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1. Introduction 
The study of fractional calculus has seen a significant increase in these last 

years, while fractional differential equations has been attractive to many 
researchers, involves rational numbers in the order of derivation operator 
properties, one can see ,     - . Many fractional differential and integral 
operators have been defined and used by mathematicians for their specific 
purposes, often employing various fixed point theorems. For details on the theory 
and application, see ,               -. Recently, significant attention has been 
focused on the study of the existence, uniqueness and Mittag-Leffler stability of 
solutions for boundary value problems with nonlocal integral boundary 
conditions. For more information on this topic, we refer the reader to 
,                     -. 

 Gyulov, Morosanu and Tersian, ,  - have worked on  
 ( )    ( )    (  )    ( )   (   ( ))   (   )  

with  
 ( )( )   ( )( )      *     +  

Danet in ,  - has worked on the case:  

 { 
(  )( )    (  )( )    (  )( )   ( ) ( )   (   ( ))       (   ) 

 ( )      *     +                                                                           
 

for       and  ( ) is a given function. 
 In , -, the authors proved the existence, uniqueness for the problem: 
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For further results on this topic, we refer the reader to 
,                   -. 

 In this work, we discuss the existence, uniqueness and 
Ulam-Hyers-Mittag-Leffler (UHML, for short) stability of solutions for the 
nonlinear coupled system:  
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      ( )      (    
( )( )   

( )( ))      (    
( )( )   

( )( ))
     (    ( )   ( ))               
      ( )      (    

( )( )   
( )( ))      (    

( )( )   
( )( )

     (    ( )   ( ))               

 (1) 

subject to the following six non-separated boundary conditions.  

  {
  
( )( )      *       + 
  ∫      ( )     

( )( )       ∫      ( )     
( )( ) 

                    
 (2) 

where           denote the Caputo fractional derivatives of order       
such that            respectively,                        and 
              , are nonlinear functions satisfying some assumptions   in 
 (      ). 

2. Preliminaries 
We introduce Caputo and RL approaches (see ,     -). 

Definition 1: The RL integrations is defined as  

      ( )  {
 

 ( ) ∫    (   )
    ( )             

 ( )     
 

where      ( )  ∫   
              

Note that for        , we have:  

       ( )        ( )  

Definition 2: The Caputo differentiation is given by:  

     ( )   
 (   ) ∫    (   )

      ( )( )    
The Following lemmas give some properties of fractional calculus theory 

(see [22, 23]) 

Lemma 3: We have for    ( )    what follows:  
 ( )                          

where                    , -   .   

Lemma 4: For    ,       
  ,   ( )-   ( )                          

for some                    , -   .   

Lemma 5: Let       and     (,   -). Then  
    , ( )-      , ( )-          -  
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 We need also the following result: 

Lemma 6: The problem:  

  

{
 
 
 
       ( )    ( )      ,   - 
  

( )( )           *       +
  ∫   ( )     

( )( )      ∫   ( )     
( )( )     

        
 

                          *   +  

 (3) 

can admit:  
           ( ) 

        
 (  )

∫   
 (   )      ( )   (           )  

 (    ) ∫   
 (   )    ( )   

  (           )  
 (    ) ∫   

 (   )    ( )   (4) 

  (           )  
 (    ) ∫   

 (   )      ( )    
          
where,  

  

              
  [ (             )       ]

(    )(             )

                
 (             )

              [  (             )    (    )  ]
    (    )(             )

              
       

(             )

              
   (    )

(             )

              (    )  

   (              )
  

   

 

such that, (    )(             )         *   +    

Proof: We have:  
        ( )    ( )            
implies that:  

    ( )   
 (  )

∫   
 (   )      ( )    

 

   
      (5) 

where                    
Applying the boundary conditions,  

  ( )    
 ( )    

( )( )    
( )( )     

allow us to write  
       *       +  
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By substituting these values into the equation (5), we find  

    ( )  ∫    
(   )    

 (  )
  ( )                   *   +  (6) 

then, from  

  {
  ∫      ( )     

( )( ) 
  ∫      ( )     

( )( )       *   + 
 

we get  

  {
   

  
 ∫      ( )   

   
 
  .  ∫      ( )   

 
 (    )

∫    (   )
      ( )  /            

 

By replacing    and    in the formula (6), we obtain.  

  

          ( )
          

 (  )
∫    (   )

      ( )   
    

 ∫      ( )  

             ∫    
  ( )
       

   (    )
∫    (   )

      ( )   
 (7) 

From (7), we have  

  

∫     ( )   
  (    )

(             ) (    )
∫    (   )

    ( )  

       

             
 

 (    )
∫    (   )

    ( )  

 (    )  

  (             )
 

 (    )
∫    (   )

      ( )   

 (8) 

and  

  

        ∫     ( )  

          (    
           )       

(    )(             )
 

 (    )
∫    (   )

    ( )  

           
             

 
 (    )

∫    (   )
    ( )  

           (             ) (    )    

   (    )(              )
 

 (    )
∫    (   )

      ( )   

 (9) 

Now, by inserting (8) and (9) into (7), we deduce (4).    

3. Main results: 
We will use the spaces:  

  2          
( )   

( )   (   )3          
and  

  ‖  
( )‖     

  ,   -
|  
( )( )|                          (10) 

where  
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  ‖  ‖  ‖  ‖  ‖  
( )‖  ‖  

( )‖        *   +  (11) 

And also (    ‖ ‖   ) with  
  ‖(     )‖    ‖  ‖  ‖  ‖   (12) 
will be utilized. We work with the application             

 (  ( )   ( ))  4  (  
( )   ( ))

  (  ( )   ( ))
5  

where, for any    , we have for        

 

          (     )( )
          

 (  )
∫    (   )

    [    (    
( )( )   

( )( ))      (    
( )( )   

( )( ))
             (    ( )   ( ))-  
         (           )

 
 (    )

∫    (   )
  [    (    

( )( )   
( )( ))

             (    
( )( )   

( )( )      (    ( )   ( ))-  
         (           )

 
 (    )

∫    (   )
  [    (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( ))-  
         (           )

 
 (    )

∫    (   )
    [    (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( ))-  +       

 

Lemma 7: Assume that           (      )  Then (     )     is a 

solution of (1)-(2) if (     ) is a solution for (  (     )  (     )
)  .    /.   

Proof: Trivial.    
For convenience, put: 
(H1):  The functions       and           are continuous over       
(H2): One has             *   +  with:  

  

|(  (       )    (       ))|            ∑  
 

   
|     | 

|(  (       )    (       ))|            ∑  
 

   
|     | 

|(  (       )    (       ))|            ∑  
 

   
|     | 

 

where,   *   +  
(H3)  One has                    such that we have:  

     (       )                   (       )                   (       )       
Then, we may put:       
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           |  |   |  |   |  |   
            

        
|       |
        |       |     

       
 |       |

        

            
        

 |        |
       

  |        |     

         |        |
        

            
        

  |   |
        

  |   |     

          |   |
        

                    

 

Theorem 8: If (  ) and (  ) are satisfied and suppose also that:  

  ∑  
 

   
        (13) 

Then, (1)-(2) can admit one solution.   

Proof: We can use Banach principal to prove this result. For                 
     we can write  

 
        |  (           )    (           )|
          

     
∫   
          [|  (       

         
               

         
       ) 

 

           (       
         

               
         

       )
                                                |]  
         |       |

       ∫   
        [|  (       

         
       

                
         

       )    (       
         

              
         

      ) 
                                                |]  
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       ∫   
        [|  (       

         
       

                
         

       )    (       
         

               
         

       )
                                                |]  
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       ∫   
          [|  (       

         
       

                
         

       )    (       
         

               
         

       )
                                                |]  }

 

Therefore,  
         ‖                   ‖  

          |  |  (
 

       
  

       
|       |  

|       |     

       
 

          |       |
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               .
 

 (    )
          

 (    )
               

 (    )

                  
 (    ) / .‖  

( )    
( )‖  ‖  

( )    
( )‖ /

               .
 

 (    )
  

 (    )
          

              

 (    )

                  
 (    ) / (‖     ‖  ‖     ‖ )

             (‖(     )‖  ‖(     )‖ )       

 (14) 

Also, the reader can observe that  
 

             (     )( )      (     )( ) 
          

 (    ) ∫   
 (   )    [|  (  (    

( )( )   
( )( ))    (    

( )( )   
( )( )))

           (  (    
( )( )   

( )( ))    (    
( )( )   

( )( )))
           (  (    ( )   ( ))    (    ( )   ( ))) -  
                    

 (    ) ∫   
 (   )  [|  (  (    

( )( )   
( )( ))

           (    
( )( )   

( )( )))    (  (    
( )( )   

( )( )    (    
( )( )   

( )( ))
           (  (    ( )   ( ))    (    ( )   ( ))) -  
                    

 (    ) ∫   
 (   )  [|  (  (    

( )( )   
( )( ))

           (    
( )( )   

( )( )))    (  (    
( )( )   

( )( ))    (    
( )( )   

( )( )))
           (  (    ( )   ( ))    (    ( )   ( ))) -  
                    

 (    ) ∫   
 (   )    [|  (  (    

( )( )   
( )( ))

           (    
( )( )   

( )( )))    (  (    
( )( )   

( )( ))    (    
( )( )   

( )( )))
           (  (    ( )   ( ))    (    ( )   ( ))) -  + 

 

 Implies that  

  

        ‖    (     )      (     )‖ 
               .

 
 (    )  

 (                          )
 (    )

                     
 (    ) / .‖  

( )    
( )‖  ‖  

( )    
( )‖ /

               .
 

 (    )  
 (                          )

 (    )

                     
 (    ) / .‖  

( )    
( )‖  ‖  

( )    
( )‖ /

               .
 

 (    )  
 (                          )

 (    )

                    
 (    ) / (‖     ‖  ‖     ‖ )

             (‖(     )‖  ‖(     )‖ )       

 (15) 

Also,we can state that  
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        ‖    (     )      (     )‖ 
         |  |  (

 
 (    )

   (|   | |   |     )
 (    )

   |   |
 (    )

)

         (‖  
( )    

( )‖  ‖  
( )    

( )‖ )

         |  |  (
 

 (    )
   |   |

 (    )
   |   |     

 (    )
   |   |

 (    )
)

         (‖  
( )    

( )‖  ‖  
( )    

( )‖ )

         |  |  (
 

 (    )
   (|   | |   |     )

 (    )
   |   |

 (    )
)

         (‖     ‖  ‖     ‖ )
             (‖(     )‖  ‖(     )‖ )       

 (16) 

Thanks to (14), (15), (16) and (11), we find 

  

        ‖  (     )    (     )‖ 
         ‖  (     )    (     )‖  ‖    (     )      (     )‖ 
         ‖    (     )      (     )‖ 
           *

 
 (    )

 |       | |       |     

 (    )
 |       |

 (    )

 

 

          
 (    )

  (|        | |        |     )
 (    )

  |        |
 (    )

          
 (    )

   (|   | |   |     )
 (    )

   |   |
 (    )

+ (‖(     )‖  ‖(     )‖ )
           (        )(‖(     )‖  ‖(     )‖ )       

 

Hence, we obtain  

  
        ‖  (     )    (     )‖ 
           (        )(‖(     )‖  ‖(     )‖ )
             (‖(     )‖  ‖(     )‖ ) 

 (17) 

and  

  
        ‖  (     )    (     )‖ 
           (        )(‖(     )‖  ‖(     )‖ )
           (  )(‖(     )‖  ‖(     )‖ ) 

 (18) 

Therefore, from (  ) (  ) and (  )  we have  
‖ (     )   (     )‖    (         )‖(     )  (     )‖     

The proof ends.    
Now, we prove the existence solution by applying following Lemma of 

Schaefer alternative fixed point. 

Theorem 9: When (  )-(  ) are valid, (1)-(2) has a solution.   

Proof:  Step 1: Continuity is very trivial. 

Step 2: We define the set    *(     )      ‖(     )‖   +  
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For all (     )      and for each    , by (  ) we have 

  

        ‖  (     )‖ 
          

 (  )
∫   
 (   )    [|    (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
                  

 (    ) ∫   
 (   )  [|  (  (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
                  

 (    ) ∫   
 (   )  [|    (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
                  

 (    ) ∫   
 (   )    [|  (  (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  +

 

  

         (                       ) 0
 

 (    )  
         
 (    )

                       
 (    )

          
 (    ) 1

         (                       )                  

 

then  

  

        ‖    (     )‖ 
          

 (    ) ∫   
 (   )    [|    (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
                    

 
 (    ) ∫   

 (   )  [|    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
                    

 
 (    ) ∫   

 (   )  [|    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
                    

 
 (    ) ∫   

 (   )    [|    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  +
         (                       ) 0

 
 (    )  

           
 (    )

                         

 (    )             
 (    ) 1

         (                       )               

 

and 
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        ‖    (     )‖ 

          
 (    ) ∫   

 (   )    [|    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
              

 (    ) ∫   
 (   )  [|    (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -  
              

 (    ) ∫   
 (   )  [|    (    

( )( )   
( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( )) -    

 

   

              
 (    ) ∫   

 (   )    [|    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))    (  (    ( )   ( )) -  +
         (                       ) 0

 
 (    )  

       
 (    )

                     

 (    )         
 (    )1

         (                       )                

 

Hence, for any (     )    , we obtain ‖  (     )‖          *   +. 

Step 3: Boundedness 
Let       ,   - , so, we have  

 

          (     )(  )   (     )(  ) 
          

 (  )
|∫    

 ((    )     (    )    ) 0    .    
( )( )   

( )( )/

             (    
( )( )   

( )( ))      (    ( ))   ( ))  |
          

 ( ) |∫    
  

(    )(   )[    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( ))   ( ))  |
         |(   (       )     (       ))

 
 (    ) ∫   

 (   )  [    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( ))   ( ))  |
         |(   (       )     (       ))

 
 (    ) ∫   

 (   )  [    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( ))   ( ))  |
         |(   (       )     (       ))

 
 (    ) ∫   

 (   )    [    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( ))   ( ))  | 

 

Hence 
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          (     )(  )   (     )(  ) 
         (                          )  2[          |       |]

 (    )

         .     (       )      (       )/
 (    )

         .     (       )      (       )/     

 (    )  .     (       )      (       )/
 (    ) 9

 (19) 

As before, we have  

  

            (     )(  )     (     )(  ) 
         [ (     )    |           |]

 (    ) (                          )

         (                          ) 6
.       (       )/

 (    )

         .       (       )/     

 (    )  .       (       )/
 (    ) 7  

 (20) 

and  

  
            (     )(  )     (     )(  ) 
         [ (     )    |           |]

 (    ) (                          ) 
 (21) 

Therefore,   is completely continuous. 

Step 4: The subset  
  *(     )      (     )    (     )      +  

satisfies the boundedness. 
So, we can write  

  

        ‖  ‖     
  ,   -

   ( ) 

          (                          ) 0
 

 (    )  
         
 (    )

                       
 (    )

          
 (    ) 1

          (                          )  
         (                          )            

 (22) 

also, we have  

  

        ‖  
( )‖     

  ,   -
|  

( )( )|

          (                          ) 0
 

 (    )  
           

 (    )

                         

 (    )             
 (    ) 1

          (                          )  
         (                          )            

 (23) 
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and  

  

        ‖  
( )‖     

  ,   -
|  

( )( )|

          (   |  |     |  |       |  |) [  
 (    )    |   |

 (    )

           |   |     

 (    )    |   |
 (    )]

          (   |  |     |  |       |  |)  
         (   |  |     |  |       |  |)            

 (24) 

From (22), (23) and (24), we see that ‖(     )‖        Consequently, 
  is thus bounded.    

4. UHML stability 
Definition 10: The System (1)-(2) has has UHML stability if one can get 
            such that for each              and for each solution 
(     )      of  

  

{
  
  
|     ( )      (    

( )( )   
( )( ))      (    

( )( )   
( )( ))

     (       )|       (   ) 
|     ( )      (    

( )   
( ))      (    

( )( )   
( )( ))

     (       )|       (   ) 

 (25) 

under the conditions:  

  {
  ( )    

 ( )    
( )( )    

( )( )    
  

( )( )    ∫   
   ( )         

( )( )    ∫   
   ( )             

                              
 (26) 

there exists a solution (     )      of the problem (1)-(2) with  
  ‖(     )  (     )‖         (  )       ,   -  (27) 
where   (  )     {   (   )    (   )}      *     + and    ( )  represent 
the Mittag-Lefler function defined by:  

     ( )  ∑   
   

( ) 

 (     )
         (  ) ( )      *   +  

We need the assumptions: 
(H4): There exists    | |       

Theorem 11: Assume that the hypotheses of Theorem 8 are valid and (H4) holds. 
Then, (1)-(2) cian have UHML stability.   

Proof: If one consider (     )      as the unique solution of (1)-(2). So, 
suppose that  
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          ( )
          

 (  )
∫   
 (   )    [    (    

( )( )   
( )( ))      (    

( )( )   
( )( ))

             (    ( )   ( ))-  
         (           )

 
 (    ) ∫   

 (   )  [    (    
( )( )   

( )( ))

             (    
( )( )   

( )( )      (    ( )   ( ))-  
         (           )

 
 (    ) ∫   

 (   )  [    (    
( )( )   

( )( ))

             (    
( )( )   

( )( ))      (    ( )   ( ))-  
         (           )

 
 (    ) ∫   

 (   )    [    (    
( )( )   

( )( ))

 

             (    
( )( )   

( )( ))      (    ( )   ( ))-  +
                   

Thanks to (H4), we get  
     ( )              (   )              (28) 

By theorem 8, the problem (1)-(2) has a unique solution            Then, 
using (28) and (H4)), we get  

‖     ‖            [(                   )‖     ‖       (   )]
                                (  ‖     ‖       (   ))        

and  

        ‖  
( )    

( )‖ 
           [(                   )‖     ‖       (   )]
           (  ‖     ‖      (   ))       

 

also, we have  

        ‖  
( )    

( )‖ 
           [(                   )‖     ‖       (   )]
           (  ‖     ‖       (   ))       

 

implies that  
‖     ‖          ‖     ‖  ‖  

( )    
( )‖  ‖  

( )    
( )‖ 

                                    ‖     ‖         (   )       
 

thus  

  
        ‖(           )‖   

         ∑   
   ‖     ‖  .      

  (         )
/    (  ) 

 

Therefore  

          
  (         )
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Thus, problem (1)-(2) is Ulam-Hyers Mittag-Leffler stable.    

Example 12: We consider the following problem:  

 

{
  
 
 

  
 
           

   
      (        |       |)

                       

                

          
         (

       
  |       |)            

         
         √    

                     

  
           {       }
  ∫              

             ∫              
             

                                   
        

 

For this example, we have  

      (                 )  
 
   

      (        |    |)
       

                  
 
         (

       
  |       |)          

                

                                                 
         

                     
   

           

            
√    
           where    

 
                

 
     

     √    and      
     
           

  √   
           also we have:  

                                                     
                                                     
                                                   
                                                    and 
                                                
                                    where 
                              

Consequently, the following inequality hold: ∑  
 

   
               

       The reader remarks that the conditions of Theorem   are satisfied. 
Hence, the problem above has a unique solution on [   ]    

Remark 13: If we consider the case    
     

             
 in the above example, 

the solution             is Ulam Hyers Mittag-Leffler stable.   
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