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ABSTRACT. We introduce particular fuzzy numbers and discuss some of their
properties. We also discuss the limit of the 2x2 regular fuzzy Markov chains
(using a restricted fuzzy matrix multiplication) when some of their entries

consist of these fuzzy numbers.

AMS Classification: 15B15
Keywords: Fuzzy sets, Fuzzy Numbers, Parabolic and Trapezoidal-Parabolic Fuzzy
Number, Finite Fuzzy Markov Chains, A restricted Fuzzy Matrix Multiplication.

1. INTRODUCTION

Fuzzy Sets, Fuzzy Numbers, Fuzzy Markov chains and Probability Measure of
Fuzzy Events have been interesting areas of research in the last few decades for many
authors and many articles were published (for examples all the references except
[4, 7,9, 16])since introducing the concepts of Fuzzy sets and Probability Measure of
Fuzzy Events by Zadeh [22, 23], respectively. In particular, Fuzzy Markov Chains
have attracted the interest of many authors, see for example [1, 2, 3], [5, 6], [8], [10]-
[15], [19], and [21]. This paper originates from [5] and [15]. Using a restricted fuzzy
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matrix multiplication, Buckley and Eslami in [5] examined the properties of regular
and absorbing fuzzy Markov chains. It was mentioned there, in example 2, that the
limit of the regular 2x2 fuzzy Markov chain consists of triangular fuzzy numbers
when the entries are triangular fuzzy numbers. From the first look, it seems so in
general. Indeed, it is not so. In [15], we gave an example where the entries are tri-
angular fuzzy numbers where the limit consists of triangular shaped fuzzy numbers.
Besides, we gave an example where the entries are trapezoidal fuzzy numbers where
the limit consists of trapezoidal shaped fuzzy numbers. Moreover, we gave criteria
that guarantee a limit consisting of triangular fuzzy numbers when the entries are
triangular fuzzy numbers and another one that guarantee a limit consisting of trape-
zoidal fuzzy numbers when the entries are trapezoidal fuzzy numbers. In section 2,
we give a quick review of fuzzy sets and numbers. A restricted fuzzy matrix multi-
plication is discussed in section 3and regular fuzzy Markov chains are discussed in
section 4. In section 5, we introduce particular fuzzy numbers, namely Trapezoidal-
Parabolic Fuzzy Numbers and Trapezoidal-Parabolic shaped Fuzzy Numbers, while
Parabolic Fuzzy Numbers and Parabolic shaped Fuzzy Numbers are introduced
in section 6. In all cases the fuzzy numbers are determined by particular points;
we also mention some of their properties. In section 7, we apply the introduced
fuzzy numbers to regular 2x2 fuzzy Markov chains. We give criteria that guaran-
tee a limit consisting of trapezoidal-parabolic fuzzy numbers when the entries are
trapezoidal-parabolic fuzzy numbers and another one that guarantee a limit con-
sisting of parabolic fuzzy numbers when the entries are parabolic fuzzy numbers in

the regular 2x2 fuzzy Markov chains using a restricted fuzzy matrix multiplication.

2. Fuzzy SETS AND NUMBERS

We will present some preliminary needed definitions.

Definition 1: A fuzzy subset A of some set ) is defined by its membership
function written A(z)which produces values in [0, 1] for all 2 in . That is A(z) is
a function mapping € into [0, 1]. We place a bar over a letter to denote a fuzzy set,
that is A The term crisp means not fuzzy. A crisp set is a regular set.

Definition 2: Let Q = R. An a—cut of A, written A [a], is defined as
{x: A(x) > a}, for 0 < a < 1. A [0], the support of A is defined as the closure of
the union of all the A [a], for 0 < a < 1.
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Definition 3: A fuzzy number Nisa fuzzy subset of the real numbers satisfying

(1) IweR: N(z)=1
(2) N[a] is a closed and bounded interval for 0 < o < 1.

A special type of fuzzy numbers M is called a triangular fuzzy number. Mis

defined by three numbers a; < as < az where

(1) M(z) =1 at z = as.
(2) The graph of M (x) on [ay,as] is a straight line from (a1, 0) to (ag,1) and
also on [az, as] the graph is a straight line from (ag, 1) to (as,0)

(3) M(x) =0 for x < ajor = > as.

We write M = (a1 /as/a3) for triangular fuzzy number M. If at least one of the
graphs described above is not a straight line (curve), then M s called triangular
shaped fuzzy number and we write M = (a;/az/a3).

Another special type of fuzzy numbers M is called a trapezoidal fuzzy number.

M is defined by four numbers a; < as < a3 < a4 where

(1) M(x) =1 on [az,as]

(2) The graph of M(zx) on [ay,az] is a straight line from (a1, 0) to (az,1) and

also on [as, a4] the graph is a straight line from (a3, 1) to (a4,0)
(3) M(z) =0 for z < ajor x > ay.
We write M = (a1, as,as, as) for trapezoidal fuzzy number M. If at least one of

the graphs described above is not a straight line (curve), then M is called trapezoidal
shaped fuzzy number and we write M = (a1, as, a3, a4).

More details, properties and operations, can be found in [6] and [24].

3. RESTRICTED FuzzYy MATRIX MULTIPLICATION ([5] AND [6])

Let P = [p”] be an rar transition matrix of a Markov chain. If p;; = 0 or p;; =1
then there is no uncertainty, and so we assume there is uncertainty in the transition
probability p;; if 0 < p;; < 1. In the latter case we replace each of p;; by a fuzzy
number p;; where 0 < pij_z 1, with the restriction that there are p;; € p;;[1] such
that P = [p;;] is a transition matrix, and we define the fuzzy transition matrix

P = [pi;], with the understanding that p;; = 0 when p;; = 0 and p;; = 1 when
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pij = 1. The restriction that there are p;; € p;;[1] such that P = [p;;] is a transition
matrix, guarantees that p;; € p;;[a] for all 0 < o < 1.

Now we define restricted fuzzy matrix multiplication because we need to compute
P" for n = 2,3, ....

Let

T
= = . > —
S {x (T1y ey ) sy > 07Zi:1 T 1} ,
and then define (Using Dom for ”domain”)
Dom;la] = (ngﬂgi;[a]) NS =9 (Pi1, s Pir) : ity s Dir = U,Zpij =1,,

Jj=1

for0<a<1land1l<7¢<r. Then

Dom[a] = II;_; Dom;[a] = { (P11, -+, Prr) © Pij = O’Zpij =1,4,j=1..,r
j=1
-=" —_(n) ) —_()
Next set P = [p;; | where we will define p;; and show that they are fuzzy
numbers.

Consider a crisp transition matrix P and P" = [pEJn)] We know that

2 = 5 (o1, ),

for some function fi(;b). That is the elements of P™ are just some function of the

elements of P. Now consider fi(-n) a function of

p = (p11, -, Prr) € Domla].

Let
'™ [a] = ™ (Domla))

i ¥
Now fi(;l) is continuous and Dom[a] is connected, closed and bounded (compact),
which implies that FE;) [a] is a closed and bounded interval for all o, i, j & n. We

set

" (n)

() = _
giving the a—cuts of the p;; in P . Theresulting p;; is a fuzzy number because
its a— cuts are closed, bounded, intervals and surely it is normalized. Since FE?) [a]

is a closed and bounded interval so it is determined by computing its endpoints.
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Therefore,
5 o] = [l (@) (@) . v
where
pz('?l)(o‘) = min {fi(ﬁ) (p):pe Dom[a]}
and

p3(@) = max { £ (p) : p € Domlal]} .

4. REGULAR Fuzzy MARKOV CHAINS

Let P be an rzr crisp transition matrix for a Markov chain. We say that the
Markov chain is regular if P* > 0 for some k € N that is pfj > 0,Vi,j. If Pisa
(crisp) transition matrix for a regular Markov chain, then lim,, ., P™ = II where

each row in II is
w = (wWq, .., Wy), w; > 0
and

Z::1 w; = 1.

Here w is the solution of wP = w satisfying w; > 0 and

i 1
w; =
Zi:l g ’

more can be found in [4, 7, 16].

If P is an rzr crisp transition matrix for a regular Markov chain, then consider
P = [pi;] where p;; gives the uncertainty (if any) in p;;.

If (p11,....,prr) € Dom[a], then P = [p;;] is also a regular Markov chain.

Let };" — T where each row in II is 7 = (71,..., ™) and

™ jla] = [mj1(a), mpp(a)], 1<j <

We now show how to compute the o — cuts of the 7 ;.For each (pi1,...,prr) €
Dom|[a] set P = [p;;| and we get P" — II. Let

') ={w: wis arowin I, (p11, ..., prr) € Dom[a]} .

Then

mj1(a) = min{w; : w € I'(a)}
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and
mio(a) = max{w; : w € ['(a)}
where w; is the j component in the vector w ( [5, 6] ) .

As an illustration of the previous discussion , let P be a 222 transition matrix of

a regular Markov chain, then consider

where p;; gives the uncertainty (if any) in p;; for i =1,2, j=1,2.

If (p11,p12, P21, p22) € Domla], then

P =
P21 P22

P11 D12 ]

is a regular transition matrix and so P" is convergent. We solve

pb11 P12
[wlan] = [wlan]
P21 P22

where wq,ws > 0 and wy + we = 1. We have

P12
P11W1 + Pa1we = w1 = porwe = (1 — p11)wy = wy = Piwl
21
P12
P12W1 + P2oWs = W = P1aW1 = (1 - p22)w2 = Wg = le
21
So we get the same result
D12
Wy = —wWq,
P21
then by substituting wy in wy + wo = 1 we get
P21 P12
1= ——— and wg = ————.
P21 + P12 P21 + P12
Now,
ow ow -
1 _ P12 2>O, 1 P21 2<07
Opa1 (P21 + p12) Op12 (P21 + p12)
ow — ow
2 = 12 S <Oand .— = b2 5 > 0.
Op21 (p21 + p12) Op12 (p21 +p12)
If
_P_21[04 = [p211(a), p212()]
and

_p_12[a] = [p121(04),p122(04)]7
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77’”‘ R N
then by restricted fuzzy matrix multiplication P — II where each row in II is

_7'('_ = (_71'_1, _71'_2) and _7T_1[Oé] = [71'11(&)77'(12(0[)] and _7'('_2[0[] = [7’(21(0[),7('22(@)] Wlth
. P21 pa11(a)
711 () = min{ ———: , P12, pay, € Domla]} = ,
n(@) {p21 + D12 (P11, P12, P21, p22) lol} p211() + pr22(a)
P21 pa12(@)
m2() = max{ ——: , 012, pay, € Dom|a]} = ,
12(e) {p21 + P12 (P11, P12, P21, paz) o} pa12(a) + p1o1 (@)
. P12 p121(a)
o1 (@) = min{ ———— : , P12, pay, € Dom|a]} = ,
21( ) {p21 + P12 (pu pispa ng) [ ]} p121(Oé) +p212(04)
and
P12 p122(04)
Tog(a) = max{ ——: , P12, pay, € Domla]} = .
22( ) {P21 + D12 (pn pspn p22) [ ]} P122(a) +p211(a)
Therefore,
- pa11 () p212(c)
1 1| = 5 )
M) ile] [P211(Oé)+p122(04) p212(a) + pr21 ()
and
(2) _w_g[a] _ p121(a) pi22(a)

B pi121(@) + pa12(a)’ praa(a) + pa11 (@)
forall 0 < a <1.

5. TRAPEZOIDAL-PARABOLIC (SHAPED) Fuzzy NUMBERS

Consider a fuzzy number that is determined by five real number a1, as, a3, a4 and
¢ such that a1 < as < a3 < aq and 0 < ¢ < 1, denoted by N . = (a1/az/az/a4) or

(a1, a2, as,as). whose membership function is given by

0, Tz < ap
c
(x —ay), a1 <z < as
ag—a]l
N 1 —¢ (9 2 <x<
NC(J,‘): —m(l‘—ag—aﬁ), a2 ST S as
—c
(x — ag), a3 <z <ay
a4y — ag
0, T > ay

(1) N (z) is a line from (aq,0) to (az,c).
) to (a3, c)whose vertex is <a2 ;— s ) 1) and

aztaz (a3 — az)?
2 7 16(1—c)

(3) N .(2)is a line from (a3, c) to (a4,0).

(2) N .(z) is a parabola from (az, ¢

focus is <
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Call such a fuzzy number a Trapezoidal-Parabolic Fuzzy Number. If it is de-
termined by five numbers and it is not of this form call it a Trapezoidal-Parabolic

Shaped Fuzzy Number.

c 1-c
Consider the cases: o = (r—a1),a=1-— 27 —ax — as)?and
az — ax (az —as)
—c ——
o= (x — ayq) and then evaluate for zin each case we get the o — cuts of N ..
a4y — as
Therefore,

Vo = [0 g, s

ata, —a+ay
c c

for 0 < a < ¢ and

- —(as3 —a l—a as+az (a3—a l—a as—+a
N.[o] = (as 2) | I 2 3,( 3 2) | i 2 3
2 1—c¢ 2 2 1—c 2

forc<a<1.

Remarks on the arithmetic of trapezoidal-parabolic fuzzy numbers:

(1) The sum and the difference of two trapezoidal-parabolic fuzzy numbers
having the same c is also a trapezoidal-parabolic fuzzy number with the
same c.

(2) The product and the quotient of two trapezoidal-parabolic fuzzy numbers
having the same ¢ need not be a trapezoidal-parabolic fuzzy number, here
is an example:

Example 4: Let ;170,2 = (1/2/3/4)p.2. Find B = Z(),g.jo‘gand
C = _14_0_2/_14_0_2. Now ay = l,as = 2,a3 = 3,a4 = 4 and ¢ = 0.2.

Therefore,
Agola] = [pa+ 1, —5a + 4] for0 < a < 0.2
and
- -1 51 5
Agala] = - 1.25(1 — a) + 23 1.25(1 — a) + B

for0.2 < a<l1.

Bla] = [(5a+ 1), (=5a +4)?] for 0 < a < 0.2
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and

ey —1\/7 5\° /1 5\°
Bl = [(2 1.25(1—a)+2) ,(2 1.25(1—a)+2)
for0.2 < a<l1

Hence, _B_[O] =[1,16], B[0.2] =[4,9] and _B_[l] = %, which is a
Trapezoidal- Parabolic Shaped Fuzzy number, denote it by
B ~ (1/4/9/16)0 2.

- { 5a+1 —ba+4

C = for0<a<0.2
= e a Bag 1 | r0=es

Cl —i/125(1—a)+ 3% L1/125(1—a)+3
o = )
125(1—a)+5  —3/1.25(1—a)+ 3
(0%

oK
=

o
[N}
A\

0= [1 4} 002 = B;] and C[1] =1,

again, we get a trapezoidal-parabolic shaped fuzzy number,
- 1,23
C=|-/=/=/4 .
<4/3/2/ >0.2
(3) If N.and N .,are two trapezoidal-parabolic fuzzy numbers with ¢; # ¢o

then the addition, subtraction, multiplication, and quotient of Ncland

NCQ are not defined.

6. PARABOLIC (SHAPED) Fuzzy NUMBERS

If we put ¢ = 0 in the membership function of the trapezoidal-parabolic fuzzy
number, in section 5, then we get another fuzzy number, call it parabolic fuzzy
number, and is defined by two real numbers a; and aswith a; < as, denoted by
N = (a1/az) or N = (a1, az2). The membership function N(CE) is given by

0, r <a

__ 1 ,
N(z) = 1—m(2w—a1—ag), a1 <z < ag

0, T > as
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(1) _]\7(33) is parabolic in [a1, az] whose vertex is (a1 +a ,1) and focus
(Gt (a1 —az)Q)
2 7 16 '

(2) It _]\f(a:)is not parabolic in [ag, as] then it is called a parabolic shaped fuzzy

number and is denoted by N ~ (a1/az) or N ~ (a1, a2).

(3) Nioj= [~ 2 yggy 2ra (e on) g a2ty o
a <1.

a1 + az
2
Remarks on the arithmetic of parabolic fuzzy numbers:

(4) N~ (a1/ /a2) is a triangular shaped fuzzy number.

(1) The sum and the difference of two parabolic fuzzy numbers is also a para-
bolic fuzzy number.

(2) The product and the quotient of two parabolic fuzzy numbers need not be
a parabolic fuzzy number.

(3) Let A = (—a/a) and B = (—b/b) where a,b > 0, be two parabolic fuzzy

numbers then

Ala] = [-avV1—a,av1 —a] and
Blo] = [-b/i-a,bv/I—a] for 0<a < 1.

Let C = A.B then E[a} =[—ab(l — a),ab(l —a)] for 0 < a < 1.

Now _6[0] = [—ab, ab] and _CT[l} =0, so C = (—ab/0/ab) is a triangular fuzzy
number. This is interesting since we find two triangular shaped fuzzy numbers

whose product is a triangular fuzzy number.
7. APPLYING TRAPEZOIDAL-PARABOLIC AND PARABOLIC Fuzzy NUMBERS TO
REGULAR 2X2 Fuzzy MARKOV CHAINS

Proposition 5: Let

P =
P21 P22

P11 D12 ]
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be a regular crisp transition matrix with 0 < p;; < 1 for ¢ = 1,2,j = 1,2. Let

0<d<min{p;;:i=1,2,7=1,2}. Let

__ ) )
where p;; = (pij — 9, pij — o Dij + o Dig +9). and m > 1,0 < ¢ < 1 (trapezoidal-

__n —_——
parabolic fuzzy numbers) then by restricted matrix multiplication P — II where

each row in Il is 7 = (71, 7 2) and

— _ P21 — O p21—5+%(5—%) p21+6—%(5—%) po1 + 0
1=

P21 +pi2’ P21 + P12 ' P21 + P12 "po1 +pr2’ €
Ty P12 — 0 P12—5+%(5—%) p12+5—%(6—%) pra+6 )
P21 +pi2’ P21 + P12 ’ P21 + P12 " po1 + P12
Proof.

1 1 1 1)
pijla] = [0(5 = Jatpig =0, ——(0 — —)a+pi +5]

forall 0 < a <¢, and

7[704]_ _é l_a_|_ é 1_704_’_ ..
Dij - m\/ 1_¢ pzyvm\/ 1—_¢ Dij

forallc<a<1.

Now

T 1la] = , —=
P21 + P12 P21 + P12

_ l;(agl)a+p215 16— Dya+pu+6

for0<a<c¢so

- | p1—=0 pa+d
™ 1[0] - P
P21 + P12 P21 + P12
and
Tl = P21 — % p21 + %
1lel =
P21 + P12’ P21 + P12

Forc<a<1

_ L ey 22 s

P21 + P12 " po1+pi2
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So 741 = P2

= —> And
P21 + P12

16—2)a+pia—6 10— L)a+pi2+0
71'2[&]:

P21 + P12 ’ P21 + P12

for0<a<c¢so

- pi2—90 pi2+9
™ 2[0] = s
D21 + P12 P21 + P12
and
T ald = P12 — % P12 + %
2 — 9
P21 + P12 P21+ P12

Forc < a <1,

ol *% 11:°CY+P12 % 11:'Z‘+P12
T o|CX| =
P21 + P12 " po1 +pi2
so T oll] = P2
P21 + P12

Therefore, both 7 jand 7 sare trapezoidal-parabolic fuzzy numbers with the form
given in the proposition, and this completes the proof.

Proposition 6: Let

P =

P11 P12
P21 P22
be a regular crisp transition matrix with 0 < p;; < 1 for ¢ = 1,2,5 = 1,2. Let

0<é<min{p;; :1=1,2,5=1,2}. Let

where p;; = (pij — §/pi; + 6) (parabolic fuzzy numbers) then by restricted matrix

n

multiplication P — II where each row in E is T = (_77_1,_77_2) and w4 =
(p21—5/p21—|—5) 71__(1)12—(5/13124-(5)
2 = .
P21+ P12 P21+ P12/ P21 + P12’ P21+ P12
Proof:

pijlal = [~0VT—a + piy, VT —a + pyg]

for0<a<l.

—— [—5m+p21 5m+p21}

m1lo] = ,
ilel P21 + P12 P21 + P12
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—— -0 ) __
forOgagl.Hence,7T1[0]=[p21 ,p21+ }and Wl[l]:L
P21 + P12 P21 + P12 P21 + P12
Also
_ﬂ—_ [a] . |:—5\/1 _a+p12 6\/1 —a—i—plﬂ
2 - 9
P21 + P12 P21 + P12
- -0 ) __
for 0 < a < 1. Hence w2[0] = [ P12 7 P12 + } and 7 o[l] = _ P2
D21 + P12 P21 + P12 P21 + P12

Therefore, both 7 jand 7 sare parabolic fuzzy numbers with the form given in the

proposition and this completes the proof.

8. COCLUSIONS

Given any set of real numbers {a1, ag, ..., a,} such that a; < az < ... < a, and
a constantc, 0 < ¢ < 1, we can construct particular fuzzy numbers determined by
these real numbers and use them in many applications. In this paper, we used the
introduced fuzzy numbers in regular 2x2 fuzzy Markov chains. These fuzzy numbers
can be used in the future in regular fuzzy Markov chains of different sizes and other
types of fuzzy Markov chains. Besides these fuzzy numbers can be used in fuzzy

analysis and fuzzy optimization.
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