ON CLOSED RULED SURFACES CONCERNED WITH DUAL
FRENET AND BISHOP FRAMES

ILKAY ARSLAN GUVEN, SEMRA KAYA AND H.HIiLMi HACISALIHOGLU
ANKARA UNIVERSITY
DEPARTMENT OF MATHEMATICS
TANDOGAN, 06100, ANKARA, TURKEY
E-MAILS: ILKAYARSLAN81@HOTMAIL.COM
SEMRAKAYA_GS@YAHOO.COM
HACISALI@SCIENCE.ANKARA.EDU.TR

ABSTRACT. In this paper; the pitch, the angle of pitch and the dual angle of
pitch of ruled surface in R? which is corresponded to a closed curve on dual unit
sphere are investigated. This closed curve is formed by the vectors of Frenet
and Bishop frame of a closed curve on dual unit sphere. Also the relation
between dual angle of pitch and pitch, angle of pitch is obtained.
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1. INTRODUCTION

The Study Mapping corresponds the dual points of a dual unit sphere, in D-
Module to the oriented lines in R3. This mapping is one to one.

A differentiable curve on the dual unit sphere, depending on a real parameter ¢,
represents a differentiable family of straight lines in R? which is called ruled surface
[4]. This correspondence allows us to study the properties of a ruled surface on the
geometry of dual spherical curves on a dual unit sphere.

In this paper we dwell on a curve with Frenet and Bishop frame on dual unit
sphere. Each vector of Frenet and Bishop frame of this curve generates another
curve on dual unit sphere by moving the vectors to the centre of the sphere. Also
these representation curves correspond ruled surfaces in R3. We detect the pitch,
the angle of pitch and the dual angle of pitch of these ruled surfaces under cover of
3, 4].
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2. PRELIMINARIES

Dual numbers were defined by W.K. Clifford. The set D is called the dual number
system and the elements of this set are in type of A = a + ca™. Here a and a* are
real numbers and €2 = 0 which is called a dual unit. The elements of the set D are
called dual numbers. The set

D={A=a+¢ea"|a,a*e R}
forms a commutative ring with the following operations
) (at+ea”)+(b+eb) = (a+b)+e(a® +b)
i) (a+ea*).(b+eb*) = ab+e(ab* +ba).

The division of two dual numbers A = a 4+ ea™ and B = b + ¢b* provided b # 0

can be defined as
A a+4ed* a a*b — ab*

B brer b5

The set

—  —

, A | A= (a1 +eal,as +eal, a3 + eaf)

D°=DxDxD= = (a1 + a2 + a3) + € (a] + a3 + a3)
=a+cea*, aelR3 a*ecIR?

is a module on the ring D which is called D-Module and the elements are dual

— —
vectors consisting of two real vectors. The norm H A Hof A is defined by

e (5
4] = {2 3) = 1@l + et

a:1 — D3
— —
s — a(s) = a(s) +ea*(s)

be a curve with arc-length parameter s. Then

where a # 0.
Let

da da d
Q a ds =
ds ds ds
is called the unit tangent vector of @&(s). The norm of the Vector% which is given
by
= = —

dT dT ds d*a ,\ﬁ

- = — = —— =K

ds ds 'ds  ds?

N

is called curvature function of & (s). Here kK : I — D is never pure-dual. Then the
—

unit principal normal vector of & (s) is defined as

=
dT

—
= 1
N=."—"
R ds
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The vector B = T x N is called the binormal of 5(5). Also we call the vectors
— —
T, N, B Frenet trihedron of 5)(5) at the point a(s). The derivatives of dual Frenet

can be written in matrix form as

<

g

)

el
2l
W)

= =
T o & o0]]|Z
Nl=|-®o0 F||~N§
2 0o -7 0=
B’ B

=
= 7N

>|Uu>l

which are called Frenet formulas [7]. The function 7 : I — D such that %

=

is called the torsion of & (s).
If a moving point moves on a dual space curve @, then the moving dual Frenet
- = —

frame { T,N, B ; moves along an axis consisting an instataneous translation and

@

an instantaneous rotation around the curve. The instantaneous rotation is expressed
by an angular velocity vector which is called dual Darboux vector is given by

—

—Z

=
W=7T +#&

!l

see [1]. The dual Darboux vector satisfies the following equations:

= = =
TN = WxT
= = =
N' = WxN
= = 2
B'" = W x B.

Now let us give the instructions of dual Bishop vectors. The differentiation of
—

unit tangent vector T is given by

= =

dT dT ds d*a ~= ~=
o — k1N, + ko N
ds  ds ds  ds2 11+ F2dV2

where 123\1, 15\2 I — D 121 = k1 + k7, 122 = ko + €k3 are natural curvatures and
— — =

never pure-dual. The vectors 1’:,]/\7\1, ]/V\g are called dual Bishop trihedron of a(s).
Also the dual Bishop formulas hold as it is expressed in [6]:

= =
T 0 ki k|| L
N l=|-ho o||lRF
ﬁ;}/ —ks 0 0 ]ﬁ’
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The relation between &, 7 and ki, ko is given as;

B(t) = rter = \/k%+k§+25(k1k;‘ + koks),
R k/?\ k kikX — k¥k
9(15) = f + 59* = arctan 72 — arctan <_2 + 5127212> ,
k1 k1 k3
. do(t)
t = —
) dt

===
The moving dual Bishop frame {T , N1, Ng} forms an instantaneous rotation with

dual Bishop Darboux vector which is given by
— A= A=
W = —koNy + k1 Ny

(see[6]).

3. THE PiTcH, THE ANGLE OF PITCH AND THE DUAL ANGLE OF PITCH OF
CLOSED RULED SURFACES

A differentiable closed curve on dual unit sphere represents a closed ruled surfaces
in R3. So in this paper all mentioned curves are closed. The vectors of Frenet and
Bishop frame of the dual curve a form representation curves by moving them to
the centre of dual unit sphere. We deal with closed ruled surfaces which are formed
by these representation curves on dual unit sphere.

A straight line [ moving along a curve « in R® generate a ruled surface which
can be expressed as

N
p(t,v) = a(t) +vX (1)
where « is the base curve and ? is the director vector of . The lines [ are called

the rulings of the ruled surface [10].

Definition 1. For a closed ruled surface ¢(t,v) = a(t) + v)_(z(t), the pitch of this
closed ruled surfaces is the distance between first and last position of direction which
is perpendicular to rulings after one period and it is defined by

e:/du=—/<da’,?>
[5].

Definition 2. For a closed ruled surface p(t,v) = a(t) + v)_(z(t), the angle between
first and last position of direction which is perpendicular to rulings after one period
is called the angle of pitch and it is defined as

)\X:/dga
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Theorem 1. The dual angle of a closed ruled surface which is constructed by the
dual unit vector X = & + ex* is given by

- =
Ay = — <D, X>
— — —
where D = d + ed* is the dual Steiner vector of dual spherical motion [3].
Theorem 2. The dual angle of pitch of a closed ruled surface can be expressed by
AX = )\X — EKX

Ux and \x are respectively the pitch and the angle of pitch of the closed ruled surface
3.

Remark 1. This theorem denotes that a closed ruled surface which has two integral
invariants in R3, can be characterized with a unique dual integral invariant on dual
unit sphere.

Definition 3. Let ¥ — E) + E’l? be the instantaneous dual Pfaffian vector of the
dual spherical motion. The vector

— — — —
D=d +ed = / v
is called the dual Steiner vector of this dual spherical motion.[4].

The instantaneous dual Pfaffian vector has the same role with the dual Darboux
vector. ¥ and @™ are respectively the instantaneous rotational velocity vector and
the instantaneous translational velocity vector of the dual spherical motion.

First of all lets find the dual Steiner vector relevant to dual Frenet frame.

— — — =
D = d+€d*:/W

— — — — — —
= /(TT +kB +e(tT*+ 7T +kB*+ k" B))

— — — — — —
= T/TJrB/nJrE(T*/TJrT/T*JrB*/liJrB}{n*).
Also the dual Steiner vector relevant to dual Bishop frame is given by

= = = N
D = d+ed* /&3

/(—k’gNl + k1 Ny +E(k'TN2 + k‘lNQ* — k’gNl — k’gNl*))

—Nl/k’g—l—NQ/k’l—l—E(NQ/k’T-i-NQ*/k’l—Nl/k;—Nl*j{k'Q).

- = =

~ XX

Theorem 3. Leta : I — D? be a closed curve on dual unit sphere and{ T, N, B

be the dual Frenet frame of «. The dual angles of pitch of closed ruled surfaces
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which are formed by representation curves of dual unit tangent vector, dual unit
principal vector and dual unit binormal vector are respectively

Ay = 7/7'75/7'*
0

N

Ag = 7//176//1*

where T = 7+ e7* is the torsion and k = k + k™ is the curvature of @ according to
dual Frenet frame of Q.

Proof. The dual angle of pitch of closed ruled surface formed by representation
curve of dual unit tangent vector can be calculated as below, by using the Theorem
1 and the properties of dual unit vectors of Frenet frame.

Az <B,f>
= <T/T+B/n+s(T*/T+T/T*+B*/n+B7{n*,T+5T*>

EDfrrED AT

1 0 0 1
€<B*,T>7{Ii+€@7{l{*+€@7{T+E@%n)

0 —(T,B*)

—(}47—1—57{7*+€(B*,T>j{ﬁ—g<T,B*>7{m)
7%775%7*

By similar calculations Ag =0and Ag = — [k —e [ K* can easily be found. [

Corollary 1. The angle of pitch and the pitch of these closed ruled surfaces are
respectively \p = — [T, Ay =0, A\g =— [k and bz = [ 7%, L5 =0, {5 = [ K*.

Proof. Tt is a natural result of Theorem 2. O

) - = =
Theorem 4. Let @& : I — D? be a closed curve on dual unit sphere and { T', N1, No

be the dual Bishop frame of «a. The dual angles of pitch of closed ruled surfaces
which are formed by representation curves of dual Bishop vectors are respectively

AL = 0
Aﬁl = /k’g—l—{:‘/k‘;
N> —/k/’l—ff/k’iK

=
)
Il
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where 15\1 = ki1 + ki and 122 = ko + k3 are the natural curvatures of & according to
dual Bishop frame of Q.

Proof. The dual angle of pitch of closed ruled surface formed by representation
curve of dual unit tangent vector of dual Bishop frame can be calculated as below,
by using the Theorem 1 and the properties of dual unit vectors of Bishop frame.

==
= 7<7N1/k2+N2/k1+€(N2/k’1‘+N2*/k17N1/k;7
NS ISERES
= —(— <N1,T>%k’2 + <N2,T>%k/’1 +E<N2,T>fkf +E<N2*,T> fk’l —
—— —— —— —
0 0 0 _<T*7N2>
€<N1,T>%k§ — (N, T) %kg —€<N1,T*>?{k2 +€<N2,T*>%k1)
—— ——
0 7<T*1N1>
C (e (TN }{kl +5<N2,T*)j{k1 e (T, Ny) 741@2 _ 5<N1,T*)j{k2)
=0
By similar calculations Ag = [ ko + e [ k3 and Ag, = - J k1 —e [k} can easily
be found. 0

Corollary 2. The angle of pitch and the pitch of these closed ruled surfaces are
respectively \s = 0, Ay, = [ ko, AN, = — [ k1 and =0, L5 = — [k3, by, =

[ k.
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