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Abstract

The major goal of the current article is to establish various novel fractional Dragomir-
Agarwal inequalities utilizing Atangana-Baleanu fractional integral operator. We primarily
employ the class of generalized M-convex functions to reach the major conclusions of the
study. In the form of corollaries, we also gain some consequences from the major results.
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1. Introduction and basic concepts

Classical convexity and its properties have always remained an active area
of research in mathematical analysis. This might be ascribed due to its several
great implications in other subjects of applied sciences, such as optimization
theory, management sciences, operator theory, etc. Although a mathematical
model depending upon convexity have significance, a variety of physical
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problems also exist, for which we have to use a non—convex mathematical model.
Now, we define a convex set and convex function.
Let P c R, then it is called convex, if

1-w)a; +ua, €P,

for all a;,a, €P and 0 <» < 1. Similarly a function U : P — R is called
convex, if

U((1 —wa, +nay) < (1 —n)U(ay) +40(ay)
for all a;,a, € P and » € [0,1].

Consequently, broader extensions and numerous generalizations of
traditional concepts related to convexity were constructed in existing research. It
is worth mentioning here that sometimes the formulation of new general concepts
of the usual convexity notion also enjoy several good features which usual
convexity notion has. For some recent studies regarding convexity and its
generalizations, see [8, 9, 19, 27]. If we look at the definition of convex functions,
it is the comparison of means. Awan and his coauthors [4] proposed the concept
of functions that satisfy M-convexity as:

Definition 1: ([4]) A mapping U : D € R* > R*, is called M-convex, if
U((1 = %)Y + %n(¥) < V() + (1 — 0)V(Y)

a+

forany a,b € D and » € [0,1], where Y = Vab and ¥ = -

Definition 2: ([4]) The mapping J exhibits log-M-convexity, if
U(Y(—n+ 1) + ¥») < U(W)* + U(Y) ™!
forall a,b €D and 0 < u < 1.

Definition 3: ([4]) The mapping U exhibits quasi-M-convexity, if
U((1 —n)Y +»¥) < max{U(Y),0(¥)}
forall a,b € D and % € [0,1].

It is clear from the notion of convexity that they are closely linked to the
notion of inequalities. The idea of convex functions influenced the evolution of
the analysis of inequalities significantly. Applying the convexity feature of the
functions, we can readily generate some inequalities that we've seen in the
literature. Hadamard's Hermite-inequality is a famous result in this area. It gives
us a criterion for a function to be convex that is both necessary and sufficient. It is
defined as:

Let us consider a convex function U : I = [d4,d,] = R, then

dqi+d; 1 dy U(d1)+](d>)
UFTk@ﬂ&waS_T_'

Pearce et al. prepared a really interesting book on certain recent advances
and uses of Hadamard's Hermite-inequality. In the realm of numerical analysis
and the notion of mean, the Hermite-Hadamard class of inequalities has several
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implications [12]. There are several studies on Hadamard's Hermite-inequality [3,
9,10, 11, 15, 16, 20, 28, 6, 29, 30].

Fractional calculus (FC) is an area of mathematics that investigates various
real and or complex number powers of differential and integral operators. FC has
become a multidisciplinary subject because of its various uses in engineering
sciences. Several additional extensions of traditional FC ideas have been
developed in the literature in recent decades (see [18]). Distinct fractional
operators with some singular or non-singular kernels have been seen to play a
vital role in various real-world challenges. Using Riemann-Liouville (RL)
fractional integrals, Sarikaya et al. [22] found a fractional analog of Hermite-and
Hadamard's Dragomir-type Agarwal's inequalities. This piqued scholars' interest,
and as a result, numerous novel fractional analogs of Hadamard's
Hermite-inequality were discovered through new and creative methods. For
example, see [19, 17, 5, 14, 25, 31].

Before going any further, let's review certain formerly learned FC for
nonsingular kernels. The FC literature contains some operators. The
Caputo-Fabrizio (CF) derivative is useful for analyzing various physical
problems [7], but it has the shortcoming of not being reducible to the original
function. In 2016, Atangana and Baleanu were able to solve this issue
(AB-operator for short). They suggested a modified fractional operator and an
accompanying integral operator in the kernel, including the function of
Mittag-Leffler, because the ML function is better suited to simulating nature and
physical processes. The operator AB has been employed to analyze different
models. Some applications of the AB-operators are listed in [1, 13, 23, 21, 24, 26].
Now, let us recall the AB-operators definiton:

Definition 4: ([2]) Let U € H'(c,d),d > ¢ and & € (0,1] then, AB derivative
of U in the Caputo sense is expressed as:

BDEU0] = 22 [ 000, [~ %20 ax. (1)

Definition 5: ([2]) Let U € H'(c,d),d > ¢ then AB operator of U in the
RL-case is expressed as:

{DEU0)] = HDL [ BB [-8 S e

Where ¢(£) is a normalization function satisfying $(0) = (1) =1

Definition 6: ([2]) The AB fractional integral is expressed as
0°IU(k) = @U( T (A;)f Uk — y)*'dy.
The motivation of the manuscript is to deduce some novel outcomes of
fractional Dragomir-Agarwal type of inequalities involving AB fractional integral
operators essentially utilizing the generalization of M-convexity. We also go
through a few more particular cases of the acquired outcomes, demonstrating that
they are extremely clarifying.
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2. Main Results

We go over our major results in this part. Through out the paper, we assum
that the mapping ] is a differentiable on I, where U: ] S R — R with d > ¢
and 0" € L[c,d].

2.1 Generalized M-convexity

Let us introduce a class of functions that characterizes generalized
M-convexity and provide its special forms.

Definition 7: (Generalized M -convexity) Consider a mapping h:(0,1) - R.
Then we call U : D € Rt - R* a M-convex function, if
U((1=—»)Y +np) < h()u() + (1 —n)U(Y)
a+b

forall a,b € D and u € (0,1), where Y = Vab and | = -

The following are the consequences of the above definition.
I.  If h() = u, then one achieve Definition 1 from Definition 7.
II.  Let h(») = »®, one gets the Breckner M-convex functions class .

Definition 8 (Breckner type of M-convex function) Let U : D € R —» R*, the
map U is considered to be Breckner M-convex function, if

U((1—nY +uP) < (—n+ D)UY+’ ()
forany a,b € D and » € [0,1],s € (0,1].

III. Put h(x) =xn~° in Definition 7, one may achieve class of
Godunova-Levin-Dragomir type of M-convex functions.

Definition 9: (Godunova-Levin-Dragomir type of M-convex function) We call
the mapping U defined as above, a M-convex function in Breckner sense, if

U((1-n)Y+up) < (E£+ D)0+ 0)
for every a,b € D and x € (0,1),s € [0,1].

IV. Let us put h(x) = 1 in Definition 7 one achieves the class of P type of
M-convex functions.

Definition 10: (P type of M-convex function) The map U as defined in the
preceding definition, is called a M-convex function in P sense, if

U(1-0)Y+uy) <OX)+0W)
forany a,b € D and x € (0,1),s € (0,1].

V. In Definition 7, We substitute h(x) = n(1 — £) to get the class of
M-convex functions in tgs type.

Definition 11: (tgs type of M-convex function) We refer to the mapping U
defined as in the previous definition, as M-convex function in tgs sense, if

0((1 =Y +u) < (=n+ Dn[UY) + U(Y)]
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forany a,b € D and u € (0,1).

2.2 Auxiliary Result

This part is devoted to the derivation of an auxiliary result. Let FI denotes
the fractional integral.

Lemma 12: Let U:1 € R > R be a differentiable function, where I is an
interval with ¢ < d. For AB FI operators, the following principle holds.S
20-B)0(U) (Vi +W)EOW)+ (V) (V2 + )%

(&) SET (&)

Dy EO(W+H7 1FO(U) —

(- (Vi +w)E E+1gyn
T (E+DOET(E) 1) F(fE)qn(fE)(wE)f (o + DU (U + (-w + D1 )dw
(-Vo+wy)Et? (-Vo+w)”®

R Ty L+1qsr1
(&) (£)(1+£) ( 2)+r(£)¢(£)(1+£)f w0 @V, + (- + D) dw,

where £ € [0,1],U € I, and I'(.) denotes the Gamma function.

Proof: We can solve the problem by employing integration by parts to it. So
(Vi +w)E+T g Y
—_— — 1 — 1
R Jy (w+ PV (U + (—w + 1)V;)dw
_ [

1 (V1) v1+u) 1ot
PETE) U + S22 1 (- + DAY (U + (- m+1)V1)dm].

£+1
3)
Similarly

(-V+W)E+L 1 "
—mfo wZU (UJU + (—m + l)Vl)dt

_ (w1, Vet W) (1 gqgon _

= e [0 W) - SR [ w1 (@, + (—w + DUdw|. (4)
Addition of (3) and (4) gives:

VA EI W)+ (VR + W EI (V) 2(-A+1DU(W)

ABIA'EU U ABIEU U —
1w0( )+Vz uwO(U) G(E)(E) d(£)

_ (v (Vi + )& Elq
= BB ) ') + —F(£)¢(£)(1+A~I)f (—w + DAY (wU + (—w + DV, dw
(-Vp+w)Ett (-V+ )%

e —— L A+1qy1/
(&) b (/£)(1+4) ( 2)+r(/5)¢(@)(1+p5)f w0 (wV, + (—w + DU)dw.

So, the proof is completed.

2.3 Results

In this portion, we infer certain MN -convex function outcomes
incorporating the AB FI.

Theorem 13: If |U"”| is MN-convex mapping, we have
VDO + (=Y + WP (V)
G(AE)T(A)

| oW +HEIFU(U) -
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(W ENY ) (VW ENIY (1) 2(-E+1D)U(U)
T(£)d(£) (1+£) b (&)
< Mﬁ (- + 1A [h(w) |0 (U)| + h(—w + 1|V (V)|]dw
= T(&) (&) (1+£) 10 1
(~Vo+U)E+2 1 g+1 " 17 _
TS Jo 0 R(@) [T (V)| + |0 (W) |h(~w + 1)]dw,

where U € ] and & € [0,1].

Proof: Utilizing the Lemma 12, we can write

AB 1 ABJE (AT Y+ EB ()
| v+ o) G
_ =V + W EHIG (V)= (=, + W) EH Y (1)  2(~E+DUW)
T (&) b (£)(1+£) ()
— M 1 _ A+1qy/7 _
- |F(fE)¢(AE>(1+fE) Jo o+ DFIV(@U + (-w + 1)V)dw
(_V2+U)AE+2 fl
T(£E)P(E)(1+£) ~0
_ A+2
< _(hH )T IN
T ()b (£)(1+4)
+ (_V2+U)AE+2
T (&) (&) (1+4)

WU (wV, + (W + 1)’U)dm|
(—w + DAY (U + (—w + 1D)V;)|dw

Jy WU (V, + (—w + 1)U)|dw.

By using convexity of |U”[, it yields
AB [ AB | & _ ViAW) +H (Ve + W FO W)
| vy Ly O(W+y5; IO (W) AT
_ (G AWEY 0) - (W) AU (1) 2(-A+1)UU)
L&) PAE)(1+4) b (&)

(-m+wE+2 £+l 1" "
< Wfo (—w+1) [h(w)|0"(U) + h(—w + 1|0 (V,)|]dw

(-Vo+u)E+2 1 " "
rmemarmdo W@V (V)] + h(—w + D]U" (W) |]dw.
and hence the proofis finished.
The following are some consequences of Theorem 13.

I. Let h(w) = w, then

Corollary 14: Let the hypothesis of Theorem 13 holds, if |0"'|9 is MN-convex,
then

AB [/ AB | _2AHD)UW) (VW E )+ ) (Ve + ) E
v, [ O(W)+y, Iy O(W) o) ST

(VWY () - (Vo + W) AU (1)

T(&£)(£)(1+4£)
(-Vy+wyE+? [v" (W] [0 ()|
T T(AE)PE)(1+E) [(E+2)(A€+3) (£+3)
(=V+WEZ o’ (1) [v" (W)

+

T(E)PE)1+E) L (£+3) (E+2)(&+3)]"
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IL If h(w) = w®, then

Corollary 15: If |[U"'|? is Breckner type of MN-convex, then
VW EOE)+ (Ve + W FO(1)

| #ProHE oW - PR
(VW EY () - (Vo + W ENU (1) 2(=E+D))(W)
F(E)PE)(1+A) b (&)
< WO 1L &+ 2) [0 (W] + b, E + s + 2)[07 ()]
= TE)(E)(1+E) ’ ’ 1
VT e s 1 2 1) 07 (V)] + G + 2,5 + DU W]
F(E)G(E)(1+4£)

III. If h(w) = 1, then

Corollary 16: If |0"|? is P-MN-convex, then
VW EOE)+ (Vo + W FO(1)

AB 1 £ AB 1 £
_ (=P, +UWEF LG (1)) = (< Vo + W) EHY (1) 2B (—A+D)
TR LH) )
Wyt vy +U)EH 1 ' "
= I(@) (&) (1+4) [2+A§ [10" (V)| + |0 (’U)I]]
VR [ 1 e "
T r@emarm [AE+2 [0 (V)| + |0 (’U)I]] :

IV. Let h(w) = w(—w + 1), one gets:

Corollary 17: If |U"|? is tgs-MN-convex, then
(=V1+WETW)+(-V+ W) ET (1)

AB IE AB I/E _
©O(W+y, [70(W) ST )
(A WE ) (VW ETY (1) 2(-£+1)T(U)
F(E)p(E)(1+A) (&)

(_V1+u)/E+2
T T(E)PAE)(1+E) (£+3)(/E+4)

[Iv" W1 + |U”(V1)|]]

-V, +ru)/E+2

T(&) (&) (1+/E) [(E+3)(/E+4) (oW1 + 10 (Vl)”]

Theorem 18: If |0"'|9 is MN-convex mapping, one acheives:
VATV +H (Ve + W FOW,)

AB 1 E AB 1 _
I O(W)+y, Iy (W) )T E)
(AW ENY ) (VW EIY (1) 2(-E+1D)T(U)
T(£E) (&) (1+4) b (&)

1 1
(V)2 1 Pl " q _ " q q

< s () (L TRV W + h(—w + DI () |dw]
1

k=21

(—v2+u)/E+2( 1 )

1 n " q
T I(E)(E)(1+E£) \(£p+p+1) (f0 [R(0)]T" (V)| + h(-w + 1)[U (‘U)|qdm])q
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where for ¢ > 1, p~* +$= 1,UEel

Proof: With aid of Lemma 12, one reach to:
MWD FTW)+ (V2 +WFOW)

PO IFOW) - e
(AW ) - (VW EY (1) 20U (-£+1)
T () (&) (1+4) (&)
< CVHOTE i1 ER T T+ (— + 1)) dw
= T(&)&)(1+£) 70 1
A+2
% [} @ (0, + (—w + DU)|dw.

By applying Holder inequality, we get
VA FBED) (V2 + W FO(V)

AB [ AB &
vy Ly O(W)+9, 17 0(U) — SETE)
(W)Y ) - (VW) EHIU (v,)  2(-&+1)0(W)

T (&) d(£)(1+4) (&)

1
_nrwf*E oo E+DP 3 )2 (L 115" _ q
< s (J; (mw+ DEDPaw ) ([ 0" (wl + (- + 1)1)]9dw)

11

1
(Vo +U)E+2 1 2 (1 yourr
Ty ( N m(“E“)pdm)p ( L0 (P, + (—w + 1)V2)|qdm)

Using notion of MN-convexity of |U"'|%, one may conclude
S 10" (U + (—w + D)V)|9dw = [ [h(w)|0" (W + h(-w + 1" (V;)]]dw
S0 @V, + (—w + DU)|9dw = f, Th(—w + D[V (U)|? + [0 (V,)|*h(w)]dw

and hence we finished the proof.
The following are the consequences of Theorem 18. Let the hypothesis of

Theorem 18 holds for all cases.
I. Let h(w) = w, one reach to the result as:

Corollary 19: If |J”'|9 is MN-convex, then
VA FBED (V2 +WEOW,)

AB & AB £ _
oy Ly O(W+, 17 0(U) @A)
(AW ENY ) - (VW)Y (1) 2(-&+1)U(W)
F(E) (A (1+4) 1))
1 1
(Vi+)tt? ( 1 )E (|U"(u)|‘4+|v”(v1)|q)a
= T(&)(L)(1+4£) \(£p+p+1) 2

1
n (—v2+U)‘E+2( 1 )%(|U”(vz)|‘4+|v”(u)|q)a

F(&E)P(E)(1+£) \(Ep+p+1) 2
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IL If h(w) = w?, then

Corollary 20: If |U"”|9 is Breckner type of MN-convex, then
AB 1 AB 1 _ () EOW)+HV + W EU ()
| P W) PR
_ (AW ) - (W)U (1) 2(-A+1)UU)
F(E)PAE)(1+4) (&)
1 1
(LR ( 1 )5 (|U”(u>|Q+|U”(v1)|Q)a
= T(&)P(E)(1+£) \(£p+p+1) s+1

1 1

(Vo +U)E+? ( 1 )E (|v"(vz>|q+|U”(U)|Q)a

I'(&)d(&)(1+£) \(Ep+p+1) s+1 '
IIL. For h(t) = 1, one gets:

+

Corollary 21: If |0"|? is P-MN-convex, then

AB 1 AB 1B _ ()W) + W EU (V)
7, [0 (W) +y,) [y O(U) AT

_ (WY ) - (VW)U (1) 2(-E+1)UU)

F(&E)p(£)(1+4) (&)
1
(_V1+u)£+z 1 E " q 11 q 2
= T(&) () (1+£) ((Ep+p+l)) (O W% + [0 (V)ID)s
1
(_VZ‘FU')AH—Z 1 E " q " q 2
T(&E)S(E)(1+4£) ((/Ep+p+1)) |U (VZ)l + |U (U)l )q_

IV. For h(w) = w(—w + 1), one acheives:

Corollary 22: If |0"|? is tgs-MN-convex, then
AB £ AB 1 _ () A W)+HV + W EU (V)
vy Ly O(W+y; IO (W) S ETE)
_ (AW ) - (Ve + W) AU (1) 2(-E+1)UU)
T(&)d(£)(1+4£) (&)
1 1
(LR ( 1 )a (|u”<u)|‘J+|U”(v1)|Q)a
= T(&)$(&L)(1+£) \(Ep+p+1) 6

1

(~Vo+uyE+2 ( 1 )% (IU”(Vz)Iq+|U”(U)Iq)q
I'(£)$(&E)(1+£) \(Ep+p+1) 6 ’

+

Theorem 23: If |U"'|? is MN-convex mapping, we reach
AB £ AB & _ (A )ETW) (Ve + W EU(R,)
v 171 (W+y, 170(U) ST E)
_ (AW EY ) - (W + WA (1) 2(-A+D)I(W)
FE)p(E)(1+£) b (&)
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(-Vy+U)E+2 ( 1

T I(E)AE)(1+E) \p(£p+p+1)
(-Vo+w)%E+2 ( 1
T(£)G(E)(1+E£) \p(£p+p+1)

where%+$=1,ﬂ€landq>l.

+ [ [h(w)[0"(U)| + h(—m + 1)[V" (V1)|7]dw)

+ J; [h(@)[0" (V)7 + h(—w + DIV" (W)|*]dw),

Proof: Utilizing Lemma 12, one gets

AB £ AB £ _ (M )FT@)+ (V4P U W,)
vy I O(U)+yp, 170(U) ST E)
(WA () - (Vi + W)U (1) 2(-E+1)U(W)
T(&)d(£)(1+4£) (&)
< WA  DERG (U + (—w + 1)V,)]dw
= I(@)o@)(1+4) 10 !
n (=Vp+u)%+?
T (&) (£)(1+4)

Jy WU (@, + (—w + 1)U)|dw.

From the Young inequality: Uy < i'up + iyq, one gets

(VW EOW)+H(=Vo+WET (V)

SO+ IO -

AT (&)
(A WEN ) - (WA (1) 2(-E+1)U(W)
F(&E)(AE)(1+4) b(A&)
M[& 1o @&+1)p Lt _ q ]
S DB pfo (-w+1) dw + qfo [0"(0U + (—w + 1)V;)|%dw

-V, +ru)/E+2 [l

1 pE+Dp T _
sy @ dw + 2 [ 0" (@, + ( m+1)’u)|qdm].

pJo
With use of MN-convexity of |U”|? and doing simple calculation, we
archive the desired theorem.
We provide some corollaries which can be easily proved using Theorem 23.
I. For h(U) = U, one acquire

Corollary 24: If |0"|? is MN-convex, then

(V1 +WETW)+ (Vo + W) EV (V)
| SO HE IO (U) - e D0

(i AWENY ) - (VWA (1) 2(-A+1)U(W)

T (£)d(£)(1+4£) (&)
(-V+w)%E+? 1 [v" (W]9+v" W)

T I(&E)PE)(1+E) (p(.AEp+p+1) 2q )
(=Vp+u)E+2 ( 1 |v”(vz)|q+|v”(u)|q)

T (&) (L) (1+4£) \p(&p+p+1) 2q '

II. For h(w) = w®, one obtain the corollary as follows:

Corollary 25: If |U"|9 is Breckner type of MN-convex, then
VW EV V) +(V+ W FVW,)
GAET(£)

| o +EIfouw) -
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(AW ) - (Ve + W) AU (v,)  2(-E+1D)J(W)

T(&) (&) (1+4) )
(-Vy+w)E+? ( 1 |v”(u)|‘I+|U”<v1)|‘I)
= T(E)P(E)(1+E) \p(Ep+p+1) (s+1)q
(Vo +U)+2 ( 1 |v”(vz)|q+|v”(u)|q)
(&) (£)(1+4£) \p(£p+p+1) (s+1)q

II1. For h(w) = 1, we obtain the corollary as follows:

Corollary 26: If' |J"'|? is P-MN-convex, then

(V1 +WEVW)+ (Vo + W) EV (V)
BIFO(WHP IO () — S 00

(AW () - (Ve + W)U (1) 2(-E+ 1))
T(&)b(£)(1+4) (&)

(_V1+U)E+2 1 " q 17 q
= M(&)e(E)(1+A) (p(£p+p+1)+ [0 (W1 + 167 () )

(=Va+u)E+2 1 " q "eaNg
I(E)o(E)(1+E) (p(AZp+p+1) + lU (VZ)l + |U ('U)| )

IV.For h(w) = w(—w + 1), the result is:

Corollary 27: If |U"|9 is tgs-MN-convex, then
VPO + (V2 + W FO(V)

AB [ AB [
| vy Ly O(W+y,) [y O(U) — D)

(AW ) - (VWA (1) 2(-E+ 1))

T(£)d(£)(1+4£) (&)
(-Vy+w)E+? ( 1 |v”<w|‘I+|U”(v1)|q)
T I(&E)P(E)(1+£) \p(£p+p+1) 6q
N (=Vp+u)E+2 ( 1 |U”(vz)|q+|v”(u)|q)
T(£)$ (&) (1+4£) \p(&p+p+1) 6q '

Theorem 28: If |U"”| is MN-convex mapping, we have
V)T + (=Va+20)PU(V2)

WITO(W+]IO(W) —

()T (&)
(WA ) - ()BT (1) 2(=A+D))(W)
T(&)$(£)(1+4) (&)
(-Vi+wykt?
T T&)(E)(1+4)

£+2

(Vo +wyEt2

+ T(&)$(£)(1+4£)

£+2

1

x (;)1% (= @) 0" (V)] + h(—w + 1) [V” (’U)l]dm)q

’

11

1

X (L)l_a (fol (_m + 1)A€+1[h(m)|uu(u)| + h(—m + 1)|U”(V1)|]dm)q
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where U €1 and q > 1.

Proof: Utilizing Lemma 12, one have

AB 1 £ AB £ (I WETW) (1 + W EU (V)
Iy O(UW)+y, I O(W) ST

(W ENY ) - (VW) ENY (1) 2(-E+ 1))
(&) (&) (1+4A) (&)

M £A+1 "
F(/E)¢(fE)(1+/E)f (—w + DFU" (0l + (—w + 1)V;)|dw
—( V2+U)AE /E+1 "

+ r(,E)(,,(Az)(%)f 0" (@V, + (~w + 1)U)|dw.

With the use of power mean inequality, we achieve

— A _ £
ABIrﬁU(fu)_FéfLaEU(U) _ (N + PO @)+ (Ve + W) TE(V2)

P(AE)T(&)
(AW ENY ) (VW EIY (1) 2(—E+1)T(U)
T(&E)d(AE)(1+4) b (&)
< (—V1+'u)’€+2
T IEE)(1+E)

x|(f; (—m+1)‘E+1dm> (f (—m + D)0 (wll + (-w + 1)V))]%dw ‘

(Vo +u)%Et2

T (&) (&) (1+£) (f mﬁﬂdm) (f WU @V, + (= m"'l)u)lqdm)

By using MN-convexity of |U"|%, we obtain
(=V1+WETW)+(=V+ W) ET(,)

o HO(W A+ IO —

(AT (&)
(AW ) - (VW)U (0,)  2(-A+1)U(U)
T(&)d(£)(1+4£) (&)
(—V1+'U)E+2
T IEPE)(1+E)

[x (4 0¥ 10m) 0 () (- + 15 () 0" W)

+h(—w + 1)|U"(v1)|q]dm)3]

(=1, +«u)fE+2
T(£)(&£)(1+4£)
1

x| wdw) (7w () (W + h(-w + DT (1)]]dw)

So, the proof is completed.
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We give some consequences of Theorem 28. Let the hypothesis of Theorem

28 holds.
I. Let h(w) = w, then

Corollary 29: If |U0"|? is MN-convex, then
(VW) FVV) + (Vo + W) FV(W,)

AB 1 &£ AB 1 &
v, g O(W) 4y, Iy O(W) — D))
(I +WEY ) - (W)Y (1) 2(-E+ 1))
T(E)GAE)(1+£) (&)
. 1
_ £+2 1—l " " E
< (Pt (;) q( [OIK 4+ 10 (V1)|q)
T(E)P(LE)(1+E) | \&+2 (£+2)(£+3) (£+3)
- . 1
+ (Vo +U)"+2 (;)1'6 (|U”(V2)|q v w4 )q
T(&)PE)1+£) | \&+2 (£+3) (£+2)(£+3)

(2): If h(w) = w°, then

Corollary 30: If |U"'|? is Breckner type of MN-convex, then
AB & AB & MW ETW)+ (V2 +WFOW)

v I O(W) 4y, I O(UW) — AT
_ (WA ) - (VWA () 2(-A+1)U(W)

F(&E)p(E)(1+E) d(£)

(=Vy+U)%Et2
T I(E)E)(1+AE)

[ 1-2 1
*|(z5) W¢@+LE+2WVﬂmq+Ml£+S+DW%%N04

A+2

(=Y +u)Et?
T(£)P(£)(1+£)

% (ﬁ)l_a (PE+s+2DV" (V)1 + P(E+2,5+ 1)|U”(u)|q)%] _

_l_

IV.If h(w) = 1, then
Corollary 31: If |0"|? is P-MN-convex, then

AB 1 AB 1/ (VW ETW) + (VR + W) RO (,)
| sEifoW+EIFu(W) o
(I WEY ) - (V)BT (1) 2(-A+1)UW)
T (£)p(£)(1+4£) d (&)

17

1
(- +w)%E+? 1 1_5 1 " q 1z q
.

[ 1
(_V2+u)A-:+Z L 1_3 L n q 17 q a
ra—Gs) G v @+ wrp))
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IV. For h(w) = w(—w + 1), one receive

Corollary 32: If |U"|? is tgs-MN-convex, then

AB 1B AB 1 _ ()BT + W EU (V)
IO+, Iy (W) ST E)

(WA ) - (R +WEY (1) 2(-£+1)U(W)
T(E)(£)(1+A£) (&)

1
(V1 +U)E+2 ( 1

q
- q " q " q
T T(E)PAE)(1+E) .AE+2) ((A?+3)(/E+4—) “U (u)l + |U (vl)l ])

_hrwyE (5 (10" (V)14 + [0 (W]

1
— ) 9
I'(E)eE)(1+£) AE’.+2) ((AE’.+3)(A-E+4)

2.4 More result for AB FI operators in convex functions

Now we'll apply a new variation of Lemma 12 that takes into consideration a
different way for removing the function's first derivative. We get novel results and

estimates if we use U = Mzﬂ in Lemma 12.
Lemma 33: Let I be an interval and U : I € R = R be differentiable function.
Then

Vo4V Vy+V. (V1 +V,) %
B, (57) 7 Ho, U (H57) = St [0V + (%))

2(-a+1)u(Y2E)

b(&)
_ (—V14V,)E+2 1., Et+1 1" V2+V1
= s [ (w4 DA = DU (w2 4 (—w + D, ) dw
1 " V, 4V
+ ) @ = DU (7, + (—w + 1) ) dm],
where U € 1.
Proof: Set U = Zv in the Lemma 12, one may get

Vo4V Vo4V (~V1+1)%
Bt 0 (H52) +7 0,0 (%572) = S [0 + U]

2(-m+1)u(Y2E1)

d(&)
I Gl B2 e , v Q)
= o [0/ — (7))
(V1 +1,)%E+2 1, At1q V2+V1
T e AT [fo (-w + 1)F*10 ( + (- m+1)v1)

+ [y w1 (wh, + (—w + 1) ) dw).
Then
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! ' " =V1+Vy 1 oy Vo +V.
[0'(V) + U W)] = = fyy 0"()dy = [222 [} 0" (w22 + (- + 1)V, ) do
=V1+V, 1 oy YV, +V-
+ T [ (w0, + (- + 1)) dm] . (6)
From (5) and (6), one reach

Vy+ V. Vo +V (=V1+Vp) %
8,0 () H 0,0 (B2) - 58S 00) + U(V)]

B 2(-A+1)u(22E)
(&)
= % 1o E+1 _ 7 V2+V1
- 2“E+2F(/E)¢(£)(1+1€) [fo (( w + 1) 1)U ( + ( w + 1)171)
+ ) @ = DU (0, + (—w + 1)) dw).
Hence, we finished the proof.

Theorem 34: If |U"'| is MN-convex mapping, then

Vy+V. Vo +V (=V1+1)%
| g, (257) 0,0 (%57) — S [0 V) + D (V)]

2(-&+1)0(7231)
S (&)

(=Vy+1,)%+2
T 2820 (&) b (£)(1+4)

x [Jy ((—w + D = 1) (h(w) [0 (Z22)] + h(-w + DIV (1)) dw

+ [ @ = 1) (h()[0" (V)] + h(—w + 1) [0 (Z22)]) dw],
where U € I.

Proof: Utilizing Lemma 33, one may achieve

£ Va4V £ Vy 4V (=V1+V,)E
0710, (572) #8010, 0 (47) = ot (OO + 00%))

2(-&+1)U(*2E1)
B b&)

_ | w2 g E+1 _ 4N V2+V1

+Jy @ = 1)U (w; + (—w + 1) 222 do|

M 1 E+1 _ " V2+V1
s 2E+2T(£) (&) (1+£) [fo ((Cw+1) D |U ( +(-w+ 1)V1)|

+fy WA= Do (17, + (—o + D) dm].
By using MN- convexity of |U"[, we get

Vo +V. (=V1+7,)%
| 000 (257 #2100, (257) — S [0V + U (V)

Vo+Vq
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2(-AE+1)U(F2E)
(&)

(=V1+1,)E+2
T 2ER2T(E)P(E)(1+E)

<[} (e 1= () o (22)
+ f01 (W1 — 1) (h(m)lU”(V2)| +h(-w+1) |U" (@)

and the proof is completed.

+ h(-w + D[V (V,)) dw

) du]

Next, we give some corollaries which can be easily proved using Theorem
34.
I. If h(w) = w, then we arrive to the following consequence:

Corollary 35: If |U"|9 is MN-convex, then
Vy+ V. (—V14V,)%
881 1,0 (50) 2 1, U (22) - Tetmrem OV + U(V2)]
2 2
2(-AE+1U(F2E)

(A&

(_‘Vl"'VZ)AH—2 " " 1
< s [0 1+ 10D (25 -3)

+2 |U” (VZWI) ((Aa+z)1(Aa+3) - é)] )

II. Let h(w) = w®, Then we arrive to the following consequence:

Vy+V;
2

Corollary 36: If |U"'|? is Breckner type of MN-convex, then
_ £
B, 0 (B52) +0 0,0 (%57) = St [0 + U]
2

2 2E (L) (&)
2(-AE+DU(F2E)

Vy+V;

O (&)
(_V1+VZ)A;+2 " " _ L
= 2EF2T(£) $(£)(1+4£) [(|U VOl + [07 (V) (Aa+s+z s+1)

(V2 V1

+2]o" ()| (oG + 1L E£+2) - ).
IIL. If h(w) = 1, then we arrive to the following corollary:
Corollary 37: If |0"|9 is P-MN-convex, then
Vo4V (V1 +1V,) %

f}fl@u( ) +$BI”2“’10( = 1) - sztbsz)lf(fE) [OV) + 0]

2
2(-AE+DU(22E)

(&)

= 25+(2r1:/1‘£;$izﬁﬂi:12+£) (ﬁ B 1) [2 |U” (@)

Vy+Vy

+ [0 (V)| + [0 (W)
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IV. Let h(w) = w(—w + 1), then we arrive to the following consequence.

Corollary 38: If |U"|9 is tgs-MN-convex, then
£ Vy+V. £ Vo +V (=V1+1)%
B 10 (7)o, U (57) = ST [0V + U(V)

2(-£+1)u(230)

(&)
(V1 +Vp) 2 ( 1 _1)
= 2E2M(E)p(B)(1+£) \(£+3)(£+4) 6
x [2 [0 (Z22)] + 10" o)l + 10" W

Theorem 39: If |U"| is MN-convex mapping, then we have
Vo +V. VotV (=V1+1,)%
Bt (57) o, U (57) = St [0 + DO%)]
2

2(-A+1)U(F2E)
d(&)

1
(Vi) F*? 1Y
= 2E+20(E)p(£)(1+£) ((/Ep+p+1) 1
1

[( 13 [re) o (Z2)* + h(=w + D0 (V)17 dw )

+ () [re 07 @)1 + h(-w + 1 [or (22| dm)al,

where%+%=1 and U € I.

Proof: With the use of Lemma 33, we can write

V2+V1) _ (—V1+V2)“E [U(Vl) + U(VZ)]

¥ Vo +V-
ﬁflmu( 5 1) +$Bl"2+"10( 2 254 (B)N(&)
2

2(-A+1)U(F2E)
b(£)
(V1 +V,)E+2 1., A1
T 28T (&) G (&) (1+4) [fo ((Fw+1) 1)
+ [y @™ = 1) [0 (v, + (o + D) | dw)
" (02 4+ (—w + 1)V )| dw

0" (w2 4 (—U + 1)V )| dw

I G 2 E ) il 1o £+1
T 2ER20(E) (&) (1+E) [fo (-w+1) 0

~J) U( 24 (- m+1)V1)

+f ! |U” (mV +(-w+1) v2+vl)

VZ+V1)

m].

w- [ [0 (% + (- + 1)
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Using Holder's inequality, we reach

Vo4V, —V; )&
{}fﬁgﬂhu( ) +{]\BIVZ+V10‘ ( 22 1) - 2(54)214;)13(),43)
2

Vo+V1

[O(V1) +T(V,)]

2(-A+1)u(222)
- b

(=V1+1,)E+2
= 2EF2N(E) G (£) (1+4)

x [( SH (w4 1R )% (0o (£222 + (~w + 19, dm)%

1

N (mO)Pdm) (fl|U”( Z0 4 o+ )| dw)

! dm)

1

! dm)a .

QR

~(
+( m(/“l)pdm) (f |U” (mVZ +(-w+1) v2+v1)
(

+(J) (mo)pdm) (55 o (v, + (—w + 1) 222)

By using MN-convexity of |[U0"'|?, we obtain
q
fy o (w22 + (—w+ D1,)| dw

< 5t o o (22

+ h(=w + DIV (V)] dw
and

o (v + (o + D22 e

v (V2+‘V1)

After some simple calculations, we get desired result.

< Jy [n@)[U"(W2)19 + h(-w + 1)

]dt

Further, we provide some consequences which can be easily proved using
Theorem 39.

I. If h(w) = w, then we reach to the following consequence:

Corollary 40: If |0"|? is MN-convex, then

E Vy+ V. £ Vo + V. (=V1+Vp)E
Bt 0 (H52) 7,0 (%572) = S0 [00R) + U (V)]

2(-A+1)u(22E)
(&)

1
(V1 +V,) %2 1\
< —_
T 2ER2T(E)p(E)(1+£) <(Aap+p+1) 1)
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2 2

1
y <|U”(V2+V1)| +|U,,(V1)|q)3 N (lU”(V )|q+|U”(V2+V1)|q)q

II.  If h(w) = w?, then we come to the following consequence:

Corollary 41: If |0"|9 is Breckner type of MN-convex, then

£ VotV VotV (=V1+7,)%
| 01,0 (457) 7 Ho, U (%57) = St [0V + D))
2(-A+1)u(P2E)
(&)

< (v ( 1 )%_1
— 2&8R21(E)p(E)(1+£) \ \Ep+p+1

1 1
. <|u,,(w2;w)|“+|u~(vl>w)q +<|v"<v2>|Q+Iv~(%)lq)"

s+1 s+1

1L If h(w) = 1, then we reach to the following deduction:
Corollary 42: If |U0"|? is P-MN-convex, then

Vy+V. Vy+V. (=V14+V5)%
Bt (7) +8 o) (%57) — St DOV +1(72))

_2-a+D)(BR)

b (&)

1
< g (i) 1)
| (o 2 1 )

" " n (V2tV
+10 WD) + (jor @l + o (222)
IV. If h(w) = w(—w + 1), then we arrive to the following consequence:

1
q

Corollary 43: If |U0"|? is tgs-MN-convex, then

AB &
| Vi IVz+V1U (
2

Vo+Vi\ | 4B & VoV, (V1 +1,)E
) e, U (H572) = St [0V + O]

2(-a+1)u(Y2E)
d(&E)

< (=Vy+1,)E+2 ( 1 )%_1
— 2&R21(E)p(E)(1+£) \ \Ep+p+1

19
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6 6

1
y <|u () +|u~(v1)|‘7>q N (U”(vz)|q+|U”(VZ+V1)|q>q _

Theorem 44: If |U"'| is MN-convex mapping, we have

£ Vy +V. £ Vy+V. (V1 4+V,) &
| A (=) +$51@1( ) — e s D) + (V)]

B 2(—£+1)](@)

()
(V1 +7,)"*2 [ 2 _3]
T 2RI E)Q(E)1+E) lp(Ep+p+1)  pl’

where =+ =1 and q>1.
P a
Proof: Utilizing 33, we can write

Vy+V. Vo +V. (=V; +1,)%
B en) (457) H ) (47 = Sty D V) +1(V)]

2= -a+1))(Y2E)

S ()
(V1 +Vp)EH2 1o 41 _ " Vz+V1
= 28420 (/) (/) (1+/E) [fo (Cw+1) 1 |U ( + (ot 1)171)'
+ [y @ = 1) o7 (wV, + (- + 1) 22) dm]

R o o )

- U”( v2+v1 +(—w+ 1)V1)|

+f wEtl |U” (mVZ + (~w+1) V2+V1)

= J) [0 (w1, + (—w + 1) 22| duo-
By using the Young inequality as Uy < %'Up + %3’ a

Vo +V. V., +V. —V V)
| i (2 )+ ) (7) ~ gt DV + (2]
2

dw

2 2 2&¢(E)(£)
B 2(-a+1))(F2)

(&)

(V)2 (E+1)p 101 [oen
S2/’E+Z1"(z',~:)¢(/-s)(1+/1€) [p fo (-w+1) dm+qf0 |U (

—lfol (w°)Pdw — lfol |U”( V2+V1 +(—w+ 1)171)'

Vz +V;

+(- m+1)V1)| dw

q
dw ]

+= f &Py + = f |U"(mV2+( m+1)v2+v1)
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q
+%f01 wdw + ifol |U” (mV2 +(—w+1) m) dw].

2

With aid of convexity of |J”|? and doing simple manipulation, we obtain
the theorem.

Further, we present some deductions from the Theorem 13.
L If h(W) = t, then we come to the consequence as follows:

Corollary 45: If |U"|9 is MN-convex, then

¥ Vo4V £ Vy+ V. (V1 4+V,)%
AN () H ) (%5 ) — S (V) + (V)]

a0

o (&)
(V1 +1,)%E+2 [ 2 _g]
T 28Ir(E)o(&)(1+E) lp(&p+p+1)  pl”

II. Let h(W) = W5, then we arrive to the following consequence:
Corollary 46: If |0"|? is Breckner type of MN-convex, then

Vo +V. Vo +V -V +1,)%
B ) () +8 o) (52) — S 2 J(V) +) (V)]
2 2

2 2Ep(&E)T (&)

_ 2

b (&)
(=V1+1,)%+2 [ 2 _g]
= 28RIr(B)o(&)(1+ &) lp(&p+p+1)  pl”

III. Let h(w) = 1, then we come to the following deduction:
Corollary 47: If |U0"|? is P-MN-convex, then

Vo4V Vy+ V. B
881 ) (PE) + 8 1 v ) (2572) - S () + ()]
2 2

2 2Ep(E)T (&)

B 2(—/E+1)](1’22;”1)

()
(V1 +7,) 2 2 g]
T 2N E) () 1+A) lp(Ep+p+1)  pl”

IV.If h(W) = W (=W + 1), then one come to the following corollary:

Corollary 48: If |U"|9 is tgs-MN-convex, then

£ Vy+V. £ Vo +V. (=V1+7,)%
B tm) (7)) (57) — Sy DOV +1 (V2]

_2-a+D)(BR)

(&)
(V1 +1,)%H2 [ 2 _ E]
= 282 (B) (&) (1+E) lp(&Ep+p+1)  pl’
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Theorem 49: If |U"”'| is MN-convex mapping, we have

£ Vy+ V. Vy+V. (V1 4+V,)%
Wt (72) + o) (%57) = st DOV +172))

(222
a )

(V1 +1,)E+2
T 2442 l"(I‘E)fb(/ﬁ) (1+£)

) T e e e for (22

1

+h(-w + DT[] )’

)

£+2

+( 1 ) (f o+ [h(m)|u"(v2)|q + (- m+1)|U,, (vzwl)

£+2
- (I re@ for (52

= (J; R V" V)17 + h(-w + 1) [0 (*22)

R

+ h(-w + DU (V)])

1
q_
)}

where U € I, £ € [0,1],g > 1 and $(&) is normalization function.

Proof: By using Lemma 33, we can write

Vy+V. Vy+V. (—V1+V,) %
Bt (%572) 2 W) (%57) = gy DOV + (2]

2 —a+1))(Y2E)

O ()
(V1 +1p)%H2 1 B+l " V2+V1
= 2E420(E) (/) (1+££) [fo ((Cw+1) 1 |U ( Tws 1)V1)|
1 " Vy+V
+J) @ - 1) |u (07, + (—o + 1) £2) dm]
_ ()2 1, At1 |7y V2+V1
T 22T (E) §(£) (1+£) [fo (-w+1) |U ( +(-w+ 1)]71)'
-5 U( A4 (—w+ 1)171)
+f wkt! |U” (mV +(-w+1) v2+v1) —f
By applying power mean inequality, we get
Vo + V. Vo +V. V3 +1,)%
| i () HE W) (57) — St DD +1(V2)]
2

m].

v (sz +(-w+1) vZ”’l)

2 2E (L) (E)
B 2(-m+))(2231)
O (E)

(=Vy+1p)%+2
= 2B 20(£) () (1+4)
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1

X |([ (o + 1t - dm)l_% (B o+ o (w22 4 (o + 1)v1)| dm)a

Q=

~(f (mo)dt)l_% ( N |U (0222 + (o + 1)v1)|q dw)

(
+ (fl m‘E“dm) (f witl |U” (mVZ +(-w+1) V2+V1)
(

1
! dm)q

1

dm)q .

Utilizing convexity of |J"|? and doing simple calculation, we get the
acquired theorem.

+(J) @P)dw)™ ‘*(f [0 (¥, + (w0 + 1) 22|

Next, we present some results which can be easily proved using Theorem
49.

I. If h(w) = w, then we arrive to the following consequence:
Corollary 50: If |J”'|9 is MN-convex, then

Vo +V. Vo +V. (=V1+1,)%
|t (557) 4 ) (%57) — St DOV + V2]

2+ D) ()
(&)

1

S L) (L)l" (|U o) n IU"(V1)|‘?>E

2821 (£) (L) (1+£) £+2 (£+2)(£+3) (£+3)

£+2 (£+3) (£+2)(£+3)

+ (;)1—— (|Urr(V2;V1)| Ll ,(vzwl)'q)g

1

l =
§ <|u,,(*’z+vl)|"+m,,(v1nq>q .\ (w”(vznhlw(@)lq)q .

2 2

IL. If h(W) = W5, then one have the following result:

Corollary 51: If |U"|9 is Breckner type of MN-convex, then

Vo + V- VotV (=V1+1)%
| {}flﬁ;vl]( g 1) +¢BIV2+V1]( E 1) B 2/E¢sz)lf(/E) D)+l
2

2(—E+ 1)](V—2 )
(&)
(V1 +1p)EH2
T 2EFT(E)b(E)(1+£)
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) o v ol (o
1

i

+ (L)l__ (+2E 1 (s +1,£+2) [0 (Vzwl)

£+2 (E+s+2)

1
= q
y <|U”(V2+V1)| +|U”(V1)|q>q N <|U”(V2)|q+|UH(V2+V1)| )q .

s+1 s+1

IIL. If h(w) = 1, then one arrive to the consequence as follows:
Corollary 52: [f |U0"|9 is P-MN-convex, then

Vo4V Vo4V (V1 +Vp)E
Bt () o) (%57) = St DOV +107))

2 (3
(&)

1
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