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1. INTRODUCTION

Perhaps one of the most significant aspects of submanifold theory is that which
deals with the relations between the main extrinsic invariants and the main intrinsic
invariants of a submanifold. B.Y. Chen [5] introduced a series of invariants on a
Kaehler manifold and proved several general inequalities involving these invariants
for Kaehler submanifolds in complex space forms. In [11] the authors established
similar inequalities for invariant submanifolds in locally conformal almost cosym-

plectic manifolds. In [1] the authors introduced the notion of a generalized Sasakian
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space form as an almost contact metric manifold (M, ¢, &, 7, g) whose curvature ten-
sor is given by
(1.1) R(X,Y)Z = fi{g(Y, 2)X - g(X,Z)Y}

+ fo{9(X,02)9Y — g(Y,0Z)pX + 29(X, ¢Y)pZ}

+ fs{n(X)n(2)Y —n(Y)n(Z)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E},

where f1, fa, f3 are differential functions on M.

Sasakian space forms are natural examples of generalized Sasakian space forms
with constant functions. It is known that generalized Sasakian space forms exist
with non-constant functions and arbitrary dimensions. In [2] the authors studied
trans-Sasakian generalized Sasakian space forms with examples of such spaces. In
the present paper, we study invariant submanifolds of a generalized Sasakian space
form.

The paper is organized as follows. In section 2, necessary details about subman-
ifolds and generalized Sasakian space forms are reviewed. In section 3, we derive
the relations involving totally real sectional curvature and the scalar curvature for
invariant submanifolds of a generalized Sasakian space form. The inequalities in-
volving invariant ¢j,(p) [5], are established for invariant submanifolds in the last

section.

2. PRELIMINARIES

A (2m+1)-dimensional Riemannian manifold (M, g) is said to be an almost con-
tact metric manifold if there exist on M, a (1,1) tensor field ¢, a vector field ¢ and

1-form n such that
(2.1) n€) =1, $*X = =X +n(X)£ and

for any vector fields X,Y on M. Then, ¢(£) = 0 and no¢ = 0.
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Such a manifold is said to be a contact metric manifold if dn = ®, where ®(X,Y) =
g(X,¢Y) is called the fundamental 2-form of M. The almost contact structure is
said to be normal if the induced almost complex structure J on the product mani-
fold M x IR defined by

(2.2) J (X, A4) = (X — A&, n(X) ),

is integrable, where X is tangent to M, t is the coordinate on IR and A is a

smooth function on M x IR.

The condition for (¢, &, n, g) being normal is equivalent to the vanishing of the tor-

sion tensor
(2.3) (¢, 0] +2dn @ &,
where [¢, ¢] is the Nijenhuis tensor of ¢.
An almost contact metric manifold is called Sasakian manifold if
(2.4) (Vx@)Y = g(X, V)¢ —n(Y)X, Vx& = —0X,
for any vector fields X, Y on M, where V denotes the Levi-Civita connection of g.
In [13], J.A. Oubina introduced the notion of a trans-Sasakian structure. An almost

contact metric manifold M is a trans-Sasakian manifold if there exist two smooth

functions « and 8 on M such that

(2.5) (Vx@)Y = a(g(X,Y)E = n(Y)X) + B(9(¢X,Y)§ — n(Y, X)),

for any vector fields X,Y on M. In this case we say that the trans-Sasakian

structure is of type («, 3). From (2.5) it follows that
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(2.6) Vx¢&=—agX + (X —n(X)E),
(2.7) (Vxn)Y = —ag(¢X,Y) + Bg(¢X, ¢Y).

Let M(f1, f2, f3) be a (2m+1)-dimensional generalized Sasakian space form. For
each plane section m C T,M,p € M, we denote by K (), the sectional curvature of

the plane section 7.

Let {e1,€2,.....;€n, ...., €2am+1} be an orthonormal basis of the tangent space

T,M(f1, f2, f3). Then the scalar curvature 7 of M is defined by

(2.8) T= va((ehej), ,j=1,..,n,...,2m + 1,

i<J

where K (e;, ;) is the sectional curvature of the section spanned by e; and e;.

A plane section m C T, M is called totally real if ¢ is perpendicular to m and is
denoted by 7". A plane section w C TpM is called a ¢-section if it is spanned by X
and ¢X, where X is a unit tangent vector in 7, M orthogonal to the structure vec-
tor field €. In this case, the sectional curvature K (X, $X) is called the ¢-sectional
curvature of m and is denoted by H(X).

Let M be an (n+1)-dimensional submanifold of M (f1, f», f3) and denote by h, V
and V= the second fundamental form of M, the induced connection on M and the

normal bundle T+ M. Then the Gauss and Weingarten formulae are given respec-

tively by
(2.9) VxY =VxY +h(X,Y),
(2.10) VxN=—-ANX + V%N,

for all vector fields X,Y tangent to M and a vector field N normal to M, where

Ap is the shape operator in the direction of N. The second fundamental form and
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the shape operator are related by
(211)  g(h(X,Y),N) = g(Ax X, Y).

Let R be a Riemannian curvature tensor of M, then the Gauss equation is given by

— g(h(X, Z), WY, W)), for all X,Y,Z,W € TM.

Let {e1,ea,..... ,€nt1} be an orthonormal basis of T, M, p € M. Then the mean
curvature vector H(p) and the scalar curvature 7(p) are given respectively by

(2.13) H(p) = 35 gjll heisei), 7(p) = >_ K(ei Aej),

i<j
where K (e; Aej) is the sectional curvature of the plane section spanned by e; and e;.
The submanifold M is totally geodesic in M if h = 0, and minimal if H = 0.
We put
(2.14) hi; = g(h(e;,e;),e) and
9 n+1
Al]" = 3= g(h(ei,e;), h(ei,e;5))-

i,7=1

A submanifold M tangent to the structure vector field £ is said to be an invariant
submanifold of M if there exists a ¢-invariant distribution D (i.e. ¢(D) = D) on
M such that

TM = D@®IR.E [4]. We assume that dimM = n+1, dimD = 2d, where n = 2d.

3. ToTALLY REAL SECTIONAL CURVATURE FOR INVARIANT SUBMANIFOLDS

Let M(n > 2) be an invariant submanifold of a generalized Sasakian space form
M (f1, f2, f3). Then, we have orthogonal decomposition T,M = D(p) ® IR -&, p €
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M. We choose an orthonormal basis {e, ...., eq, &1 = ¢eq, .....,eq = deq, eagr1 = &}
for T,M and an orthonormal basis {a1,....,m—d, 01 = @Q1, ..., @m—d = PQm—_d}
for Tle . Then, with respect to such an orthonormal basis, the (1,1) tensor field
¢ on M is given by

0 —I; 0
(3.1) o=|I; 0 0
0 0 0

where I; denotes an identity matrix of degree d. If M is (o, 3) trans-Sasakian
manifold, then by (2.5) and (2.9), we have

(3.2) Ph(X,Y) = h(¢X,Y), h(¢X,¢Y) = —h(X,Y),
forall X, Y € TM.

For each k € IR, p € M, we define an invariant §;, by

(33)  dLp) = r(p) — k inf K" (p),

where inf K" (p) = inf{K(7")} and 7" runs over all totally real plane sections
in D, C T, M.

Lemma 3.1. Let M(n > 2) be an invariant submanifold of a trans-Sasakian gen-

eralized Sasakian space form M(fy1, f2, f3). Then, we have

(3:4) K(X,Y)+ K(X,¢Y) = 3(fi = f2)
= HH(X+¢Y)+H(X—¢Y)+H(X+Y)+H(X-Y)—H(X)-H(Y)},

for all orthonormal vector fields X,Y orthogonal to the structure vector field &,
with g(X, ¢Y) = 0.
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Proof. For each point p € M and any orthonormal vectors X,Y orthogonal to the
structure vector field &, with g(X, ¢Y) = 0, from (1.1), (2.12) and (3.2), we have

(3.5) K(X,Y) + K(X,¢Y) = 2(f1 - [|h(X, Y)[[*),
(3.6) H(X) + H(Y) = 2(f1+3f> — [|M(X, X)|]* = [[A(Y, V)||*).
The lemma 3.1 follows from (3.5) and (3.6).

Theorem 3.2. Let M(n > 2) be an invariant submanifold of a trans-Sasakian

generalized Sasakian space form M(f1, fa, f3). Then, we have
(3.7) infK"(p) < fi, p€ M.

The equality in (3.7) holds at p € M if and only if p is a totally geodesic point.
Proof. We put

(3:8) Dl(p) = {X € D(p) : g(X, X) = 1}
and W, = {(X,Y) : X, Y € D!(p) such that g(X,Y) = g(X, ¢Y) =0}

Then W, is a closed subset of D'(p) x D(p). It is easy to verify that if {X,Y}
spans a totally real plane section, then both {X 4+ ¢Y, X —¢Y} and {X +Y, X -Y}
also span totally real plane sections. We define a function H: W, — IR by

(3.9) HX,Y)=HX)+ H(Y), (X,Y) e W,

then there exists (X,Y) € W, such that H(X,Y) attains an absolute maximum

value. From (3.4), we have

(810)  K(X,¥)+K(X,0Y) - 2(fi— fo) < LH(X,Y).
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On the other hand, for a unit tangent vector X € D'(p), it is easy to see that
(3.11) H(X) < f1 +3fs.
Thus, we obtain from (3.10) and (3.11) that
(3.12) K(X,Y)+ K(X,9Y) < 2fy,
which implies (3.7).
If the equality in (3.7) holds at p, then
(3.13) K(X,)Y)+ K(X,¢Y)>2infK" =2f;.
Therefore, from (3.5) and (3.13) we have
(3.14) hMX,Y) =0,
for all X,Y € DY(p) with g(X,Y) = g(X,¢Y) = 0.
In view of (3.2) and (3.14), we have
(3.15) MX+¢Y, X —9¢Y)=0, h(X+Y,X -Y) =0,

that is, h(X,X) = 0. Since every tangent vector of D(p) must lie in a totally

real plane section of D(p), so we have,
(3.16) h(X,Y) =0, for all X,Y € D(p).
The equations (3.16) and (2.6) show that p must be a totally geodesic point.

The converse is straight forward.
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4. MINIMAL INVARIANT SUBMANIFOLDS

The maximum Ricci curvature function on a Riemannian manifold M denoted by

Ric is defined as [6]

(4.1)  Ric(p) = maz{Ric(X): X € TM}, where T}M = {X € T,M : g(X,X) =
1}

If n = 3, Ric is the Chen first invariant 6,/ [7].

For n > 3, Ric is the Chen invariant d(n—1) [8]. Now we have

Theorem 4.1. Let M be an n-dimensional submanifold of a generalized Sasakian
space form M (f1, f2, f3) such that the structure vector field & is tangent to M. Then
for each unit vector X € T,M, orthogonal to £, we have

(4.2) Rie(X) < 1n?|[H|]* + (n — 1) f1 + 3f2 — fs.

An unit tangent vector X orthogonal to € at p satisfies the equality case of (4.2)
if and only if

(4.3) MX,Y)=0,VY € T,M orthogonal to X,
2h(X,Y) = nH(p).
The proof follows from theorem (5.1) of [10].

Theorem 4.2. Let M be an (n+1)-dimensional invariant submanifold of a (2m+1)-

dimensional generalized Sasakian space form M(fy, fa, f3). Then
(4-4) Ric < j(n+1)?||H|]* + nfi +3f2 — fs,

where Ric is the maximum Ricci curvature function on M.
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Moreover, if M satisfies the equality case of (4.4) identically and the shape operator

satisfies
(4.5) ApxY = Ay X, X, Y € TM,
then M is a minimal submanifold.
Proof. The inequality (4.4) is an immediate consequence of the inequality (4.2).
We assume that M is an invariant submanifold of M (f1, f2, f3), which satisfies the

equality case of (4.4) at a point p € M.

Without loss of generality we may choose an orthonormal basis
{eo =&, €1,y €} of T, M such that Ric(p) = Ric(e,).

Then, by (4.3), it follows that,
n—1

(4.6) h(ei,en) =0, Vi€ (0,1,n—1); hlen,en) = > h(es,e;),

i=1

where {eg = &, ...., €0, €n11, .., €2, } is the orthonormal basis of T, M (f1, fa, f3)

and e, 11 parallel to the mean curvature vector H(p).
From equation (4.5), we have
(4.7) Wit = B = B for any i,k € (1,....,n).
Thus, from (4.6) and (4.7), we have
(n+1)H(p) = ;::1 i lent1 = 2kt ent1 = 2hinenia = 0.
Therefore M is a minimal submanifold.

Theorem 4.3. Let M be an (n+1)-dimensional (n > 4) invariant submanifold in a

(2m+1)- dimensional trans-Sasakian generalized Sasakian space form M(f1, f2, f3).
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If M is minimal, then for each k € (—o00,4|, 65.(p) satisfies
(4.8) &rp) < dn(n+1)fi+3nfo—nfs—kfi, pe M
(4.9)  Of() = In(n+1)fi + Info—nfs —kfi, p€ M holds,
for some k € (—o00,4) if and only if p is a totally geodesic point.
(4-10) 5i(p) = gn(n+1)f1 + nfo —nfs —4f1, pe M,
holds if and only if there exists an orthonormal basis
{e1,,ed,e1 = Qe1,.....,e5 = ¢eq,eaqr1 = &} for T,M and an orthonormal basis

{on,,am—g,a1 = ¢an,.....,0—5 = doy,_q} for TPJ-M such that the shape opera-

tors of M take the following forms:

Al Al 0 Al AL 0
(4.11) Ao, = | AL —A, 0], As,=[ A, AL 0
0 0 0 0 0 0
hiy My 0 —hYy —hi, 0O
Ay, = | M —hiy 0|, AL =|-hly hi; O
0 0 0 0 0 ©
where p € (1,2,,m — d).
Proof. From (1.1) and (2.12), we get
(412)  R(X,Y,ZW) = g(h(X, W), h(Y, 2)) — g(h(X, Z), h(Y, V)

+ f{9(Y, 2)g(X, W) — g(X, Z)g(Y, W)}

+/2{9(X,62)g(0Y, W) —g(Y, 0Z)g(6 X, W)+29(X, 6Y)g(6Z, W)}

+ s {n(X)n(Z2)g(Y, W) =n(Y)n(Z)g(X, W) + g(X, Z)n(Y)n(W) —
9(Y, Z)n(X)n(W)}.
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The equation (4.12) implies that the scalar curvature 7 and the second fundamental

form h of M at p satisfy
(4.13) 27(p) = n(n + 1) f1 + 3nfo — 2nfs — |||,

which implies
(4.14) 7(p) < gn(n+1)f1 + 5nfa — nfs

with the equality holding if and only if p is a totally geodesic point.
Now, we suppose that m C T, M is a given totally real plane section. We choose
an orthonormal basis{ei, .....,eq, €1 = @eg.....eg = deq, e2q41 = £} for T,M and an
orthonormal basis {a1, ..., m—g, 7 = Qaq, ....... Qe = QQy—q}, for Tle such

that a given totally real plane section, m = span {e1,e2}, ™ C D(p).

With respect to such a basis, we have

A A0 _A" A
(4.15) Ao, = | Al A 0|, Aa,=| A, A7 0f,a=12..p,
0 0 0 0 0

where A/, and A!) are d x d matrices.
From (4.13) and (4.15), we have

m—d
—2r(p) +n(n+1)fi+3nfo —2nfs =4 3 {||AL|* + [|A%|*}
p=1

m—d _ _ _
>4 3 {(hR))? + (Bhy)? + 2(hY5)? 4+ (h1))? + () + 2(RT,)?}
p=1
m—d _ _
> —8 3 {hi1hby — (ARy)* + Wi hby — (hY,)}

p

=1
= —8(K(r) - f1)
= —8K(r) +8f1
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ie. 7(p) — sn(n+1)fi — 2nfo+nfs <AK(m) —4f1.

Thus we get,

(4.16) 7(p) — 4K (m) < gn(n+ 1) fi + §nfo —nfs —4fi,
with equality holding if and only if

(4.17) WO+ hby =0, WY, =hb o= b, =0, p € {1, eym—d, 1,....;m — d},

Since inequality (4.16) holds for any totally real plane section, we get
(4.18) T—4infK"(p) < sn(n+1)f1 + 3nfo —nfs —4f1.
For A € (0,00), from (4.14) we get
(4.19) M (p) < 3(n(n+1)f1 + 3nfa) — Anfs,
which together with (4.18) proves the inequality
(4.20) o < %n(n +1)f1+ %nfg —nfs —kfy, for any k € (0,4).

Combining (4.14), (4.18) and (4.20), we obtain inequality (4.8) for k € [0,4]. The
inequality (4.8) with k € (—o0,0) follows from (4.14) and theorem 3.2.

To prove (4.9), we assume M is an invariant submanifold of M (f1, fa, f3) which
is also minimal and satisfies 0}, = %n(n +1)f1+ %nfg — nfs — kfi identically for

some k € (—00,4). Then, we have following three cases :

A. k = 0, which gives
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5§(p) = 7(p) = gn(n+1)fi + 5nfo —nfs,
then (4.14) implies that p is a totally geodesic point.

B. k € (0,4), then applying (4.18) and the definition of 6}, (p), we have

5 (p) = 7(p) — kinfK"(p) = (1 = §) 65 (p) + 505(p)
<in(n+1)fi+ 3nfo —nfs —kfi,

which implies, in particular that

T(p) = §;5(p) = %n(n +1)f1 +3nfo —nfs.
Therefore p is a totally geodesic point.

C. k€ (—00,0), then (4.14), together with the definition of 6}, (p) and theorem 3.2
yield
O (p) = 7(p) — k inf K" (p)
<in(n+1)fi+ 3nfo —nfs —kfi.

In particular, this gives 65 = 2n(n + 1)fi + 2nfs — nfs. Hence, p must be a

totally geodesic point. Conversely, if p is a totally geodesic point, then applying
theorem 3.2 and (4.14), we have (4.9).
Now, we assume M is an invariant submanifold of M (f1, fo, f3) which is mini-
mal and satisfies (4.10). Then, the inequality (4.16) becomes equality which yields
(4.17). From this, we conclude that the shape operator of M takes the form as
in (4.11) with respect to some orthonormal basis {eq, ..... y€d, D1, e , O€q, 2441 =
£, Q0 ooy Qi dy DO vy DO —a } Of Ty M (f1, f2, f3)-

Conversely, suppose that the shape operator of M at p takes the form as in

(4.11) with respect to some orthonormal basis {ey,.....,eq4, de1, ....., Peq, €24+1 =
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£ Q1 ooy Qe dy DO vy Oy —a } for T, M (f1, f2, f3), then the inequality (4.16) be-

comes an equality, which together with (4.8) gives

sn(n+1)fi+3nfo—nfs—4f1 > 05(p) > 7(p) — 4K (7) = gn(n+1)fi+ 3nfo —
nfz —4f1.

This completes the proof.
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