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ABSTRACT. Since S. T. Yau proves the Calabi-Yau theorem, there are only
examples of Calabi-Yau metrics on the noncompact manifolds but no one on
the compact manifolds. In this paper, we give some examples of Calabi-Yau

metrics on a compact manifold.
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1. INTRODUCTION

A 2-dimensional complex manifold S is said to be K3 if S is simply connected
with its first Chern class ¢; = 0. A Riemannian manifold (M, g) is hyperkahler
if there exist three complex structures I, J, and K on M such that a) [ o J =
—JolI =K andb) I, J, and K are g-parallel. We say that a closed holomorphic 2-
form 2 is holomorphic symplectic on the complex manifold (M, I) if it is everywhere
nondegenerate. For any K3 surface S, it is well-known that dim H*%(S) = 1 and
the cohomology group H?*Y(S) is generated by a holomorphic symplectic form. Let
x;,0 < i < 3, be homogeneous coordinates of the complex projective space P3. Let

X be the zero locus of a homogeneous polynomial z§ + 2} + 23 + x4 in P3. Then X
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is called Fermat surface. Throughout this paper, we will denote by X the Fermat
surface. It is also well-known that the Fermat surface X is K3 and every K3 surface
is hyperkéhlerian (recall that a manifold is hyperkdhlerian if it admits a hyperkéhler
metric) ([2], [5], [7])-

Theorem 1.1 (Calabi-Yau Theorem). Let M be a compact Kihler manifold, w its
Kahler form, c1(M) the real first Chern class of M. Any closed real 2-form of type
(1,1) belonging to 2mey (M) is the Ricci form of one and only one Kdhler metric in

the Kdhler class of w ([2], [9]). O

For the noncompact manifolds there are many examples of Calabi-Yau metrics
(i.e. their holonomy groups are of type SU(n) [2]). But in the compact cases the
author believes that there are no examples of them. So, since Sp(1) = SU(2), this
work gives us a chance to see some examples of Calabi-Yau metrics on the compact
manifold.

Consider an open covering {ﬁi}?:o of the Fermat surface X, where [71' =XNU;
and U; :=={x € P3| 2 = (mg : z1 : ¥3 : 23),2; # 0} for 0 < i < 3. Throughout this
paper, we will use these notations.

Let z; .= %, 1 <1i<3. Then z;,1 < i < 3, form natural Euclidean holomorphic
coordinates 01;) Up(= C?). Consider the real coordinates uy, - - - ,ug on Uy such that
21 = us + vV—1lug, 22 = u; + vV—1us, and 23 = ug + v/—1uy. We obtain that for
each point z = (21, 22,23) € Uy NU; C (70,

TZX =R < 217227Z3;Z4 >

with

3 3
where _z% =a+ v—1b and _z% =c++v—1d for some real values a,b,c,d € R
al 21
(See (3.6)). Then we have
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Theorem 1.2 (Main Theorem). Let X be the Fermat surface in P2. Then any
hyperkdhler metrics g on the compler manifold X can be locally written down as
follows.

For each z € [70 N (71 C (70 C X, z = (z1,22,23), let gij == 9(Z;, Z;) for

21]% + |22]% + |23/°

1<4,57<4. Let S := and A, B are the real and the imaginary

|21
2
parts of W, respectively. Then we have

Z1
gir 912 913 9G4 g11 0 g13 g4
921 922 923 G2a| | O g —gua 913
931 932 Y33 934 913 —gi4 g3z O
ga1  g42  G43  Ga4 gi4 gi3 0 gs3

with
g11 = AS(A* + B*)f

g13 = —AS(Af1 + Bf2)

g1a = AS(Af2 — Bf1)

g33 = —AS(A* + B*)h
for some positive constant A\ and some real-valued functions fi, fo, f, and h on
170 N [71 satisfying the following conditions:

P2+ 24 (A2 4+ BY)fh=—-1, £>0, and h<0. O

Remark 1.1. (1) Note that U; N (NIj is an open dense subset of X for 0 < i <
J<3.
(2) We easily get
St (a4 |2l° + |28

det(glj) = 12 — 36 on (70 N (71.
|21 |21

(3) For any subsets U; N fjj, 0 < i # 7 < 3, we can also have the similar
statement like the Main Theorem.

(4) At page 11, we can see the corresponding expression of the Kéahler metric
h, which is induced from both the metric g and the given complex structure

I on X.

The paper is organized as follows. Section 2 has the explicit construction of a

holomorphic symplectic form on the Fermat surface X. We need this work, because
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the key idea of the paper lies in the relation (3.1). In Section 3 we study the tangent
spaces of X to be able to prove our Main Theorem. Finally we conclude with some

remarks.

2. A HOLOMORPHIC SYMPLECTIC FORM ON X

In order to construct a holomorphic symplectic form on X, first of all, we will
construct a holomorphic symplectic form on each open subsets ﬁi, 0<:<3. And
then we will show that they are compatible on each subsets (71 N ﬁj, 0<4,5 <3
Denote by Z(P) the zero locus of a polynomial P in C3.

Fact. For ﬁo, we know

Up=UoNX =Z(1 42z} + 25 + 23) c C* c P,
where z; := ﬁ, 1 <7 <3 and zq, 29, 23 are Euclidean holomorphic coordinates of

Zo
C3. So,
142t +28+28 =0 on Up. (2.0.1)
Applying the exterior differential d to (2.0.1), we obtain
23z + 23dz + 23dzs = 0 on U. (2.0.2)
From (2.0.2),
23dzy Ndzy = zg’dzg Adzz and 23dz; Adzg = —z3dzy Adzs  on 170. (2.0.3)

Define a 2-form Qg on ﬁo as follows:

dZQ A ng

3 bl
21

ng A le
2z
le A dZQ

3 b)
23

Qolv, =
Qolv, =

Qolv, =

where V; := (70 N ﬁi, 1 < i < 3. Here Qg|y, means the restriction of the 2-form 2y
to the open subset V;, 1 <1 < 3.
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By (2.0.3) and (0,0,0) ¢ ﬁo, Q is well-defined on U. Now, we claim that € is

closed in Up. Since Qoly, = (dza A dz3) /23, we have

d(QO|V1) = ((—3/Zf)d2:1) ANdzg N\ dzs
= (=3/21)((23/23)dzo A dz3) Ndzz =0, by (2.0.3).

Similarly,
d(Q0lv,) = d(Qolvs) = 0.

We get the result. Therefore, €2y is a holomorphic symplectic form on Us. |
In a similar way, we can also obtain a holomorphic symplectic form €2; on ﬁi,

1 <1 <3, as follows:
For U; = Z(yg +1+ys+y3) C C3CP3, define a form Q; on U, as follows:

dys N dys
Ql‘AO:%,
0
dyo A dys
Ql\AQZ%»
2
dys N d
QﬂAB:%,
3

where A; := 6'1 N I}l and y; 1= & fori=0,2,3.
Ty

For (72 = Z(wé + w‘f + 1+ w§) C C3 C IP3, define a form €5 on (72 as follows:

dwi N dws
Do|By, = ———=5—,

where B; := (72 N (71 and w; := Zi fori=0,1,3.
T2
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For Us = Z (vt + v+ vl +1) € C? C P3, define a form Q3 on Us as follows:

dvg A dvy

where C; := UsNU; and v; := =~ for i =0, 1, 2.
I3 _
Now, we constructed holomorphic symplectic forms {2; on the open subsets U;,

0 <17 < 3. Define a form € on X such that the restriction of {2 to the open subset
U, is equal to the form €, i.e.,
Q7 =Q, 0<7<3.

U;

Then we have

Theorem 2.1. Let X be the Fermat surface in P3. Then Q is a well-defined holo-

morphic symplectic form on X.

Proof. By the definition of €2, it suffices to show that Q is well-defined on X. So we

have to check 6 cases:

1.90:(21011[70(1(}1 Q.QOZQQODﬁoﬂﬁQ
3.902930Hﬁoﬂ[73 4.91292011[710(72
5.912930H[71ﬂ(73 6.92293011(720(73.

Case 1. Qg =4 on 170 N 171.

We know
ZTo 1
Yo=—"—= - z1dz9 — 29dz
T 2 dys = 1022 _ 2021
T2 2 21
Yo = — = — and
T 2 d z1dzg — z3dzy
_T3_ % s = 22 '
Ys = — = —

T Z1
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Thus,
A z‘fdz;g A dzg — zsz,dzl ANdzy — zi)’Zde;g A dzq
Hoyno, — zf
—2tdzo Ndzs — 23dze Ndzg — 23dze N d
- A= S ii, R ® (by (2.0.3))
1

= Qg g, (by (2:0.1)).

As the same way, we can also check the other cases. Therefore, €2 is well-defined on

X. |

Remark 2.1. 1. We have constructed a holomorphic symplectic form €2 on the

Fermat surface X, which is defined by

o dZQ A ng - ng A le o le A dZQ

Qg = = = on Uy NUyNUs, 2= —,i=1,2,3
|U0 Z% Zg Zg 1 2 3 7 To )

dys Nd dyo Nd dys Nd ~ o~ i

Qly, = LLE L TR on GynTanUs, ys = i =0,2,3
Yo Y3 Y3 T
dwy N dw dws A dw dwy A dw ~ o~ =~ T;

Vg, = —5— = L= L L on Uy UL N U3, wy = —*,i=0,1,3
2 wy w3 w3 T3
dve N d dvo N d dvi Nd ~ ~  ~ ;

Qlg, = -2 3 o 20 3 2= 3 -0 on Up NUL NUz, Uz'zﬁ,i:ovl,?-
3 2 vy vy T3

2. As we know, there are a lot of algebraic submanifolds M of the n-dimensional
complex projective manifold P™ so that we may construct explicitly holomorphic
k-forms on M for 0 < k < n. But the author believes that only a few of such
examples are known only in some easy cases. So, the above explicit holomorphic

2-form €2 is meaningful to us.

3. PROOF OF THE MAIN THEOREM

Remind that we know both the complex structure I and the holomorphic sym-
plectic form © on X. Given a hyperkéhler metric g on the complex manifold
(X,I), by the definition of g, we can choose a hyperkahler structure (g,I,J, K)
on X. i.e., g is Kahler with respect to any complex structures R € {I,J, K} and
IToJ=—-Jol =K. Consider the Kéhler forms wgr := g(R, ) for R € {I,J, K}.
Then it is easy to see that

w:=wj+vV—1lwg
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is a holomorphic symplectic form on (X, I). By the property dim H*%(X,I) = 1,

there exists a nonzero constant ¢ € C such that
Q=c-w.

Denote by ¢; and ¢y the real and the imaginary parts of ¢, respectively. Consider

another hyperkéhler structure (g, I, J , K ) on X such that

g: ‘C| 9,
~ 1
J = H(Clj — CQK),

~ 1
K= H(02J+61K),

where |¢| = \/c? + c3. Then with easy calculation, we have

For the convenience, we may assume ¢ = 1. In order to prove the Main Theorem, we
have to use the relation (3.1). It is the key point of the proof of the main theorem.
With the notations of Section 2, on the open subset ﬁo N ﬁl C (70, we have

1+2i+254+25=0 (3.2)

23dz + Z3dzy + 25dzz =0 (3.3)

for z = (21,292,23) € ﬁo N (71. Let the expression “[70 N ﬁl C ﬁo” denote that
we intend to handle the subset [70 N T}l with the coordinates which come from the
Euclidean space Uy = C3.

Consider the real coordinates ui,--- ,ug on Uy such that z; = us + v/—1lug,
2o = U1 +v/—1ug, and 23 = us++/—1luy. Keep in mind these notations. We will use
them throughout this paper. Conveniently, denote by (b1, bs, b3) the holomorphic

7] 0 0
vector b18721 + b28722 + b38723
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Proposition 3.1. Let T, X be the (real) tangent space of X at z. Then, for any
z=(z1,22,23) € 170 NU, C [70, we have

0 0 9] 0 0 0
T.X =R <am— +bm— 4 ——\ b+ as— + ~—,
<a8u5 + b8u6 + Ouy b(?us +a8u6 + Oug
R N N
6U5 8u6 8“3 ’ (9U5 8u6 8U4 ’
28 23
where —% =a+vV—1b and ——g =c++v—1d fora,b,c,d € R.
41 A1

Proof. Let T!X and TIP3 be the holomorphic tangent spaces of X at z and of P3

at z, respectively, for z € (70 N 5'1 C (70. Since T? X is the codimension 1 subspace

of T!P3, by (3.3), we have

TX = {ali—kagi—&—agi cT/P?| alzi’—kagzg’—kagzg =0and ay,as,as € C}.
# 0z 0za 0z3 z

By the elementary calculation,

23 23
T!X ={(a1,az2,a3) € TZ’}P’?’ | ay = —z—%ag - Z%ag and aq,az,a3 € C}
1 1
23 23
= {ag(——3, 1,0) -‘1-&3(—*3707 1) | as,as € (C}
21 21
=C< VlaVvZ >,

23 23
where V; 1= (—Z%, 1,0) and V; := (—Z%,O, 1).
i

1 — —
Since {V1,Va} is a basis of T/ X, we know that {V; + Vi,/—1(Vh — V1),V +
Vs, V=1(Vy — ‘_/2)} is a basis of T.X, where V; is the complex conjugate of V; for
1 = 1,2. Therefore, the result follows. a

3 3
Let V3 := (1, (Z—g), (Z%)) With the above notations,
A1 A

Proposition 3.2. The set {V1, Va, V3} is a basis of the space T!P? for z € UyNU, C
Up.

Proof. Obviously, we know

o o0 0

T Uy N, C Up.
82178227823 o or z € to 1 & Yo

TP =C <
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Thus it is sufficient to show that det A # 0, where

-Z -3 1

1
A=WV =| 1 0 (%)
1

e}
—_
—
N ‘ N
o w
~—

ButdetA_l—&—\ | +| "> 0 for z € Uy N Ty, finished, 0
Now, we obtained
T'X=C<V;,Vo> and T'P> =C < Vi, V5, V3 > for z € UyNU; C U.
Denote by (T7X)" and (T/P?)" the dual spaces of T/ X and T'PP3, respectively.
Proposition 3.3. For any z € (70 N (71 C (70, we have

(T'X)" = C < wy,wy > and (T'P?)" = C < wy, wa, w3 >,

where
23 232 23 3
wy = (Z%)adzl +(1—| 3| a)dze — (%)( d)adz;:,
1 21 #
wy = — (;)adzl (—3)(—3)ad22 +(1- |Z—3| a)dzs
1 21 *1 1
23 23
wy =adz, + %adzg + %adz'g)
21 21
32 3 2

wztha—l/(1+|22| +| ).

Proof. By the duality relations: w;(V;) = 67, where 67 is the Kronecker delta for
1 <i,5 < 3, the result follows. O
Proposition 3.4. For z € (70 N (71 C 170, z = (21, 22, 23), we have

L0 40 40

on X
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Proof. By Proposition 3.3, for z € ﬁo N 17'1 C fjo, z = (21, 22, 23), we have

(T!X)" = {mw; +nwy | m,n € C}

2 2 25
= {a1dz1 + aadze + azdzz | ay = —m(=5)a — n(=5)a, a2 = m + —5ay,
21 21 21
3 3 2 232
as=n-+ al,afl/(l—l—\ |—§| ), and m,n € C}.
2 2y
But
23 23 23 23
a] = —m(%)a — n(—i)a as =m + al, and az3 =n + =Sa;
21 21 1 Zl
23 3 3 3
23 22 23 23
<~ a; = —(az — Eal)(;%)a — (asz — Z—%al)(g)a
= a1+(—3) +(Z—3)a3:0 (since o =1/(1 + \ | ))-
2y 1
= Zla; + Zsas + Zsaz = 0 (since z; # 0).
Thus we get

(T!X)" = {a1dz + asdzo + aszdzs | Zay + Z3as + Z5az = 0 and ay,as,a3 € C}

for z € [70 N (71 - ﬁo. Therefore, the result follows. O

Corollary 3.1. For any z € [70 N ﬁl C (NJO, z = (21, 22, 23), we have

o _, 0,0 0 0
8”5 o 8”1 811,2 8u3 8u4 (3 5)
0 0 0 0 0 '

— =b— _ d—— _
8u6 8U1 * a6U2 + 6U3 + 68U4

3 3
on X, where —Z—% =a+v—1b and _z% =c++vV—1d fora,b,c,d € R.
21 21

Remark 3.1. For z € UyNU; C [70, z = (21, 22, 23), we obtained two equations on

X:

39 0 L 5 0 e 3 0
1 6 Z1 2 8 zZ9 3 823

The former gives the holomorphic tangent space 7. X and the latter determines the

23dz + z5dzg + 25dz3 =0 and =0.

holomorphic cotangent space (77X)".

Proof of the Main Theorem We know that for any z = (21, 22, 23) € ﬁoﬂﬁl C ﬁo,

T.X=R< Zy,Z5,23, 24 >
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with

(3.6)

3 3
where _2 a++v—1b and 72% =c++v—1d for a,b,c,d € R (See Proposition
z

2 1
3.1).
Consider the holomorphic symplectic form 2 on Uy N U, with the relation (3.1):

dZQ A dZ3
Q‘ﬁom[}l = 23 :g(Jv )+ % _19(Ka )
1
Dividing the second term of the above equations as the sum of the real part and

the imaginary part, we see that

3 I 3
g(J, )= Re(Té) (duy ANdug — dug Adug) + m(Té) (duy A duy + dus Adus) (3.7)
21 21
3 I 3
(K R ) = ITe(Té) (dU1 /\dU4+dUQ/\dU3)— m(Té) (du1 /\dU3—dU2/\dU4), (38)
21 <1

where Re(z}) and Im(2}) are the real and the imaginary parts of 23, respectively.
Applying (3.5) to (3.6) yields

Z1 = (a* +b* + 1)i + (ac—l—bd)i + (bec — ad)i

Ouq Ous Ouy

Zy = (a® +b* + 1)i — (be — ad)i + (ac+bd)i
6’11,2 8?1,3 8U4 (3 9)

0 3} 0 '
To — v _ . 2 2 1)—
3 = (ac+ bd) 0w (be — ad) o + (" +d°+ )&u3
_ 9 9 2, 2 9
Zy = (bc — ad) 0w + (ac+ bd) By +(c*+d*+ 1)8U4
3 3
Let A := Rf(‘?;) and B := IT“(T;). Since J € End(TX), J2 = 1, and T o J =
Z1 21

—J o1, these conditions force that there exist some real-valued functions f1, fo, f, h

on [70 N [71, which satisfy

f+ [+ A+B)fh=-1, f>0, h<O,
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such that
J(Z2) = HiZi+ foZo + AfZ3s+ BfZy
J(Z2) = foZi — fiZo+ BfZs — AfZy (3.10)
J(Z3) = AhZy + BhZs + hsZs + haZs '
J(Zs) = BhZi — AhZs + haZs — hyZa,
where ) )
—-A*+ B 2AB
= mrmp T gl
—2AB A2 — B2
hy = A2+Bgf1+ A2+BQf2'

Since g is Hermitian with respect to the complex structures I, J, and K, we must

have the following form:

gi1 gi2 913 9gi4 g11 0 g1z 914
921 Gg22 923 G24 | 0 g1 —9g14 613
gn g2 g1 gu| |93 g g O]
941 ga2 943 Gaa g4 13 0 gs3

where g¢;; = g(Z;, Z;) for 1 < 4,5 < 4. Hence, using (3.7), (3.9), and (3.10), let
P 0 e Y e 5T S licated : bt that £
= 210 , by some complicated computation, we obtain that for any

ZEﬁQﬁﬁl cUpCX, 22(2’1,22,2’3),

g11 912 13 G4 g1 0 g3 gua
921 922 923 G2a | 0 g11 —GJ14 G13
931 932 933 Gg34 - 913 —414 933 0
9141 ga2  g43 Qa4 g4 13 0 gs3
where
g11 = S(A% + BY)f
g13 = —S(Af1 + Bf2)
g14 = S(Afe — Bf1)
g3z = —S(A% + B?*)h.
This finishes the proof of the Main Theorem. O

Remark 3.2. With the above notations, we get that for any z = (z1,29,23) €
(70 n (71 C (70,
T.X =R < Z,, 2}, 2}, Z}, >,
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where
Zy =74

Zé =1(Z1) = Zs
Zy=J(Z1) = 121+ faZo+ AfZs + Bf Zs

Zy=K(Z1) = —f2Zi+ f1Z2 — BfZs + Af Zy.
Let g;; := g(Z},Z}) for 1 <i,j < 4. Then we easily have

9 912 913 9ia gn O 0 0
951 Gr2 923 Yo _ 0 gn 0 O
931 Y32 Y3 Yaa 0 0 g O
9n Yi Yi3 Yaa 0 0 0 gu

i.e., the metric g is locally conformally equivalent to the Euclidean metric with
respect to the basis {Z1, Z5, Z4, Z} }.
4. REMARKS

In this section we will also use the notations of section 2 and section 3. From

both the proof of Proposition 3.2 and (3.6), we know

I(Zy) = Z2
I(Z2) = -7,
1(Z3) = Zs
I(Zy) = —Z3

and T/X = C < V4,V > for z = (21,2, 23) € Uy N Uy C Up. Let hi; = g(Vi, V;)
for 1 < 4,7 < 2. Then we have the corresponding complex Hermitian metric h on

(X, I) as follows:

1 AS
h - =
11 9 |2’1|6
1 AS
hiz = 3 (=23 f1 + V=123 fo)
Zl|
hﬁ :hT?
1 \S
h 5 — —_—
22 9 |21‘6
It induces ) . . 6
A
det(h;s)(z) = (Iz1]” +[z2]” +]25°)"

4|Zl‘18
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Since g is a hyperkéhler metric on (X, I), its Ricci form p is zero. But we know
p = V—1d"d log(det(h,5))
and d"d’ log(]z1]'®) = 0 [6]. Therefore, we have the identity
d"d' log(|z1]® + |22/ + |23]®) =0 on Uy N U; C Up.

From Proposition 3.3, on U’o N 171 C [70 we obtain the Kahler metric

128
C2[nff

(Z 1+ V=17 f2)wr @ W1 — hws © W)

(fwr @y + (=23 f1 + V=123 fo)w1 @ Wa—

and its Kahler form

VIS

wr=g(I,) D) |Z1‘6(fwl NGy + (=23 fr + V=121 fa)wr ATy
— (Zf1 + V=123 fo)wo AWy — hws A Do),
where )
23 23 23 23
wy = — (%)adzl +(1- |—§| a)dzy — (%)(%)adzj
21 1 21 21
P P 232
Wy = — (%)adzl — (%)(%)adzg +(1- |—?3’| a)dzs
21 21 21
3 3
wy =adz, + Z%ad;;g + Z—gadz;g
21 21

23 2 23 2
with o = 1/(1 + |Z—§ - \2—3 ).

Hence, we get the volume form
w? 1287

ol = 5 |Z |6w1 /\LUQ /\wl /\wg.
. 1

Furthermore, we can obtain the corresponding Hermitian connection D as follows.
Let Ds = sw, in the matrix notation, where s = (V4, V32) and w is the connection
form of D. Then we know [6]
wt=dh-ht.
That is, we have wi = " hi*d'h -, where (h"7) is the inverse transpose matrix of

J Jk>
(h;7). Since

_AS f =23 fi+ V=123 fo
C 2zl \ 3B p - /TIF3 S ~h
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6 6 6
with S = "+ :2:6 2 , we get
Wil Wig
w(Q) = (Q)
Wol Wo3z

1 -
at a point @ := (—=(1++v—1),0,0) € Uy N U; C Uy, where

(1]
2]
(3]
(4]
(5]

(6]

(7]
(8]

(9]

V2
wig = —hd'f + (fi + V=1f2)(—=d'fi + V—=1d' f2) + 321 fhdz,
wiz = 21 = V=1f)d [+ A f(=d [y +V=1d o) + 3f(fr = V=1fo)d=
wor = Z4h(d fi + V=1d' fo) = Z}(f1 + V=1f2)d'h
wyz = —(fi = V=1fo2)(d' f1 + V=1d'fo) — fd'h — 3Z1d21.
REFERENCES

A. Beauville, Variétés Kéahleriennes dont la lére classe de Chern est nulle, J. Diff. Geom., Vol
18, 755-782 (1983).

A. Besse, Einstein Manifolds, Springer-Verlag, New York, 1987.

P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley-Interscience, New York, 1978.
N.J. Hitchin, A. Karlhede, U. Lindstrom, and M. Roc¢ek, Hyperkéahler metrics and Supersym-
metry, Commun. Math. Phys., Vol 108, 535-589 (1987).

D. Huybrechts, Compact hyperkahler manifolds: basic results, Invent. Math., Vol 135, 63-113
(1999).

S. Kobayashi, Differential geometry of complex vector bundles, Princeton University Press,
Princeton, 1987.

Y.T. Siu, Every K3 surface is kdhler, Invent. math., Vol 73, 139-150 (1983).

M. Verbitsky, Hyperholomorphic sheaves and new examples of hyperkahler manifolds, preprint,
1997.

S.T. Yau, On the Ricci curvature of a compact kéhler manifold and the complex Monge-Ampere
equation I, Com. Pure. and Appl. Math., Vol 31, 339-411 (1978).



