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Abstract

This paper introduces advanced irregularity measures for Pythagorean fuzzy graphs
under threshold conditions. Two types of indices are proposed. The first type focuses on edge-
based irregularity, including a higher-order edge degree irregularity index and a correlation-
based index that captures relationships between the degrees of adjacent vertices. The
second type focuses on degree-based irregularity, introducing an entropy-based index that
measures uncertainty in the degree distribution. For each measure, we establish fundamental
properties, monotonicity behavior under increasing thresholds, and sharp upper and lower
bounds. Extremal cases are also characterized to identify graphs that attain equality in these
bounds. Numerical examples are provided to illustrate the validity and effectiveness of the
proposed measures. The results offer a refined perspective on degree irregularity and extend
the theoretical framework of Pythagorean fuzzy graphs under threshold conditions.
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1. Introduction:

Pythagorean fuzzy sets, introduced as an extension of intuitionistic fuzzy
sets, provide greater flexibility for modeling uncertainty by allowing the squared
sum of membership and non-membership degrees to be at most one. Owing to
their ability to represent uncertain and imprecise information more effectively,
Pythagorean fuzzy sets have found extensive applications in decision-making,

* E-mail: shahinshariff2015@gmail.com (Corresponding Author)
" E-mail: m.md. jabarulla@gmail .com

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2623

2 R. SHAHIN AND M. M. JABARULLA

pattern recognition, clustering, and optimization. Several similarity measures
and distance-based approaches have also been proposed to enhance their
practical applicability in multi-criteria decision-making problems [1], [13].

The integration of Pythagorean fuzzy sets with graph theory has led to the
development of Pythagorean fuzzy graphs, which provide an effective
framework for representing uncertain relationships in complex network
structures. Recent studies have investigated shortest path problems, interval-
valued Pythagorean fuzzy soft graphs, graph energy, Dombi fuzzy graphs, and
other structural properties, demonstrating the growing importance of this
research area [2]-[9]. These developments have significantly expanded the
theoretical foundation and practical applications of Pythagorean fuzzy graph
models.

Recently, degree-based analysis has attracted considerable attention
because vertex and edge degree measures play an important role in
characterizing the structural behavior of fuzzy graphs. Our earlier works
introduced the degree of a vertex in the Max-Product of Pythagorean fuzzy
graphs and investigated degree analysis together with similarity measures under
threshold conditions, establishing several theoretical properties and applications
[10], [11]. Although these studies provide valuable insights, they mainly focus
on conventional degree measures and do not fully capture the complex structural
irregularities present in Pythagorean fuzzy graphs under threshold conditions.

Motivated by this limitation, the present paper introduces advanced higher-
order degree irregularity measures for Pythagorean fuzzy graphs under threshold
conditions. The proposed higher-order measures extend existing degree
irregularity concepts by incorporating richer structural information and
establishing new mathematical relationships and bounds. Several theoretical
properties are derived, together with rigorous proofs, illustrating the
effectiveness of the proposed measures in analyzing structural irregularity.
These results further strengthen the theory of Pythagorean fuzzy graphs under
threshold conditions and provide a broader framework for future degree-based
investigations [10]-[12].

2. Preliminaries:
Definition 2.1: Let § = (P,L) be a simple undirected graph.

(i) pp(v)and gp(v) be the membership and non-membership degrees for each
vertex v € P.

(i) pr(v,v)and g (v, v)for each edge (v,v) € L

Let a € [0,1] and B € [0,1] be two fixed threshold values for membership
and non-membership degrees.The Pythagorean Fuzzy Graph under threshold
conditions Gt = (Pr, Lt) is defined as follows

Vertex set:

Pr={vE€P\ pp(v) = a and gp(v) < B}
Lr = {(v,v) € L\ (v,v) € Pp,p.(v,v) = a and g, (v,v) < B}
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pr(v) = pp(v), pr(v,v) = pL(v, V)
or(v) = o(v), or(v,v) = o.(v,v) Additionally the pythagorean condition
must be satisfy
pr(v,v) < min {pr(u), pr(v)}, er(v,v) < max {er(w), er(v)},
pr’(v) +er’(M <1, pr’(L,v) +er’(v,v) <1

Definition 2.2: Let Gt = (Pr, Lt) be a Pythagorean fuzzy graph under threshold
conditions, and let dr(v)denote the degree of a vertex v € Pr.For an integer k >
2, the higher-order edge degree irregularity index of Gr is defined as
L(G1) = Zww ey [(dr(@* = dr (D] .

This measure generalizes the classical edge degree irregularity by
incorporating higher powers of vertex degrees. The case k = 2 corresponds to the
quadratic edge degree irregularity.

Definition 2.3: (Correlation-Based Edge Degree Irregularity)

Let Gpr = (P, L) be a Pythagorean fuzzy graph under threshold
conditions, and let dr(v) denote the degree of a vertex v € Pr.Let the average
degree of the graph under threshold conditions be

1
dr = ﬁZvePT dr(v).
1

Ic(Gr) = ™ Y v eLp(dr(@) — dr)(dr(v) —dp).

This measure captures the correlation between degrees of adjacent vertices. A
positive value of Ic(Gr) indicates assortative behavior, meaning that edges tend
to connect vertices with similar degrees .A negative value of I:(Gt) indicates
disassortative behavior, meaning that edges tend to connect vertices with
dissimilar degrees. A value near zero implies no significant degree correlation
among adjacent vertices.

2.4 Definition: (Entropy-Based Degree Irregularity)

Let Gpr = (P, L) be a Pythagorean fuzzy graph under threshold
conditions, and let dp(v) denote the degree of a vertex v € Pp.Define the
normalized degree distribution as

p, = — 1
v Yuepp dr(w)’
I4(Gr) = — Xvep, Py logpy. This measure quantifies the uncertainty or

randomness in the degree distribution of the graph. A larger value of Iy(Gr)
indicates a higher level of degree irregularity, meaning that vertex degrees are
more unevenly distributed. Conversely, a smaller value of Iy(Gr) indicates a
more regular or uniform structure in which vertex degrees are nearly equal.

3. Proved Theorems

Theorem 3.1: Let Gy = (Pr,Lr,p,0) be a Pythagorean fuzzy graph under
threshold conditions.For each vertex v € Py and let dr = 0 denotes its degree
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in the thresholded graph. Let
ny = |Pr|,my = |Lr|, 47 = MaxXeepr} dr(v), 67 = min{vePT,dT(v)>0} dr(v).
(Gr) = T e 1y [(dr* = dr (¥,
1c61) = 17 Zawetr(dr(w) = dr)(dr(v) = dr) where

— Y epy dr(¥)

T~ ol
IH (gT) == ZVEPT Pv lOg Pv where Pv =

dr(v)
Sucey dr | LROT
(1) (Nonnegativity and Monotonicity)

Ix(Gr) = Oforeveryk > 1;

Ig(Gr) = 0. Moreover, if 1 < k; < k; then Iy, (Gr) = Ik, (G1).

(ii) (Two-sided Power Bounds) For every integer k > 1,

L(Gn) < kar® VL (61, 1(Gr) = k8r“ TV 11(Gr).
(iii) (Correlation—Variance Bound)

1G] < o Suepy dr(@)(dr(V) = dr)” <

(iv) (Entropy Bounds and Extremal Characterizations)

Let r be the number of vertices with d¢(v) > 0. Then 0 < I5(Gr) < Inr.

Ix(Gt) = 0 (for any k > 1) iff every edge joins vertices of equal degree; if
Gr is connected this is equivalent to dt(v)being constant on Pr.

Ic(Gr) = 0 whenever dp(v) = d for all v € Py. conversely, under the
additional hypothesis that each edge contribution vanishes and Gt is connected,
Ic(Gr) = 0 implies regularity.

Ig(Gr) = Inr iff the positive degrees are equal on their support (i.e.,

At nt

(Var(dr)).

mT

py = % for every vertex with dp(v) > 0).

Proof:
(1) By the definition of the higher-order edge-degree irregularity, I, (Gr) is a

finite sum of absolute values |[dp(u)¥ — dp(v)¥| is = 0; Hence I (Gr) =
0.

By the definition of entropy-based degree irregularity, I(Gr) is the
Shannon entropy of any probability vector p = (py)yep,. is = 0, Shannon
entropy is non-negative ,so Ig(Gt) = 0.
Fix an edge (u,v) € Lyand leta = dp(u); b = d¢(v) (nonnegative). For
integer m > 1, we have a™ — b™ = (a — b) X a™ ' bl
la™2 — b™2| = |a™ — b™|.

Summing the inequality [a™2 — b™2| = |a™ — b™1| over all edges
yields Iy, (Gr) = Im, (G1).

(ii)) Fix an edge (u,v)with a =dr(u),b = dp(v). Apply the mean value
theorem to f(x) = x* on the interval between a and b.Then there exists &



(iif)

PYTHAGOREAN FUZZY GRAPH UNDER THRESHOLD CONDITIONS

between a and b such that
ak— b* = k&Y (@a — b).
|ak — bX| = kgD (la — bl.

Since § lies between a and b and every degree satisfies dp() < A ,we
have § < At.Therefore

|ak — b¥| < kA" a - b).
L(Gr) S kAT v ey ldr@) — dr(W)] = kAN 1, (Gp).

For the lower bound ,assume &1 = 1.If a,b > 0 and min(a,b) = &1 and
hence

[aX — bY| = kgD (J]a — b| = k&5 |a — b].

L(Gn) = k8“1 (Gn).
By definition of correlation index ,

mr Ic(G1) = Tuw ey (dr(w) — dp)(dr(v) — dp).

Apply the elementary inequality 2xy < x2? + y? with x = dr(u) — dr and
y = d¢(v) — dp.Then

[(dr(u) — dp)(dr(v) —dp)| < % ((dr(w) = dp)* + (dr(v) —dp)?).

Sum this inequality over all edges (u,v) € Ly.The right-hand side
becomes

~ Ly err((@dr(W) = dp)? + (dr(v) — dp)?) =

Ywepp dr(w)(dr(w) — dp)? .
Therefore

Imr Ic(Gr)| < Ywep, dr(W)(dr(w) — dp)?.
1eGDI < 7= Tuwepy dr(W)(dr(w) = dp)°.
Finally because dp(w) < Ay for every vertex w,
- A N
o Zwepp dr(wW)(dr(W) = dp)* < T Buepy(dr(w) = dp)” =

20T (Var(dy)) .

mr

(iv) Let r be the number of vertices with dr(v) > 0 By the definition of the

entropy-based degree irregularity, p = (py) is a probability vector with
support size r. Standard Shannon entropy properties give 0 < I(Gr) <
Inr. Equality I;(Gr) < Inr occurs iff p is uniform on its support, i.e ., the
positive degrees are equal.

If I,(Gr) = 0 then every summand dp(u)¥ —dp(v)X =0 for all edges
(u,v), hence dr(u) = dr(v) for every egde. If G is connected, these
equalities propagate to all vertices and the graph is degree-irregular.
Conversely, a regular graph has I, (Gr) = 0.
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If dr(v) = dy for all v € Py then every product (dr(u) — dp)(dr(v) — dr)
is zero, thus I:(Gr) = 0.Under the stronger assumption that each edge
contribution is zero and connectedness, one can deduce regularity. Hence
proved.

Theorem 3.2: (Variance—controlled bounds for edge-degree irregularity)

Let Gy = (P, Ly, p,0) be a Pythagorean fuzzy graph under threshold
conditions.
For each vertex v in Pr, let dr(v) = 0 be its degree. Let ny =

|Prlmy = |Lrl. Ap = maxgepy dr(v), dr = - Tyep, drw).Var(dr) =
i Ywep (dr(w) — d;)?. Let the higher-order edge-degree irregularity for
integer 'k = 1 by L,(Gr) = Z(uyv)ELTKdT(u)k — dr(W)*| In particular,
11(G7) = X ey ldr(@) — dr(v) | Claiml;(Gr) < V2 Ar np myp Var(dy).

Higher-order consequence for all integers k > 1

1:(Gr) S VZk A*7E \Jny my Var(dy) .

Proof:
Step 1: For each edge (u,Vv) in Lt.
By Cauchy—Schwarz in R™T, we have:

1
Z(u,v) €Lt |Xuv| =< \/(mT) * (Z Xuvz) 2. where Xuy = dT(u) - dT(V)

=1,(G) < \/(mT) *{Zwy eLr drw- dr(V)]2)2 . (1)
Step 2:
(dr(u) - dr(v)? < 2[(dr(w) - dr)* + (dr(V) - dp)?]. 2
Step 3. Taking summation on both sides over all edges (u,v) € Ly

Y(dr(w) - dr(M))? € 2 Ty ergl (dr(u) - dp)? + (dr(v) - dp)* 1. 3)

Step 4: For each vertex w € Py ,the term (dp(w) - dp )? appears once for
every edge incident to w. Therefore, counting over all edges gives:

Z(u,v) € LT[ (dp(w) - aT)z + (dr(v) - aT)Z 1= ZWEPT dr(w) (dr(w) - aT )2
Right-hand side = ¥y ep, dp(w) (dr(w) - dr)2. 4)

Step 5. Use (3), (4):
Y(dr(w) - dr(v))? < 2 Nwep, dr(wW)(dr(w) - dp )2, (5)

Step 6: Bound dr(w) < Ag:
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< By Twerp(dr(w)- dr )’
= At ngt Var(dy). (6)
Step 7: Sub into (5):
Z(dr(w) - dr(v))? < 2ArVar(dy). (M
Step 8: Combine (1), (7):
1,(Gr) <v24/Ar np my Var(dy).

Step 9: Extend to higher order k > 1:
1
(1) < kAP M1(Gr) < V2k A2 /ngp my Var(dp).

Both first-order and higher-order inequalities proved.

Theorem 3.3: Let Gy = (Pr,Ly,p,0) be a graph Pythagorean fuzzy graph
under threshold conditions obtained from threshold pair (a, B).For each vertex
v € Pr, let dp(v) denote its degree in Gr.Let Ay = maxpepyy dr (V) , np =
|Pr| , my = |Lp|. For an integer k = 1, define the k-th order irregularity
index:Ii(Gr) = Xy e Ly |(dr (W) — dr(v)*| over all (u,v) € Ly.Then for

every integer k = 1,1:(Gy) = kAlk—1 I, (Gr) (with A7 = 0 meaning both sides
T

equal 0).

Proof:
Step 1 : Pointwise inequality
For real numbers a, b satisfying 0 < a,b < A_T, using f(x) = x"k and
Mean value theorem, ak - b¥ = kck~!(a - b) for some ¢ between a and b.
Since 0 < ¢ < Ay,

lak - b¥| < kAN a- b (1)
Step 2: Apply inequality to edges
For each edge (u, V) in L, substitute a = dt(u),b = dp(v).
|(dr(* = dr()*] < kA dp(w)- dr (V)]
Taking summation over all edges of Gt
Taw ety [@dr@* = drM¥ < k& By ery ldr@- dr®] ()

Step 3: By the definition of irregularity indices, Ix(G1) = Xuv) e Ly [(dr(u)* —
dT(V)k [, i(Gr) = Z(u,v)ELT |[dr(u) — dr (V) |.
Thus inequality (2) becomes

L(Gr) < kA 14(Gr).

Step 4: Rearranging
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1
If A > 0 then [1(G7) 2 7= Te(Gr)

If Ay = 0, all degrees are zero and both sides of the equal to zero.so the
condition holds trivially.
This completes the proof.

Theorem 3.4: (Lower Bound Using Maximum —Minimum Degree Difference)
Let Gy = (Pr,Ly,p,0) be a graph Pythagorean fuzzy graph under
threshold conditions. Let Ay = maxyep, dr(vV), 6y = min,ep,. dr(v).Then, for
every integerk = 1,
I (Gr) = Zwmyerr [(dr@* — dr()*| = (A7 — 8r)*.Equality  holds
if and only if every edge of Gr joins a vertex of degree Ay with a vertex of
degree 6.

Proof:
Step 1: By the definition of At and &t there exist vertices X,y € Pr such that

dr(x) = A, d(y) = 8r.
If (x,y) € L, then the corresponding term in [, (Gr) is

ldr (X — dr() X = A% - 8.~

Step 2: Compare ArX — 8.5 with (A — 67)K
For real numbers a > b > 0, it is known that:
ak- bk > (@ - bk, k= 1.
Applying this witha = Arandb = &:
Ag* - 85 > (Ap — Sp. (1)

Step 3: (Lower bound for the sum)

By the definition of higher-order edge degree irregularity, I (Gr) =
Z(U_V)ELTl(dT(u)k — dr(v)X| and every term in the summation is non-
negative.

Hence, using inequality (1),we obtain

k(Gr) = [dr0* — dr(y) ¥ = Ap" - 875 = (Ap — SpK

Step 4: (characterization of equality)

Equality in I(Gr) = |dr(x)X — dr(y)¥| holds only if the following two

conditions are satisfied:

1. All other edge contributions are zero, (i.e) dr(u) = dp(v) for every edge
(u,v) € L except possibly (x,V).

2. Every edge in Lt joins a vertex of degree At with a vertex of degree &r.In
this case the only non-zero contribution to I, (Gr) comes from the single
extremal pair (X, y).
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These two conditions ensure that the total irregularity equals the single
extremal term.
This completes the proof.

Theorem 3.5: (Higher—Order Moment Inequalities)

Let Gr = (Pr, Ly, p,0) be a Pythagorean fuzzy graph under threshold
conditions. For each vertex v in Pp, let dr(v) denote its degree in the
thresholded graph.Let Ar = maxyep, dr(v), 67 = minyep, dr(v)..For each
integer k = 1, the higher—order edge degree irregularity index is I, (Gr) =
Yuv) €Ly [(dr(W¥ — dr(W)*| = (A; — 87)%.Then for any integers k > r >
1:

Upper bound:

k _
k(G1) < - AP 1(G) -
Lower bound (wWhen 81 > 0):

(Gr) = 7 8¢5 1(Gr)

Proof:
Step 1: Fix an edge (u,v) € Lt and put a = dt(u),b = d(v) . Then, since
dr(u),dp(v) < Ar, we have 0 < a,b < A;. Moreover, if 6> 0 then
6t < a,b.

For integers k > r > 1:

k k
| - b¥| = |@)r — (b)r] .
Step 2: Apply Mean Value Theorem.

k
Define f(x) = (x)r for x > 0.Since }f > 1 ,fis continuously differentiable

on [0,00). Applying the Mean Value Theorem to the numbers x; = a" and
X, = b", such that ¢ between them such that

|]a* - b¥| = |f(a")- f(b")| = |F(c)] |a"-Db"].

o kK K
Derivative f'(x) = —Xr !
k k_
Thus |aK - bX| = =cr *|a - b"|.

r
Step 3: Bounding ¢ using Ar.
Since 0 < a',b" < A;', the intermediate value ¢ satisfies 0 < ¢ < Ag'.
Thus ¢! < (ATF)§‘1 = AT
Substitute |a* - b¥| < < A" |7 - b'|.

Step 5: Sum over all edges.
L(Gr) < l;(A-rk_r 1.(G1). (Upper bound proved)
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Part (2): Lower bound when &1 > 0.

Step 6: Lower bound for c.
If 8t > 0 then for every edge (u,v) we have &1 <a,b < At, hence
8" < a',b" < A" .The intermediate value ¢ between a'and b’ therefore
K K
satisfies 61" < ¢ < AT, andso cr ! > (8;)r = 6.5,

. k —
Substitute |a* - b¥| = =877 [a" - b'|.

Step 8: Sum over all edges.

L (Gr) = 1;{ESTk_r I.(G1). (Lower bound proved)
Hence both inequalities are established.

Remark 1: (Special case r = 1).
Taking r = 1 gives the one-sided power bounds I,(Gr) < kA" ' 1,(Gy) ,
k(Gr) = k877" 1;(Gr) (when 8 > 0),

Remark 2: (on equality/hypotheses).

K
The Mean value Theorem step above requires 1;( >1 (so f(x) = X)ris
differentiable on [0, 00).We used k > r in the theorem statement to ensure this.

Theorem 3.6: (Upper Bound Using Extreme Degrees)

Let Gy = (Pr, Ly, p,0) be a Pythagorean fuzzy graph under threshold
conditions. For each vertex v € Py, let dr(v) denote its degree in the
thresholded graph.Let Ay = max,ep, dr(v), 67 = Minyep, dr(v).For each
integer k = 1, the higher—order edge degree irregularity index is

k(Gr) = T e 1y [(drE = dr (V)X

Then the following sharp upper bound holds:

1. Upper bound
I(Gr) < my (Al%— 81{) because each edge contributes at most (A‘%— 8%)
where my = |L| is the number of edges in the thresholder graph.

2. Equality characterization
Equality L1 (Gr) = my (A%~ 8%) holds if and only if every edge of Gr
joins a vertex of degree Ar with a vertex of degree 6.

(In particular, no edge is allowed between two vertices whose degrees lie
strictly between &1 and Ar.)

Proof:

Step 1: Bounds for a single edge
Fix an edge (u,v) € L.
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By definition of At and &1 we have

Or < dp(u) < Apdt < dp(v) < Ar.

Leta =dyt(u) and b = dp(v). Then 61 < a,b < Ar.

Without loss of generality, assume a > b.

Consider the increasing function f(x) = xX on [0, ) fork > 1.

Since f'is increasing,

6 < b<a<g A = f(8r) < f(b) < f(a) < f(Ay),

Thatis, 8% < bX < a < AX.

Hence

0 <ak- bk < AKX - 8K . (since f(x) = xX is increasing for k > 1 and
a=b)

Because |ak - bX| = a

| dr (" - dr(W)* | < A% - 85 = mr (8%~ &%) Q)
for every edge (u,v) € L.

k_bk

Step 2: Sum over all edges
By the definition of I (G1) ,
(G1) = Zuwy e Ly [ (X — dr(M)¥|.
Applying inequality (1) to each summand, we obtain
Ix(Gr) = Z(u,v) €Lt |(dT(u)k - dT(V)k |
< Ty etr |(dr@* = dr(v)¥|
= mr - (A}% - 5]%)
“Equality in step (1) holds only when {d(u), dr(v)} = {At, 61}
This proves the upper bound.
Step 3: Equality conditions
The inequality in Step 2 is obtained by replacing each term
|(dr(W)* = drp(v)"]

by the common upper bound (A% - 8K).
Therefore, equality

I(Gr) = mq - (&% - 8).
holds if and only if we have equality in (1) for every edge (u,v) € Lr, that is,
[(dr (WX = dp(V)X| = (A% - %) forall (u,v) € L.
But, from Step 1, equality in (1) occurs exactly when
{dr(w),dr(0)} = {Ar, 87},

because only in this case does the difference between the two degrees reach the
extreme values At and &r.
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Hence:

. Every edge must connect one vertex of degree At and one vertex of degree
Or.

. No edge may join vertices whose degrees are both strictly between dpand
Ar, or both equal to Ar, or both equal to &t.

These conditions are equivalent to the structural statement in the theorem.
Thus both the upper bound and its equality characterization are proved.

Theorem 3.7: (Monotonicity under stronger thresholds)

Let Gt = (Pr,Lt,p,0) be a Pythagorean fuzzy graph under threshold
conditions (a, ).

Gr = (P;, L, p,0) be the graph obtained from the same original
Pythagorean fuzzy graph, but under stronger thresholds (o',B") with o =
a, B’ < B.Let dp(v) and dp(v) denote the degrees of a vertex v in the graphs
Gt and G respectively.

Let AT = maXvEpT dT(V), 81‘ = minvepT dT(V).
Ik (Gr) = Z(u,v) €Lt |(dT(u)k - dT(V)k [,
L(61) = Zuw e 1(dr (" = dp ()|

Then the following properties hold.
(i) Monotonicity

For every integer k > 1, I,(G1) < I (Gr).
(i) Exact difference representation

Let R = Ly \ Lt be the set of removed edges when thresholds are
increased. Then

k(1) — k(1) = Zuwer |(dT(U)k - dT(V)k |
In particular, 0 < I(Gr) — I(G1)) < |R| (A% — 8K).
(iii) Equality condition
For every integer k>1, [ (Gr) =L (Gr) iff for every (u,v) ER,
dr(u) = drp(v).

Proof:
Step 1: Relation between the thresholder graphs
By the definition of vertex and edge thresholding:

. A vertex is kept in Py if it satisfies the vertex threshold condition («, ).

«  Under stronger thresholds (a’,p’) with o' > a and B’ < B, every vertex
that survives in Py satisfies weaker condition, hence P; € Pr.

. An edge is kept in Ly if both endpoints are in Py and membership/non-
membership values satisfy edge threshold condition.
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. Under stronger thresholds, edges can only be lost, never created. Thus
7 C Lr.
LetR = Ly \ L.
This completes the structural part.

Step 2: Expression for the difference of irregularity indices
(G1) = Zuw) e 1y [(dr (X — dr (V)X
= 1k(G1) = Zuwy e rs 1" — dr(v)*|
+Xwer | (dr@* = dr(W)*].
When thresholds increase, degrees are non-increasing:
dr(v) < dr(v).
For each kept edge (u,v) € Lt:
ldr(W* = dr (W] < [drW* = dr(D*].
Thus

Ik(Gr) — L(G) = Z(u,v)e R |(dT(u)k - dT(V)k [
On the other hand,

L(GD) — k(61 = Zuwer |(dr@* — dr (D ].

This proves exact formula.

Step 3: Equality condition
L(G1) — Ik(GD) = Tuwer | (drW* = dr(M*].
Equality holds only if every term is zero:
[(dr(W* = dr(M¥| = 0 & dp(w) = dr(¥).

Thus Ix(G1) = L(Gr)
& all removed edges connect equal-degree vertices.
This completes the proof.

4. Conclusion:

In this paper, we introduced higher-order degree irregularity measures for
Pythagorean fuzzy graphs under threshold conditions. The proposed measures
include higher-order edge degree irregularity, a correlation-based edge
irregularity index, and an entropy-based degree irregularity index. These
measures help to study how uneven the vertex degrees are in a Pythagorean
fuzzy graph under threshold conditions. For all measures, we proved basic
properties such as non-negativity, monotonicity under stronger thresholds, and
sharp upper and lower bounds. We also gave exact equality conditions to show
when these bounds are attained.

All the theorems in this paper were developed using the higher-order form
of irregularity. We showed how irregularity indices of different orders are
related and how extreme degrees and degree variance affect irregularity values.
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The results also show that when threshold values are increased, the irregularity
of the graph does not increase. All theoretical results were verified using clear
numerical examples. Overall, this work extends degree irregularity theory to
Pythagorean fuzzy graph under threshold conditions and provides simple
mathematical tools to study structural imbalance in uncertain networks.
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