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1. Introduction

The study of fractional calculus has seen a significant increase in these last
years, while fractional differential equations has been attractive to many
researchers, involves rational numbers in the order of derivation operator
properties, one can see [13,23]. Many fractional differential and integral
operators have been defined and used by mathematicians for their specific
purposes, often employing various fixed point theorems. For details on the theory
and application, see [6, 7,14, 15,19, 21]. Recently, significant attention has been
focused on the study of the existence, uniqueness and Mittag-Leffler stability of
solutions for boundary value problems with nonlocal integral boundary
conditions. For more information on this topic, we refer the reader to
[2,4,12,16,20,26,27,29].

Gyulov, Morosanu and Tersian, [18] have worked on

x© 4+ ax® + bx) + cx(s) = f(s,x(s)),s € (0, M),
with
x®(0) = x® (M) =0,k € {0,2,4}.
Danet in [11] has worked on the case:
{y(v” (@® + ay® (@) + by@(x) = c@y(®) — £(,y(®).in & = (0,L1),
y@D =0, j€{0,2,4}, on 9%.

for a,b € R and c(7) is a given function.
In [5], the authors proved the existence, uniqueness for the problem:

T D%(r) = Hy (1,u(), v(D) + s fy (u(®)) + by gy (1 D%u(x)),

T €] =1[0,1],
T DAep(r) = Hy(1,u(0), v(D) + @ fo(v(D) + byga 11 DAev (),
|res =101,

u(0) = v(1) = krillbﬁkv(l) = D%y (0) = 0,

v(0) = u(l) = klillD“ku(l) = DP+y(0) = 0,

For further results on this topic, we refer the reader to
[1,3,8,9,10, 24, 25, 28].

In this work, we discuss the existence, uniqueness and
Ulam-Hyers-Mittag-Leffler (UHML, for short) stability of solutions for the
nonlinear coupled system:
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D%y (v) = MFy (1, 5P (0, P () + 81617, %7 (), x7 (1))
+y.Hy (7, %,(7),%,(7)), 0<7t<1,
quwxﬂ=zﬁxud“umé“@»+5ﬁxnﬁ”axé”@)
+y,Hy(7,%,(7), x,(7)), 0<t<1,
subject to the following six non-separated boundary conditions.
x™(0) = 0,m € {0,1,3,5},

1
o [ x;@dr = xP0), p; [f x@de = xP (1),
0<é<1, j=12,

(1

2

where ¢D%,¢ D%z denote the Caputo fractional derivatives of order ay,a,

such that 5 < a;,a, <6, respectively, A;6;,v,0,p; €ER,i=1.2
F;,G;,H;,i = 1,2, are nonlinear functions satisfying some assumptions

C(J x R% R).

2. Preliminaries
We introduce Caputo and RL approaches (see [17, 22]).

Definition 1: The RL integrations is defined as
1
Jap(x) ={r»
@ (%), Yy =0,
where T(y):= fow e “u’ tdu.
Note that for y > 0,8 > 0, we have:

JI2e(x) =1 p(x)

Definition 2: The Caputo differentiation is given by:

% = 1 X (o — 7 )yM=Y—1,,(m)
Do) = s s (k=D M s,

f; (x—1)" tp(t)dr, y>0, a<x<bh,

and

in

The Following lemmas give some properties of fractional calculus theory

(see [22, 23])

Lemma 3: We have for DYy(t) = 0 what follows:
y(t) = ag + 4T+ Ayt + -+ @y 7™,
where a, E R, k=01, m—-1m=[y]+ 1

Lemma 4: For y >0, m € N*
JY[DYy(D)] = y(t) + ag + a;T + a;T% + -+ + a1 T™7Y,
for some ap ER k=01, m—1,m=[y]+1.

Lemma 5: Let ¢ >p > 0 and y € L*([a, b]). Then
DPJily(r)] =] P[y(r)], T€ab].
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We need also the following result:
Lemma 6: The problem:
“D%x; (1) = @;(t), t €[0,1],
x®(0) =0, ke{0,1,3,5}

1 (2 § @ )
g [, xi(®)dt = x;7(0), p; [, x:(O)dt =, (1), 0<&<1,
62ai>5, JL-E]R, pLER,lE{l,Z}
can admit:
x; ()
1t - 1 1 .
= Tal)fo (t = )47 pi(s)ds + (Ay;t? + Ayt*) D Jo @=95)%gpi(s)ds
1 '3 ,
+(Azit? + Agit*) CE Jo G =9)%pi(s)ds “4)
1 1 _
+(A3it2 — A6it4)m-f0 (1 - S)“l 5(pi(S)dS,
i =12
where,
A _ 10i6(120-p;§5-200:)+§3p;ay]
L7 2 (6-0))(120—p;E5-200;)
T Pigi
2L T (120-p;E5-2007)
A _ 0y[36(120-p;E5-200;)+p;x(6—0;)E3]
3 T 1440(6—0;)(120—p;E5-2007;)
= 1_ Spiffoi
Ay = 6 (120—p;E5-2007)
A _ 1 5pi(6-0gy)
56T 6(120-p;€5-200;)
A = pi(6-0)§3 1
6l T g64(120-p;£5-20x0;) = 24’
such that, (6 — 0;)(120 — p;é5 — 200;) # 0, i€ {1,2}.
Proof: We have:
CDaixi(t) = (pi(t)' i= 1'21
implies that:
5
1t _ ;
X)) = 2 [y (= ) pis)ds + 2 i )

where ¢; ER, i =0,1,...,5.
Applying the boundary conditions,
x;(0) = x{(0) = x7(0) = x(0) = 0,
allow us to write
¢ =0,i€{0,1,3,5}
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By substituting these values into the equation (5), we find

xi(t) =

then, from

ft (t—S)ai_l (s)ds +c tz +c t4 i= {1 2} (6)
0 Ty P 27+ aat’, 1=1l.2),
1
a; J, x(t)dt = xi(z)(l),
pify xi@yde =xP(), i=1{12},
we get
irl
c =2y x(Ddt,
1 '3 ]
e =55 (pcfy 1Ot = s [ (1= )" S ()ds), i =12

By replacing c, and c, in the formula (6), we obtain.

x;(8)
= L t _ ai—1,. O'L_l'z 1 ]
= [‘(a-)f (t—s)* 1y, (s)ds + EAGL ™
4 (¢ x® .
tpitt fy Tt = 4)f (1 — 5)@5¢,(s)ds.
From (7), we have
§ _ 20(6-0;) £ o
Jy x(®)de = (120-p;£5-200))T'(a; +1)f (€ —s)%pi(s)ds
200;&3 o
120-p;§5-200; T(a +1)f (1 = 5)%pi(s)ds ()
_ (6— 0'1,)5 _ - .
36(120-p;¢5-2007) T'(a;— 4)f (1 =) %g;(s)ds,
and
[} x(ydt
6(—p;iE3+120-20%0;)+p;0;&> N
(6—0',:)(120—po5 200’,) I'(a; +1)f (1 S) (P (S)ds (9)
Pi '3 o
120-p;§5- ZOULF(aL+1)f (€ —s)%pi(s)ds
Ll b f (1 — 5)% 5¢;(s)ds
i .

720(6—0;)(—p;E3+120-2007) F(aL 4)

Now, by inserting (8) and (9) into (7), we deduce (4).
3. Main results:

We will use the spaces:
E = {xil xl" xi(Z)' xi(4) € C(]l R)}! l = 1P2I

and
”xi(k)” = sup |xi(k)(t)|. k=024 i=12, (10)
®  tefo1]

where
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il = lelloo + @]+ @], i€ (1,2}

(11)
And also (E X E, ||. ||pxg) with

1Cer, x) lexe = x4 e + llx2llg- (12)
will be utilized. We work with the application T:E X E = E X E:

(a0 00)
T(a(®%0) = <Tz(x1(t>.xz (t)))'

where, for any t € J, we have for i = 1,2
Ty (%1, %) (£)
1 1 -
= tagdo A= AFG V(9,157 (9)) + 8:6i(5, 27 (), %37 ()

+yiH; (5, %1 (5), %,(5))]ds
1 1 .

F (Bt + At s Jy (= ) aFi (s, (), 257 ()

+8:Gi(5, 27 (5), 2 (5) + viHi (5, %1.(5), %5 (5)) 1ds
1 '3 .

F(Boit? + Mgt s Jy (€ = ) U[AF(s, xP(s), %7 ()

+6,G(5,x2 (), 252 (5)) + ¥iHi(5, %1 (5), %, (5))]ds
1 1 -

F(Aait? = At o Jy (L= )5 [AF (5, % (), %37 ()

+6,G(5,x2(5), xP (5)) + viHi (s, %1(5), %,(s))]ds}, i = 1,2.

Lemma 7: Assume that F;, G, H; € C(J x R4, R). Then (x4,x,) EE? is a
T , x
solution of (1)-(2) if (x1,x5) is a solution for < 10 XZ)) = ( 1).

T3 (1, x2) X2
Proof: Trivial.
For convenience, put:

(H1): The functions F;, G; and H;,i = 1,2, are continuous over | X R2.
(H2): One has P;, Q;, R;, i € {1,2}, with:

2

|(Fi(t'x1'x2)_Fi(tvyl'yZ))| < Pi]§1|xj_yj|'
2

|(Gi(t: X1,X3) — Gi(ﬁ)’ld’z)” < @ El |x]- - )’jl'
2

|(Hi(tlx11x2) - Hi(t'YDyZ))' < Ri ng |xj - y]l'

where, i € {1,2}.
(H3) One has Lq;, Ly, L3, i = 1,2, such that we have:
|Fi(t,}’1'}’2)| SLliv |Gi(t,}’1'}’2)| SLZL'J

|H; (¢, y1,¥2)| < Lg;.
Then, we may put:
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Q= AP +16;1Q; + lyilRy,
M. = 1 [Aqi+Agil | Agi+AsiE¥H | [Agi—Agil
t [(a;+1) I(a;+2) r2+a;) r'(a;-3) ’
N = 1 2|A1i+6A4i] | 2083i+6A5|E%TT | 2]A5—6Agl
L7 (-1 T(2+ap) T(a;+2) T(a;-3) °
V. o= 1 24|Agq] | 24lAgi XY 24|Agl
L7 D(@-3) ' T(a;+2) T(a;+2) I(a;-3)’
Wi = Mi + Ni + Vl

Theorem 8: If (H1) and (H2) are satisfied and suppose also that:
2
Y oW, <1 (13)
i=1
Then, (1)-(2) can admit one solution.

Proof: We can use Banach principal to prove this result. For (xq,x,), (y1,¥2) €
E X E, we can write
I7:(2: (0, %2 (©) = T (31 (©), 7 (D)

< gl A= A(FG 2P 6,257 () = Fils, 7V (9), 557 ())

+6(Gi(5,x2 (), x2(5)) = Gi(5, v (5), 97 (5))
+i(Hi(s, %,(5), %(5)) = Hi(5, ¥1(5), y2(5)))]dls
e SCED L CICERIGEIO)

I'(a;+1)
~F(5,7(), 92 (50) + 8:(Gi (5, xP (5), 22 (5) = 6i(5, v (), 12 ()))
+yi(Hi (5, %1(5), %2(5)) = Hy(5, y1.(5), 2.(5)))|]ds
|A2l+A51| f{ (E S)Dll”l (F (S x 4)(5) x 4)(5))

I‘(a +1)
=Fi(5,77(), 1P (50) + 6:(Gi(5, 62 (), 62 () = G5, 3,2 (5), 2 (s)))
+7i(Hi(5,%,(5), %2(5)) = Hy(5,y1(5), ¥2(5)))I1ds

st (1 gy (s, 10 (50,17 (5))

—F(5,7(), 97 (50) + 8:(Gi(s5, xP (5), x2(5)) = Gi(5, 72 (), 2 (5))
+y,(Hi (5, %1(5), %2(5)) = Hy(5, 71.(5), 2.(5))) ] ds}

Therefore,

IT; Gy, %2) = Ts (71, ¥2) lloo

j+1
[Agi+As E%i*

<
r2+a;)

S l(l"(1+al) +l"(2+a)

|1Azi—Agil
Bt (e =yl + 152 - 55°1,)

| 11+A4L|+



M. BEZZIOU AND Z. DAHMANI

|A1i+Agl | JAgi+As %!
+18:1Q; (F(1+al) r(2+a;) r(2+a;)
|A3i_A6l|)( @) _ 2) (2) (2) )
+ ey ) Ul I + ll2” =327l
|Agi+Asi|E%itT (14)
HyilR: (I‘(1+al) r(z+a)|A“+A‘“|+ [(aj+2)

|A3i—Agil

Ra=tetl) (xy = 11l + 12 = Y2llor)

QM (l|(ey = yOlle + Gz = ¥2)llg), i = 1,2.
Also, the reader can observe that

IA

|D2Ti(x1'xz)(t) - DZTi()’L}’z)(tN
ragl A= (F 2 (6), 57 () = Fs. 3, (9),9,7 ()

+8,(Gi(5,x2 (), x2(5)) = Gi(5, ¥ (), 92 (5)))
+y; (H; (s, %1(5), x2(5)) — Hi (5, ¥1(5), v (s)))]ds

2|A i+6A4l i
e SCED L A GICE R ORRO)

~F(5,52(), 92 () + 8:(Gi (5, xP (5), x2(5) = Gi(5, 77 (), v (5))
+y; (H; (s, %1(5), x,(5)) — H; (5, ¥1(5), v (s)))]ds
4 HA2i+6Asi| 2|Ayi+6As;| ff (6 )ai[|/1'(F'(S, x1(4)(s), x§4) (S))

F'(a;+1)
—F(5,7(), 97 () + 8:(Gi(5, xP (), x2(5)) = Gi(5, 2 (), 97 (5))
+y,(Hy(5, %1(5), %2(5)) = Hy(5,y1.(5), y2(5)))I1ds

2|A i—6Agil =
e ICED Ll PHCICE O RO

~Fi (5,77 (9), 1P () + 8 (6i(5, 6P (), xP () = 6o, 3,2 (5), ()
+yi (H; (5, x1(5), x2(5)) — H; (5, y1(5), ¥2(5)))11ds}.

Implies that
ID*T;(x1, %2) — D*T; (1, Y2) lleo
1 2(JA1i+6A4l+|Ap+6A5; 1T
S (F(ai—1)+ T(aj+2)
[2A5;—12A4] @ _ 4) (O] (€)]
2Rl (1,0 O 4~ 5 7))
2(|A1i+61\4i|+|Azi+6Asi|§ai+1)
+18:1Q; (F(a 1)+ r2+a;) (15)
[2A5;—12A4] @ _ z) 2) (2)
+ERl) (1@ @) 4 D — 5P )
1 2(|A1i+6A4i|+|A2i+6A5i|$“i+1)
HyilR: (F(ai—l) r(2+a;)
2|Azi—6A4il

re2el) (e =yl + 1z = ¥z lle0)

< QN (ICGer = yIllg + 1Cez = y2)ll), i = 1,2
Also,we can state that
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ID*T; (1, %2) = D*T;(v1, y2)lloo
< AP, ( 1 24(|A4ql+|AgiE%TY) | 24]Ag) )
- P (e-3) r(2+a;) [(aj-3)

X (Ie® =51, + I =371,

24lAgi] | 24A5 8% 24]Agl
+|6 IQ! ( i—3)  T(a;+2) I'(a;+2) F(ai_3))

2 e 2 2
< (Ie® =y + 162 =521
1 24(| A4 +A5 1 EXTY) | 24|l
HyilR: (l"(ai—3) T(a;+2) F(ai—3))
X (llx; = y1lleo + 11Xz = ¥2lleo)
< QVi(lGyq —y)llg + 11z = y2)llp)i = 1,2.
Thanks to (14), (15), (16) and (11), we find
I1T; Gy, x2) — T; (1, ¥2)lle
= |IT;(xy,x2) = T; (1, ¥2) oo + ID?T; (1, x3) — DT (v1, ¥2) lloo
+IID*T; (x1, x2) — D*Ti (1, ¥2) |l oo
. [ 1 [Ayi+Agil+[Azi+Asi I E¥HY | [Azi=Agil
r(a;+1) [(a;+2) I'(a;-3)
1 2(1A1i+6A4+|A2+6A5i1 % F) | 2|A3—6A;]
I'(a;—1) r(2+a;) I'(a;—3)

1 24(|A4i|+|A5ilf“i+1) 24|Agl
1"(0‘1'—3)—}_ r(2+a;) [‘(a 3)] UGy =yl + 110Gz = y2)llg)

< QM+ N+ V) Ul Gy — y)lle + 11z — y2)llg), i = 1,2
Hence, we obtain

1Ty Gy, x2) — Ty (1, Y2l
Q;(My + Ny + VD) UGy =yl + 1Ge2 — y2)lle) (17)
QWi (G — yDIle + 110Gz — y2)llg),

(16)

<
<

and

1T, (xq, x2) — To(¥1, ¥2) g
< QM + Ny + V) ([ — yOllg + (G2 — ¥2)lle) (18)
< QW)UICq —y)lle + 10 = y2)llE)-
Therefore, from (17), (18) and (12), we have
1T Cx1, x2) = T, Y2 ) llexe < (QuWh + QW) | (xg, x2) — 1 Y2) llexe-

The proof ends.
Now, we prove the existence solution by applying following Lemma of
Schaefer alternative fixed point.

Theorem 9: When (H1)-(H3) are valid, (1)-(2) has a solution.
Proof: Step 1: Continuity is very trivial.

Step 2: We define the set B, = {(xq,x;) € E X E: ||(x1, x)|| < 1}
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For all (x,,x,) € B, and for each t € J, by (H3) we have
IT; ey, %) e
el A= [J4F (s, 2P (), 7 ()
+6,6:(5, 22 (5), 7 (5)) + YiHy (5,41 (5), x,(5)) [1ds

|[Aqi+A4il i
el (1 (1 = )| (Fits, 27 (9,57 (5))

+68,Gi(5,x2(5), x2 (5)) + viHi (s, x1(5), x2(5))|1ds
|A21+A5LI 3 a; (4) (4)
L2itletl 15 (¢ — )i |4,Fi(s, 2P (5), 257 ()

I‘(a +1)

+8,G,(s,x2(5), 52 (5)) + yiHi (5, %1 (5), % () |]ds
e NCED L P CICERI ORI S)

I'(a;—4)
+8,Gi(s,x7(5), x2 (5)) + yiHi (5, %1 (5), %, () |1ds}

|A itA4il
< Laildil + Loalil + Latlyil) [y + et
U A+ Al | |Azi+AGl
r2+a;) I'(a;-3)
< Lyl Al + Lyl 6;] + Lgilyi DM; < o0, i=1.2,

then
||DZT G %) lleo
Jy (=943 [|4F(s, % (), 257 (s))

I'a;j—-2
+6(G (s)xf)(s) x7 () + yiHi (s, %1(5), %2 (5))|1ds
+21Ay; + 604l +1)f (1 = )4[|4:Fi(s, 62 (5), x5 (5))
+8,Gi(5, %, (), x5 ()) + ViHi(s, %1 (5), x2(5)) |lds
F2Ugi + 6hsil s Iy (€ = ) [[AF (s, % (), 17 ()
+6;G;(s, P (), x 2)(5)) + yiHi (s, %1 (5), %2 (5))|1ds
+21Ag; = 6Mail o= f (1 = )@ 5[|A:Fi(s, 2 (), x{2 ()
+8,Gi (s, xf)(s), xé” (s)) + ¥iHi (s, %1(5), x2(5))[1ds)

1 2|Aq ;46044
< Quillil + Logl8il + Ll [y + TR

+ 2|Ag;+6A5; 8%t 2|A5;—6A;l
[(aj+2) ['(a;—3)
< (LyglAil + Lyl 6l + Lailyi DNy < 400, i=1,2

and
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||D4T<x1.xz)||m
ot SCED L [PHACESI ORTRO)

+8,Gy(s,x7(5), 52 (5)) + yiHi (5, %1(5), %, (s)) |1ds
i (1 — )@ |2 (s, 2P (), x5V ()

I'(a;j+1)
+8,G,(s, 67 (5), 52 (5)) + yiHi (5, %1 (5), % (s)) |1ds

I GED U AR OERIO)

+8,G; (s, xfz)(s) xéz)(s)) + y;H; (s, x1(8), x5 (s))|1dsds
+ 2206l 1 (1 — )@ S [|4F (s, 2P (), 150 (5))

I'(a;—4)
+6,G(5,x2(5), x2 (5)) + vi(H; (5, %1.(5), %2 (s))]ds}

24|74
< Cullil + Loil8il + LoilyiD) [ + s
24|A €% 24|Ag
+ I'(a;+2) I‘(ai—3)]
< Lyl Al + Lpgl6il + Lgilyi DV < +o0, i =1,2.

Hence, forany (xq,x,) € B,, we obtain ||T;(xq, x3) |lgxp < +0 ,i € {1,2}.

Step 3: Boundedness
Let t,,t, € [0,1] , so, we have
TG, 22)(t) =Ty 22) 0]
r bt (=957 = (6 =) [4F (670,57 ©)
+6,6,(6, x2 (), 2 (1)) + y:H (8, x,.(1)), %2 (£)) ds|
il I CED R ACR ORI O)
+6;G(t, xi”(t).xéz)(t)) + i (£, x,(8)), % () ds|
| (a0 = ) + Auilef = D) pp [y (1= 99 [RExP(©, x )
+6,G;(t, x2(0), P (0) + y:Hi (¢, xl(t)) X, (£))ds|
[ = D) + At = ) s Iy € = AR PO, 50 )
+8,G;(t, 27 (£), P () + viHi (£, 2, (6)), 2, (£))ds|
| (8503 = 1)) = At} = D) s fy (1= ) [MF( x(P 0, % (1)
+8,6;(t, 2 (0), 2 (6)) + vili (6,2, (£)), 2, (1)) ds|.

Hence
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IT (1, x2)(t2) — T (g, x2) (1)
< (Lagl Al + Lyl 8;| Ly + La;lyi]) X {

[21t1—t2|%+[ef 5]

I'(a;j+1)
4 (8l -eD)+1sil(e-ch)) (19)
I'(aj+2)
N (1023l (e3-t2) +IAsil (t5-t1))EF* (103413 -t3)+1Agl (24 —1))
I(a;+2) I'(a;—3)

As before, we have
|D?T (xy, 2) (t5) — DT (%1, %) ()]

2(ty—ty)E 14|t @121
— r(alf) 1” (Ll Al + Lol 6i|La; + La;lyil)
i

12|41 (t23-t2)
+ (L | 4| + Lol 8ilLa; + Lailyil) [(F‘z;l—;)l) (20)

(1218511 (¢3-¢2))§ %%t (12186il(¢3-¢3))
[(a;j+2) [(a;—3) ’

and
|D4T(x1: x)(ty) — D4T(x1: x2)(t1)|

2(ty—t)F 34 [tF 33 (2D
< [zt r(al;) aal (L1l Ai| + Lyil8; 1 Ly; + Laglyil).
i
Therefore, T is completely continuous.
Step 4: The subset
F={(x;,x;) € EXE:(x1,%;) = uT(x1,%;),0 < pu <1},
satisfies the boundedness.
So, we can write
llxillo = sup [x; ()]
tE[O,l]
1 [Agi+A4l
< Lyl Al + Lyl 6| Ly + LaglyiD) [F(ai+1) T(at2)
4NN +As| | |Agi+As] (22)
F(2+ai) F(ai—S)
< U@yl + Lol 6;| Lo + Lailyi DM,
< Laldil + Lyl 6il Lo + Lylyi DM; < +o0,i = 1,2,
also, we have
[l = sup [xZ ()]
® tefo,1]
1 2|A1i+6A4i|
< il + LSl + LaalyiD) [ + 2 .

2|Ag+6A, 8%t | 2|A5—6A4l
I'(aj+2) I'(a;-3)
Ly | 2] + Lol 8;1 Lo + LsilyiDN;
(Lyil Al + Lol il Lo + LsilyiDN; < +o0,i = 1,2,

INIA
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and
=2, = tggglle‘”(t)l

1 24|A |
< il + LoglSilLy + LailyiD) [ + s
24| E%FT | 24|A4
T (a;+2) I(at;—3)
ULyl A + Lo |6:1Lo; + Laily: DV;

(LyilAil + Lpil6ilLo; + LailyiDV; < 40,0 = 1,2,

INIA

13

24

From (22), (23) and (24), we see that ||(x1, x;)||gxg < +. Consequently,

F is thus bounded.

4. UHML stability

Definition 10: The System (1)-(2) has has UHML stability if one can get
Cai > 0,i =1,2 such that for each ¢,e, >0,t € J and for each solution

(x1,x,) EE XE of
D, (£) = 4 Fy (8,27 (0), 257 (£)) — 6,61 (£, %17 (1), 257 (1)
—y1Hi (6, %1, %2)| < & Eq, (£%1),
|D%2x, (£) — A, F, (6, 1, x$P) = 6,G,(t, x2 (), xP (1))
=Y Hy (t, %1, x5)| < &3Eq, (t72),
under the conditions:
x:(0) = x{(0) = x7(0) = x(0) = 0,
1
20 = oy [ (e, xP (D) =pi [} x(@®dt, 0<E<1,
)]'iISiIYi'Ji'pi € R, 5< a; < 6, i= 1,2,
there exists a solution (yy,y,) € E X E of the problem (1)-(2) with
1Cer, x2) — 1, Y2 ) llexe < CogEq(t%),e > 0,t € [0,1].

(25)

(26)

27

where E,(t%) = max{E,,,1 (t*1),E,, (t%2)}, & = max{ey, £,} and Eq,(.) represent

the Mittag-Lefler function defined by:
w _ O .
E‘xi(') = Zj=0 m, 0< Re(ai), () S C,l € {1,2}
We need the assumptions:
(H4): There exists ¥, || < €E,.

Theorem 11: Assume that the hypotheses of Theorem 8 are valid and (H4) holds.

Then, (1)-(2) cian have UHML stability.

Proof: 1f one consider (y,,y,) € E X E as the unique solution of (1)-(2). So,

suppose that
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i (
:y (F()a)f (1 = )4 A Fi(s,x P (5), x$0(5)) + 6:G:(5,x7(5), x$7(5))
+viH;(s, x,(s), x; (S))]ds
+(Ayit? + Ayit®) F(a oy Jy (1= 9)4[AF (s, %P (), x5 (s))
+8,Gi(5, %17 (5), 257 () + ViHi (s, x1(5), % (5)) ] ds
Foit? + At s f) € = )55 2V (), 657 (s)
+6;G;(s,x2(s), xf)(s)) +y;H; (s, x,(5), %, (s))]ds
+(Agit? = Agit") ——— [ (1 = $)% S [Fy(s5, %7 (5), 25" (s))

F(a -4)70
+6,G;(5,x2 (5), x2(8)) + viHi (s, %, (5), %,(5))]ds}
= I,i=12.
Thanks to (H4), we get
[Y:(8) — ;| < CoiEq, (8%, C, > 0,0 = 1,2 (28)

By theorem 8, the problem (1)-(2) has a unique solution x;, i = 1,2. Then,
using (28) and (H4)), we get

ly; — xille < Mi[(uim +16:1Q; + lVIRD Iy — xillg + giEai(tai)]
< M(Qlly; = xillg + ‘9iEaci(tai))' i=12,
and
Iy ==,

< N[UAIP +18:1Q; + lyIR)Ily: — xillg + 5iEai(tai)]
< Ni(Qilly; = xillg + €Eq (%)), i=12
also, we have

Iy =<

< V[UANP +18:1Q; + [y IRDIly: — xillg + giEai(tai)]
< Vi(Qully: — xillg + &Eq, (£9)), i=12.
implies that

i —xills = My = xille + 3 = x|+ [ — x|

< WilQilly: — xillg + WigiEq, (D), i=12,

[oe]

thus
1y = x1,¥2 — X)) | exe
= Ty - xlle < (

Therefore

W1 +W-
1—2) B, (t%).
1-(W1Q1+W2Q3)

_ Wi+Wy
T -0 +W205)
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Thus, problem (1)-(2) is Ulam-Hyers Mittag-Leffler stable.

Example 12: We consider the following problem:
1 51n(t)(x(4)(t)+|y(4)(t)|)

5.6 -9 2)
D>®x(t) = e + 1073y @ (t) + 6stx(t) 0<t<1,
(4) (2)
55 _ Y () _gcos(mt)x D) et
D>>x(t) = —109 arctan (1+|y(4)(t)|) + 10 s T 3><108y(t) 0<t<1,

x®(0) = 0,k € {0,1,3,5)

1 '3 3
o f, x(Odt =xP(0), p; f; x(O)dt = xP(1),i =12,
0, =1072,0, = 1073,p, = 1074,p, = 1075, ¢ = §

For this example, we have

M (6 x® ),y D) = — —Sm(t)(x:)t(g"y“)')

AoFy(6,x@, @) = Larctan (W‘%) 6,6, (6, xP(6), yD(£)) =
1028y 00, 560570y 0) = 1002020y (1,3,y) =
6x1o8 x(t),

Y2Ho (8, x,y) = \3/;3’“) where P, = ’Pz =10, =10, = é’R1 =
e,R, = Ve +1 and Q= %, 5 = %, also we have:

Ay =5.0083 %1073, Ay, = 5.0008 x 104, A, = 4.173 6 x 1072,

Ayy = 4.167 4 x 10711, A5, = 1.033 3 X 105, A5, = 4.167 4 X 107°,
Mgy =8.695 X 10719, A, = 8.682 x 10712, A, = 4.166 7 x 107,

Asy =4.166 7 X 1077, Ay = 4.166 7 X 1072, A, = 4.166 7 x 1072 and
M, =7.2279 x 105, M, = 3.481 6 x 1072, N, = 1.445 6 x 106,

N, = 0.46210,V, = 1.3990,V, = 1.504 5, where

W, = 2.168 4 x 10°, W, = 2.001 4.

2
Consequently, the following inequality hold: Y W;Q; =9.7710 X
i=1

1073 < 1.The reader remarks that the conditions of Theorem 8 are satisfied.
Hence, the problem above has a unique solution on [0,1].

W1 +W,
1-(W1Q1+W2Q3)
the solution (x(t),y(t)) is Ulam Hyers Mittag-Leffler stable.

Remark 13: If we consider the case C, = in the above example,
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