 

Where      is a normalization function satisfying              

Definition 6: ([2]) The AB fractional integral is expressed as  

   
          

   
         

 
        ∫                    

The motivation of the manuscript is to deduce some novel outcomes of 
fractional Dragomir-Agarwal type of inequalities involving AB fractional integral 
operators essentially utilizing the generalization of  -convexity. We also go 
through a few more particular cases of the acquired outcomes, demonstrating that 
they are extremely clarifying. 
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2. Main Results 
We go over our major results in this part. Through out the paper, we assum 

that the mapping   is a differentiable on  , where         with     
and            .  

2.1 Generalized  -convexity 
Let us introduce a class of functions that characterizes generalized 

 -convexity and provide its special forms.  

Definition 7: (Generalized  -convexity) Consider a mapping          . 
Then we call           a  -convex function, if  

                                 

for all       and        , where   √   and      
 .  

The following are the consequences of the above definition.  
I.  If        , then one achieve Definition 1 from Definition 7.  
II.  Let        , one gets the Breckner  -convex functions class .  

Definition 8 (Breckner type of  -convex function) Let          , the 
map   is considered to be Breckner  -convex function, if  

                                
for any       and                .  
III. Put          in Definition 7, one may achieve class of 

Godunova-Levin-Dragomir type of  -convex functions.  

Definition 9: (Godunova-Levin-Dragomir type of  -convex function) We call 
the mapping   defined as above, a  -convex function in Breckner sense, if  

                                  
for every       and                .  
IV.  Let us put        in Definition 7 one achieves the class of   type of 

 -convex functions.  

Definition 10: (  type of  -convex function) The map   as defined in the 
preceding definition, is called a  -convex function in   sense, if  

                       
for any       and                .  
V.  In Definition 7, We substitute             to get the class of 

 -convex functions in     type.  

Definition 11: (    type of  -convex function) We refer to the mapping   
defined as in the previous definition, as  -convex function in     sense, if  
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for any       and        .  

2.2 Auxiliary Result 
This part is devoted to the derivation of an auxiliary result. Let FI denotes 

the fractional integral.  

Lemma 12: Let         be a differentiable function, where I is an 
interval with    . For AB FI operators, the following principle holds.   

    
            

                    
                                

         

            

                              

             ∫   
                             

             

                              

             ∫   
                         

where            , and      denotes the Gamma function.  

Proof: We can solve the problem by employing integration by parts to it. So  

           

        ∫   
                           

            

        *  
                 

   ∫   
                            +  

   (3) 
Similarly  

            

        ∫   
                      

             

        *  
                 

   ∫   
                       +   (4) 

Addition of (3) and (4) gives:  

    
            

                                     
                    

     

            

                              

             ∫   
                             

             

                              

             ∫   
                         

So, the proof is completed.  

2.3 Results 
In this portion, we infer certain   -convex function outcomes 

incorporating the AB FI.  

Theorem 13: If       is   -convex mapping, we have  

 |   
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    | 

            

             ∫   
                                            

             

             ∫   
                                        

where     and        .  

Proof: Utilizing the Lemma 12, we can write  

 

 |   
            

                                     
        

                                    
                         

    |

  |           

             ∫   
                            

             

             ∫   
                       |

            

             ∫   
                              

            

             ∫   
                          

 

By using convexity of      , it yields  

 

 |   
            

                                     
        

                                    
                         

    |

            

             ∫   
                                          

            

             ∫   
                                       

 

and hence the proof is finished.  
The following are some consequences of Theorem 13. 
I. Let       , then  

Corollary 14: Let the hypothesis of Theorem 13 holds, if        is   -convex, 
then  

  

 |   
            

                     
                                

        

                                    
             |

            

             *
        

           
         
     +

            

             *
         
              

          +  
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II. If        , then  

Corollary 15: If        is Breckner type of   -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             
                                        

            

             
                                         

 

III. If       , then  

Corollary 16: If        is  -  -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             [
 

   
                    ]

            

             [
 

   
                    ]  

 

IV. Let             , one gets:  

Corollary 17: If        is    -  -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             *
 

          
                    +

            

             *
 

          
                    +  

 

Theorem 18: If        is   -convex mapping, one acheives:  

 |   
            

                                     
         

                                    
                         

    | 

            

             (
 

        )
 
 (∫                                     

 )
 
  

            

             (
 

        )
 
 (∫                                     

 )
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where for    ,      
       .  

Proof: With aid of Lemma 12, one reach to:  

 

 |   
            

                                     
        

                                    
                         

    |

            

             ∫   
                              

            

             ∫   
                          

 

By applying Hölder inequality, we get  

 |   
            

                                     
         

                                    
                         

    | 

            

             [(∫   
               )

 
 (∫   

                      )
 
 
] 

             

             [(∫   
          )

 
 (∫   

                       )
 
 
]   

Using notion of   -convexity of       , one may conclude  

 ∫                       ∫                                   
 
 

 
  

 ∫                       ∫                                     
 

 
  

and hence we finished the proof.  
The following are the consequences of Theorem 18. Let the hypothesis of 

Theorem 18 holds for all cases. 
I. Let       , one reach to the result as:  

Corollary 19: If        is   -convex, then  

 |   
            

                                     
         

                                    
                         

    | 

            

             (
 

        )
 
 (                    

 )
 
  

            

             (
 

        )
 
 (                    

 )
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II. If        , then  

Corollary 20: If        is Breckner type of   -convex, then  

 |   
            

                                     
         

                                    
                         

    | 

            

             (
 

        )
 
 (                    

   )
 
  

            

             (
 

        )
 
 (                    

   )
 
   

III. For       , one gets:  

Corollary 21: If        is  -  -convex, then  

 |   
            

                                     
         

                                    
                         

    | 

            

             (
 

        )
 
                       

 
  

            

             (
 

        )
 
                      

 
   

IV. For             , one acheives:  

Corollary 22: If        is    -  -convex, then  

 |   
            

                                     
         

                                    
                         

    | 

            

             (
 

        )
 
 (                    

 )
 
  

            

             (
 

        )
 
 (                    

 )
 
   

Theorem 23: If        is   -convex mapping, we reach  

 |   
            

                                     
         

                                    
                         

    |
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             (
 

          ∫   
                                    )

            

             (
 

          ∫   
                                    )  

 

where     
        and    .  

Proof: Utilizing Lemma 12, one gets  

  

 |   
            

                                     
        

                                    
                         

    |

            

             ∫   
                              

            

             ∫   
                          

 

From the Young inequality:     
     

  
 , one gets  

 |   
            

                                     
         

                                    
                         

    | 

            

             *
 
 ∫   

                 
 ∫   

                      + 

             

             *
 
 ∫   

            
 ∫   

                      +   
With use of   -convexity of        and doing simple calculation, we 

archive the desired theorem.  
We provide some corollaries which can be easily proved using Theorem 23. 
I. For       , one acquire  

Corollary 24: If        is   -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             (
 

          
                    

  )

            

             (
 

          
                    

  )  

 

II. For        , one obtain the corollary as follows:  

Corollary 25: If        is Breckner type of   -convex, then  

  |   
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    |

            

             (
 

          
                    

      )

            

             (
 

          
                    

      )  

 

III. For       , we obtain the corollary as follows:  

Corollary 26: If        is  -  -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             (
 

                              )

            

             (
 

                              )  

 

IV. For             , the result is:  

Corollary 27: If        is    -  -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             (
 

          
                    

  )

            

             (
 

          
                    

  )  

 

Theorem 28: If       is   -convex mapping, we have   

 

 |   
            

                                     
        

                                    
                         

    |

            

             

  [(  
   )

   
 (∫   

                                           )
 
 
]

            

             

  [(  
   )

   
 (∫   

                                      )
 
 
]  
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where     and    .  

Proof: Utilizing Lemma 12, one have  

  

 |   
            

                                     
        

                                    
                         

    |

            

             ∫   
                              

            

             ∫   
                          

 

With the use of power mean inequality, we achieve  

 |   
            

                                     
         

                                    
                         

    | 

            

              

  [(∫   
            )

   
 (∫   

                               )
 
 
] 

            

             [(∫   
       )

   
 (∫   

                          )
 
 
]  

By using   -convexity of       , we obtain  

 |   
            

                                     
         

                                    
                         

    | 

            

              

 [  ∫   
               

 
  ∫   

                         

                         
 
 ] 

            

              

   [(∫   
       )

   
 (∫   

                                        )
 
 
]   

So, the proof is completed.  
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We give some consequences of Theorem 28. Let the hypothesis of Theorem 
28 holds. 

I. Let       , then  

Corollary 29: If        is   -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             [(
 

   )
   

 (          

           
          

     )
 
 
]

            

             [(
 

   )
   

 (          

               

          )
 
 
]  

 

(2): If        , then  

Corollary 30: If        is Breckner type of   -convex, then  

 

 |   
            

                                     
        

                                    
                         

    |

            

             

  *(  
   )

   
                                           

 
 +

            

             

  *(  
   )

   
                                           

 
 +  

 

IV. If       , then  

Corollary 31: If        is  -  -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             [(
 

   )
   

 (  
   

                      )
 
 
]

            

             [(
 

   )
   

 (  
   

                      )
 
 
]  
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IV. For             , one receive  

Corollary 32: If        is    -  -convex, then  

  

 |   
            

                                     
        

                                    
                         

    |

            

             [(  
   )

   
 (  

          
                      )

 
 
]

            

             [(  
   )

   
 (  

          
                      )

 
 
]  

 

2.4 More result for AB FI operators in convex functions 
Now we'll apply a new variation of Lemma 12 that takes into consideration a 

different way for removing the function's first derivative. We get novel results and 
estimates if we use      

  in Lemma 12.  

Lemma 33: Let   be an interval and         be differentiable function. 
Then  

 

   
        

 

  (     
 )    

        
 

  (     
 )           

                       

          (     
 )

    

             

                 *∫   
                 (      

          )   

   ∫   
            (               

 )   +  

 

where    .  

Proof: Set        
  in the Lemma 12, one may get  

 

   
        

 

  (     
 )    

        
 

  (     
 )           

                       

          (     
 )

    

             

                 
               

             

                 *∫   
             (      

          )   

   ∫   
        (               

 )   +  

 (5) 

Then  
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                   ∫             *       ∫       (      
          )    

           
 ∫       (          

     
 )   +   (6) 

From (5) and (6), one reach  

 

           
 

  (      )           
 

  (      )           

                       

          (      )
    

             

                 *∫           
         (      

          )   

   ∫      
         (          

     
 )   +  

 

Hence, we finished the proof.  

Theorem 34: If       is   -convex mapping, then  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 

  *∫           
      (    |   (      )|                 )   

   ∫      
      (                     |   (

     
 )|)   +  

 

where    .  

Proof: Utilizing Lemma 33, one may achieve  

 

 |   
        

 

  (      )            
 

  (      )           

                       

           (      )
    |

  |            

                 *∫                    (      
          )   

   ∫               (          
     
 )   +|

             

                 *∫                 |   (      
          )|   

   ∫            |   (          
     
 )|   +  

 

By using   - convexity of      , we get  

 |   
        

 

  (      )           
 

  (      )           
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           (      )
    |

             

                 

  *∫           
      (    |   (      )|                 )   

   ∫      
      (                     |   (

     
 )|)   +

 

and the proof is completed.  
 
Next, we give some corollaries which can be easily proved using Theorem 

34. 
I. If       , then we arrive to the following consequence:  

Corollary 35: If        is   -convex, then  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 *                     (
 

    
 
 )

    |   (      )| (  
           

 
 )+  

 

II. Let        , Then we arrive to the following consequence:  

Corollary 36: If        is Breckner type of   -convex, then  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 *                     (
 

      
 
   )

    |   (      )| (            
   )+  

 

III. If       , then we arrive to the following corollary:  

Corollary 37: If        is  -  -convex, then  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 (
 

     ) * |   (
     
 )|                     +  
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IV. Let             , then we arrive to the following consequence.  

Corollary 38: If        is    -  -convex, then  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 (
 

           
 
 )

  * |   (      )|                     +  

 

Theorem 39: If       is   -convex mapping, then we have  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 ((
 

      )
 
   )

  [(∫    *    |   (
     
 )|

 
                  +   )

 
 

   (∫    *             
          |   (      )|

 
+   )

 
 ]  

 

where    
 
    and    .  

Proof: With the use of Lemma 33, we can write  
 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 *∫           
      |   (      

          )|   

   ∫      
      |   (          

     
 )|   +

             

                 *∫          
   |   (      

          )|   

  ∫    |   ( 
     
          )|   

 

   ∫        |   (                )|    ∫    |   (                )|   +  
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Using Hölder's inequality, we reach  

 |   
        

 

  (      )           
 

  (      )           

                        

           (      )
    | 

             

                  

  [(∫          
     )

 
 (∫ |   (                )|

  
   )

 
  

  (∫      
     )

 
 (∫ |   (      

          )|
  

   )
 
  

  (∫     
        )

 
 (∫ |   (          

     
 )|

  
   )

 
  

  (∫      
     )

 
 (∫ |   (          

     
 )|

  
   )

 
 ]. 

By using   -convexity of       , we obtain  

  ∫    |   ( 
     
          )|

 
    

    ∫    *    |   (
     
 )|

 
                  +    

and  

  ∫    |   (          
     
 )|

 
   

    ∫    *             
         |   (      )|

 
+     

After some simple calculations, we get desired result.  
 
Further, we provide some consequences which can be easily proved using 

Theorem 39. 
I.  If       , then we reach to the following consequence:  

Corollary 40: If        is   -convex, then  

 |   
        

 

  (      )           
 

  (      )           

                        

           (      )
    | 

             

                 ((
 

      )
 
   ) 
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  [(|   (     
 )|

 
           

 )
 
 
 (           |   (     

 )|
 

 )
 
 
] 

II.  If        , then we come to the following consequence:  

Corollary 41: If        is Breckner type of   -convex, then  

 |   
        

 

  (     
 )   

        
 

  (     
 )           

                        

           (     
 )

    | 

             

                 ((
 

      )
 
   ) 

  [(|   (     
 )|

 
           

   )
 
 
 (           |   (     

 )|
 

   )
 
 
] 

III. If       , then we reach to the following deduction:  

Corollary 42: If        is  -  -convex, then  

  

 |   
        

 

  (     
 )   

        
 

  (     
 )           

                       

           (     
 )

    |

             

                 ((
 

      )
 
   )

  [(|   (     
 )|

 
           )

 
  (           |   (     

 )|
 
)

 
 

]  

 

IV. If             , then we arrive to the following consequence:  

Corollary 43: If        is    -  -convex, then  

 |   
        

 

  (     
 )   

        
 

  (     
 )           

                        

           (     
 )

    | 

             

                 ((
 

      )
 
   ) 
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  [(|   (     
 )|

 
           

 )
 
 
 (           |   (     

 )|
 

 )
 
 
]. 

Theorem 44: If       is   -convex mapping, we have  

 

 |   
        

 

  (     
 )   

        
 

  (     
 )           

                       

           (     
 )

    |

             

                 *
 

          
 
 +  

 

where     
    and    .  

Proof: Utilizing 33, we can write  

 |   
        

 

  (     
 )   

        
 

  (     
 )           

                        

           (     
 )

    | 

             

                 *∫   
              |   (      

          )|    

   ∫   
         |   (               

 )|   + 

             

                 *∫   
          |   (      

          )|    

  ∫   
 |   (      

          )|    

  ∫   
     |   (               

 )|     

   ∫   
 |   (               

 )|   +  

By using the Young inequality as     
     

  
   

 |   
        

 

  (     
 )   

        
 

  (     
 )           

                        

           (     
 )

    | 

             

                 *
 
 ∫   

                 
 ∫   

 |   (      
          )|

 
   

   
 ∫   

          
 ∫   

 |   (      
          )| 

    
 ∫   

            
 ∫   

 |   (               
 )|
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 ∫     

     
 ∫    |   (          

     
 )|

 
    .  

With aid of convexity of        and doing simple manipulation, we obtain 
the theorem.  

 
Further, we present some deductions from the Theorem 13. 
I. If       , then we come to the consequence as follows:  

Corollary 45: If        is   -convex, then  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |

             

                 *
 

          
 
 +  

 

II. Let        , then we arrive to the following consequence:  

Corollary 46: If        is Breckner type of   -convex, then  

 

 |   
        

 

  (      )           
 

  (      )           

                       

           (      )
    |
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III. Let       , then we come to the following deduction:  

Corollary 47: If        is  -  -convex, then  
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IV. If             , then one come to the following corollary:  

Corollary 48: If        is    -  -convex, then  
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Theorem 49: If       is   -convex mapping, we have  

 |   
        

 

  (     
 )   

        
 

  (     
 )           

                        

           (     
 )
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  *(  
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 (∫   

          *    |   (     
 )|
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  (  
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 (∫      *                      |   (     

 )|
 
+ 

 )
 
  

  (∫     |   (     
 )|

  
                   )

 
  

  (∫                       |   (     
 )|

  
 )

 
 ], 

where                 and      is normalization function.  

Proof: By using Lemma 33, we can write  

 |   
        

 

  (     
 )   

        
 

  (     
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 )

    | 

             

                 *∫   
              |   (      

          )|    

   ∫   
         |   (               

 )|   + 

             

                 *∫   
          |   (      

          )|    

  ∫   
 |   (      

          )|    

   ∫   
     |   (               

 )|    ∫   
 |   (               

 )|   +  
By applying power mean inequality, we get  
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  [(∫   
             )
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 ]. 

Utilizing convexity of        and doing simple calculation, we get the 
acquired theorem.  

Next, we present some results which can be easily proved using Theorem 
49. 

I. If       , then we arrive to the following consequence:  

Corollary 50: If        is   -convex, then  
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]. 

II. If        , then one have the following result:  

Corollary 51: If        is Breckner type of   -convex, then  
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 III. If       , then one arrive to the consequence as follows:  

Corollary 52: If        is  -  -convex, then  
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 IV. If             , then we arrive to the following consequence:  

Corollary 53: If        is    -  -convex, then  
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