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1. Introduction

Perhaps one of the most significant aspects of submanifold theory is that which

deals with the relations between the main extrinsic invariants and the main intrinsic

invariants of a submanifold. B.Y. Chen [5] introduced a series of invariants on a

Kaehler manifold and proved several general inequalities involving these invariants

for Kaehler submanifolds in complex space forms. In [11] the authors established

similar inequalities for invariant submanifolds in locally conformal almost cosym-

plectic manifolds. In [1] the authors introduced the notion of a generalized Sasakian
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space form as an almost contact metric manifold (M̄, φ, ξ, η, g) whose curvature ten-

sor is given by

(1.1) R̄(X,Y )Z = f1{g(Y,Z)X − g(X, Z)Y }
+ f2{g(X, φZ)φY − g(Y, φZ)φX + 2g(X, φY )φZ}
+ f3{η(X)η(Z)Y − η(Y )η(Z)X + g(X, Z)η(Y )ξ − g(Y,Z)η(X)ξ},

where f1, f2, f3 are differential functions on M̄ .

Sasakian space forms are natural examples of generalized Sasakian space forms

with constant functions. It is known that generalized Sasakian space forms exist

with non-constant functions and arbitrary dimensions. In [2] the authors studied

trans-Sasakian generalized Sasakian space forms with examples of such spaces. In

the present paper, we study invariant submanifolds of a generalized Sasakian space

form.

The paper is organized as follows. In section 2, necessary details about subman-

ifolds and generalized Sasakian space forms are reviewed. In section 3, we derive

the relations involving totally real sectional curvature and the scalar curvature for

invariant submanifolds of a generalized Sasakian space form. The inequalities in-

volving invariant δr
k(p) [5], are established for invariant submanifolds in the last

section.

2. Preliminaries

A (2m+1)-dimensional Riemannian manifold (M̄, g) is said to be an almost con-

tact metric manifold if there exist on M̄ , a (1,1) tensor field φ, a vector field ξ and

1-form η such that

(2.1) η(ξ) = 1, φ2X = −X + η(X)ξ and

g(φX, φY ) = g(X, Y )− η(X)η(Y ),

for any vector fields X,Y on M̄ . Then, φ(ξ) = 0 and ηoφ = 0.
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Such a manifold is said to be a contact metric manifold if dη = Φ, where Φ(X, Y ) =

g(X, φY ) is called the fundamental 2-form of M̄ . The almost contact structure is

said to be normal if the induced almost complex structure J on the product mani-

fold M̄ × IR defined by

(2.2) J
(
X, λ d

dt

)
=

(
φX − λξ, η(X) d

dt

)
,

is integrable, where X is tangent to M̄ , t is the coordinate on IR and λ is a

smooth function on M̄ × IR.

The condition for (φ, ξ, η, g) being normal is equivalent to the vanishing of the tor-

sion tensor

(2.3) [φ, φ] + 2dη ⊗ ξ,

where [φ, φ] is the Nijenhuis tensor of φ.

An almost contact metric manifold is called Sasakian manifold if

(2.4) (∇̄Xφ)Y = g(X, Y )ξ − η(Y )X, ∇̄Xξ = −φX,

for any vector fields X,Y on M̄ , where ∇̄ denotes the Levi-Civita connection of g.

In [13], J.A. Oubina introduced the notion of a trans-Sasakian structure. An almost

contact metric manifold M̄ is a trans-Sasakian manifold if there exist two smooth

functions α and β on M̄ such that

(2.5) (∇̄Xφ)Y = α(g(X, Y )ξ − η(Y )X) + β(g(φX, Y )ξ − η(Y, φX)),

for any vector fields X, Y on M̄ . In this case we say that the trans-Sasakian

structure is of type (α, β). From (2.5) it follows that
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(2.6) ∇̄Xξ = −αφX + β(X − η(X)ξ),

(2.7) (∇̄Xη)Y = −αg(φX, Y ) + βg(φX, φY ).

Let M̄(f1, f2, f3) be a (2m+1)-dimensional generalized Sasakian space form. For

each plane section π ⊂ TpM̄, p ∈ M̄ , we denote by K̄(π), the sectional curvature of

the plane section π.

Let {e1, e2, ....., en, ...., e2m+1} be an orthonormal basis of the tangent space

TpM̄(f1, f2, f3). Then the scalar curvature τ of M̄ is defined by

(2.8) τ =
∑
i<j

K̄(ei, ej), i, j = 1, ..., n, ..., 2m + 1,

where K̄(ei, ej) is the sectional curvature of the section spanned by ei and ej .

A plane section π ⊂ TpM̄ is called totally real if φπ is perpendicular to π and is

denoted by πr. A plane section π ⊂ TpM̄ is called a φ-section if it is spanned by X

and φX, where X is a unit tangent vector in TpM̄ orthogonal to the structure vec-

tor field ξ. In this case, the sectional curvature K̄(X, φX) is called the φ-sectional

curvature of π and is denoted by H(X).

Let M be an (n+1)-dimensional submanifold of M̄(f1, f2, f3) and denote by h, ∇
and ∇⊥ the second fundamental form of M , the induced connection on M and the

normal bundle T⊥M . Then the Gauss and Weingarten formulae are given respec-

tively by

(2.9) ∇̄XY = ∇XY + h(X, Y ),

(2.10) ∇̄XN = −ANX +∇⊥XN ,

for all vector fields X,Y tangent to M and a vector field N normal to M , where

AN is the shape operator in the direction of N . The second fundamental form and
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the shape operator are related by

(2.11) g(h(X,Y ), N) = g(ANX,Y ).

Let R be a Riemannian curvature tensor of M , then the Gauss equation is given by

(2.12) R̄(X,Y, Z,W ) = R(X,Y, Z, W ) + g(h(X,W ), h(Y, Z))

− g(h(X,Z), h(Y, W )), for all X, Y, Z,W ∈ TM .

Let {e1, e2, ....., en+1} be an orthonormal basis of TpM, p ∈ M . Then the mean

curvature vector H(p) and the scalar curvature τ(p) are given respectively by

(2.13) H(p) = 1
n+1

n+1∑
i=1

h(ei, ei), τ(p) =
∑
i<j

K(ei ∧ ej),

where K(ei∧ej) is the sectional curvature of the plane section spanned by ei and ej .

The submanifold M is totally geodesic in M̄ if h = 0, and minimal if H = 0.

We put

(2.14) hr
ij = g(h(ei, ej), er) and

||h||2 =
n+1∑
i,j=1

g(h(ei, ej), h(ei, ej)).

A submanifold M tangent to the structure vector field ξ is said to be an invariant

submanifold of M̄ if there exists a φ-invariant distribution D (i.e. φ(D) = D) on

M such that

TM = D⊕IR.ξ [4]. We assume that dimM = n+1, dimD = 2d, where n = 2d.

3. Totally Real Sectional Curvature for Invariant Submanifolds

Let M(n ≥ 2) be an invariant submanifold of a generalized Sasakian space form

M̄(f1, f2, f3). Then, we have orthogonal decomposition TpM = D(p)⊕ IR · ξ, p ∈
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M . We choose an orthonormal basis {e1, ...., ed, ē1 = φe1, ....., ēd = φed, e2d+1 = ξ}
for TpM and an orthonormal basis {α1, ...., αm−d, ᾱ1 = φα1, ...., ᾱm−d = φαm−d}
for T⊥p M . Then, with respect to such an orthonormal basis, the (1,1) tensor field

φ on M is given by

(3.1) φ =




0 −Id 0

Id 0 0

0 0 0




where Id denotes an identity matrix of degree d. If M̄ is (α, β) trans-Sasakian

manifold, then by (2.5) and (2.9), we have

(3.2) φh(X, Y ) = h(φX, Y ), h(φX, φY ) = −h(X,Y ),

for all X, Y ∈ TM .

For each k ∈ IR, p ∈ M , we define an invariant δr
k by

(3.3) δr
k(p) = τ(p)− k inf Kr(p),

where inf Kr(p) = infπr{K(πr)} and πr runs over all totally real plane sections

in Dp ⊂ TpM .

Lemma 3.1. Let M(n ≥ 2) be an invariant submanifold of a trans-Sasakian gen-

eralized Sasakian space form M̄(f1, f2, f3). Then, we have

(3.4) K(X,Y ) + K(X, φY )− 3
2 (f1 − f2)

= 1
4{H(X+φY )+H(X−φY )+H(X+Y )+H(X−Y )−H(X)−H(Y )},

for all orthonormal vector fields X, Y orthogonal to the structure vector field ξ,

with g(X,φY ) = 0.
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Proof. For each point p ∈ M and any orthonormal vectors X,Y orthogonal to the

structure vector field ξ, with g(X,φY ) = 0, from (1.1), (2.12) and (3.2), we have

(3.5) K(X, Y ) + K(X, φY ) = 2(f1 − ||h(X,Y )||2),

(3.6) H(X) + H(Y ) = 2(f1 + 3f2 − ||h(X, X)||2 − ||h(Y, Y )||2).

The lemma 3.1 follows from (3.5) and (3.6).

Theorem 3.2. Let M(n ≥ 2) be an invariant submanifold of a trans-Sasakian

generalized Sasakian space form M̄(f1, f2, f3). Then, we have

(3.7) infKr(p) ≤ f1, p ∈ M .

The equality in (3.7) holds at p ∈ M if and only if p is a totally geodesic point.

Proof. We put

(3.8) D1(p) = {X ∈ D(p) : g(X, X) = 1}
and Wp = {(X, Y ) : X,Y ∈ D1(p) such that g(X,Y ) = g(X, φY ) = 0}.

Then Wp is a closed subset of D1(p) × D1(p). It is easy to verify that if {X, Y }
spans a totally real plane section, then both {X +φY,X−φY } and {X +Y, X−Y }
also span totally real plane sections. We define a function Ĥ : Wp → IR by

(3.9) Ĥ(X,Y ) = H(X) + H(Y ), (X, Y ) ∈ Wp,

then there exists (X̄, Ȳ ) ∈ Wp, such that Ĥ(X, Y ) attains an absolute maximum

value. From (3.4), we have

(3.10) K(X̄, Ȳ ) + K(X̄, φY )− 3
2 (f1 − f2) ≤ 1

4Ĥ(X̄, Ȳ ).
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On the other hand, for a unit tangent vector X ∈ D1(p), it is easy to see that

(3.11) H(X) ≤ f1 + 3f2.

Thus, we obtain from (3.10) and (3.11) that

(3.12) K(X̄, Ȳ ) + K(X̄, φȲ ) ≤ 2f1,

which implies (3.7).

If the equality in (3.7) holds at p, then

(3.13) K(X, Y ) + K(X, φY ) ≥ 2 infKr = 2f1.

Therefore, from (3.5) and (3.13) we have

(3.14) h(X,Y ) = 0,

for all X, Y ∈ D1(p) with g(X, Y ) = g(X,φY ) = 0.

In view of (3.2) and (3.14), we have

(3.15) h(X + φY, X − φY ) = 0, h(X + Y, X − Y ) = 0,

that is, h(X, X) = 0. Since every tangent vector of D(p) must lie in a totally

real plane section of D(p), so we have,

(3.16) h(X,Y ) = 0, for all X, Y ∈ D(p).

The equations (3.16) and (2.6) show that p must be a totally geodesic point.

The converse is straight forward.
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4. Minimal invariant submanifolds

The maximum Ricci curvature function on a Riemannian manifold M̄ denoted by

R̂ic is defined as [6]

(4.1) R̂ic(p) = max{Ric(X) : X ∈ T 1
p M̄}, where T 1

p M̄ = {X ∈ TpM̄ : g(X,X) =

1}.

If n = 3, R̂ic is the Chen first invariant δM [7].

For n > 3, R̂ic is the Chen invariant δ(n−1) [8]. Now we have

Theorem 4.1. Let M be an n-dimensional submanifold of a generalized Sasakian

space form M̄(f1, f2, f3) such that the structure vector field ξ is tangent to M . Then

for each unit vector X ∈ TpM , orthogonal to ξ, we have

(4.2) Ric(X) ≤ 1
4n2||H||2 + (n− 1)f1 + 3f2 − f3.

An unit tangent vector X orthogonal to ξ at p satisfies the equality case of (4.2)

if and only if

(4.3) h(X, Y ) = 0, ∀ Y ∈ TpM orthogonal to X,

2h(X, Y ) = nH(p).

The proof follows from theorem (5.1) of [10].

Theorem 4.2. Let M be an (n+1)-dimensional invariant submanifold of a (2m+1)-

dimensional generalized Sasakian space form M̄(f1, f2, f3). Then

(4.4) R̂ic ≤ 1
4 (n + 1)2||H||2 + nf1 + 3f2 − f3,

where R̂ic is the maximum Ricci curvature function on M .
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Moreover, if M satisfies the equality case of (4.4) identically and the shape operator

satisfies

(4.5) AφXY = AφY X, X, Y ∈ TM ,

then M is a minimal submanifold.

Proof. The inequality (4.4) is an immediate consequence of the inequality (4.2).

We assume that M is an invariant submanifold of M̄(f1, f2, f3), which satisfies the

equality case of (4.4) at a point p ∈ M .

Without loss of generality we may choose an orthonormal basis

{e0 = ξ, e1, ....., en} of TpM such that R̂ic(p) = Ric(en).

Then, by (4.3), it follows that,

(4.6) h(ei, en) = 0, ∀ i ∈ (0, 1, n− 1); h(en, en) =
n−1∑
i=1

h(ei, ei),

where {e0 = ξ, ...., en, en+1, ...., e2n} is the orthonormal basis of TpM̄(f1, f2, f3)

and en+1 parallel to the mean curvature vector H(p).

From equation (4.5), we have

(4.7) hn+k
ij = hn+j

ik = hn+i
jk for any i, j, k ∈ (1, ...., n).

Thus, from (4.6) and (4.7), we have

(n + 1)H(p) =
n∑

i=1

hn+1
ii en+1 = 2hn+1

nn en+1 = 2h2n
1nen+1 = 0.

Therefore M is a minimal submanifold.

Theorem 4.3. Let M be an (n+1)-dimensional (n ≥ 4) invariant submanifold in a

(2m+1)- dimensional trans-Sasakian generalized Sasakian space form M̄(f1, f2, f3).
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If M is minimal, then for each k ∈ (−∞, 4], δr
k(p) satisfies

(4.8) δr
k(p) ≤ 1

2n(n + 1)f1 + 3
2nf2 − nf3 − kf1, p ∈ M

(4.9) δr
k(p) = 1

2n(n + 1)f1 + 3
2nf2 − nf3 − kf1, p ∈ M holds,

for some k ∈ (−∞, 4) if and only if p is a totally geodesic point.

(4.10) δr
4(p) = 1

2n(n + 1)f1 + 3
2nf2 − nf3 − 4f1, p ∈ M ,

holds if and only if there exists an orthonormal basis

{e1, , ed, e1̄ = φe1, ...., ed̄ = φed, e2d+1 = ξ} for TpM and an orthonormal basis

{α1, , αm−d, α1̄ = φα1, ....., αm−d = φαm−d} for T⊥p M such that the shape opera-

tors of M take the following forms:

(4.11) Aαp =




A′αp
A′′αp

0

A′′αp
−A′αp

0

0 0 0


, Aᾱp =



−A′′αp

A′αp
0

A′αp
A′′αp

0

0 0 0




A′αp
=




hp
11 hp

12 0

hp
12 −hp

11 0

0 0 0


, A′′αp

=



−hp̄

11 −hp̄
12 0

−hp̄
12 hp̄

11 0

0 0 0




where p ∈ (1, 2, , m− d).

Proof. From (1.1) and (2.12), we get

(4.12) R(X,Y, Z,W ) = g(h(X,W ), h(Y, Z))− g(h(X, Z), h(Y,W )

+ f1{g(Y,Z)g(X,W )− g(X, Z)g(Y, W )}
+f2{g(X, φZ)g(φY, W )−g(Y, φZ)g(φX,W )+2g(X, φY )g(φZ, W )}
+ f3{η(X)η(Z)g(Y, W )− η(Y )η(Z)g(X, W )+ g(X,Z)η(Y )η(W )−

g(Y, Z)η(X)η(W )}.
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The equation (4.12) implies that the scalar curvature τ and the second fundamental

form h of M at p satisfy

(4.13) 2τ(p) = n(n + 1)f1 + 3nf2 − 2nf3 − ||h||2,

which implies

(4.14) τ(p) ≤ 1
2n(n + 1)f1 + 3

2nf2 − nf3

with the equality holding if and only if p is a totally geodesic point.

Now, we suppose that π ⊂ TpM is a given totally real plane section. We choose

an orthonormal basis{e1, ....., ed, e1̄ = φe1̄.....ed̄ = φed, e2d+1 = ξ} for TpM and an

orthonormal basis {α1, ....., αm−d, α1̄ = φα1, ......., αm−d = φαm−d}, for T⊥p M such

that a given totally real plane section, π = span {e1, e2}, π ⊂ D(p).

With respect to such a basis, we have

(4.15) Aαp =




A′α A′′α 0

A′′α −A′α 0

0 0 0


, Aαp̄ =



−A′′α A′α 0

A′α A′′α 0

0 0 0


, α = 1, 2....p,

where A′α and A′′α are d× d matrices.

From (4.13) and (4.15), we have

− 2τ(p) + n(n + 1)f1 + 3nf2 − 2nf3 = 4
m−d∑
p=1

{||A′α||2 + ||A′′α||2}

≥ 4
m−d∑
p=1

{(hp
11)

2 + (hp
22)

2 + 2(hp
12)

2 + (hp̄
11)

2 + (hp̄
22)

2 + 2(hp̄
12)

2}

≥ −8
m−d∑
p=1

{hp
11h

p
22 − (hp

12)
2 + hp̄

11h
p̄
22 − (hp̄

12)
2}

= −8(K(π)− f1)

= −8K(π) + 8f1
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i.e. τ(p)− 1
2n(n + 1)f1 − 3

2nf2 + nf3 ≤ 4K(π)− 4f1.

Thus we get,

(4.16) τ(p)− 4K(π) ≤ 1
2n(n + 1)f1 + 3

2nf2 − nf3 − 4f1,

with equality holding if and only if

(4.17) hp
11 +hp

22 = 0, hp
1j = hp

2j ..... = hp
ij = 0, p ∈ {1, ...., m−d, 1̄, ....,m− d},

i, j ∈ {3, ......, n + 1}.

Since inequality (4.16) holds for any totally real plane section, we get

(4.18) τ − 4 infKr(p) ≤ 1
2n(n + 1)f1 + 3

2nf2 − nf3 − 4f1.

For λ ∈ (0,∞), from (4.14) we get

(4.19) λτ(p) ≤ λ
2 (n(n + 1)f1 + 3nf2)− λnf3,

which together with (4.18) proves the inequality

(4.20) δr
k ≤ 1

2n(n + 1)f1 + 3
2nf2 − nf3 − kf1, for any k ∈ (0, 4).

Combining (4.14), (4.18) and (4.20), we obtain inequality (4.8) for k ∈ [0, 4]. The

inequality (4.8) with k ∈ (−∞, 0) follows from (4.14) and theorem 3.2.

To prove (4.9), we assume M is an invariant submanifold of M̄(f1, f2, f3) which

is also minimal and satisfies δr
k = 1

2n(n + 1)f1 + 3
2nf2 − nf3 − kf1 identically for

some k ∈ (−∞, 4). Then, we have following three cases :

A. k = 0, which gives
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δr
0(p) = τ(p) = 1

2n(n + 1)f1 + 3
2nf2 − nf3,

then (4.14) implies that p is a totally geodesic point.

B. k ∈ (0, 4), then applying (4.18) and the definition of δr
k(p), we have

δr
k(p) = τ(p)− k infKr(p) =

(
1− k

4

)
δr
0(p) + k

4 δr
4(p)

≤ 1
2n(n + 1)f1 + 3

2nf2 − nf3 − kf1,

which implies, in particular that

τ(p) = δr
0(p) = 1

2n(n + 1)f1 + 3nf2 − nf3.

Therefore p is a totally geodesic point.

C. k ∈ (−∞, 0), then (4.14), together with the definition of δr
k(p) and theorem 3.2

yield

δr
k(p) = τ(p)− k infKr(p)

≤ 1
2n(n + 1)f1 + 3

2nf2 − nf3 − kf1.

In particular, this gives δr
0 = 1

2n(n + 1)f1 + 3
2nf2 − nf3. Hence, p must be a

totally geodesic point. Conversely, if p is a totally geodesic point, then applying

theorem 3.2 and (4.14), we have (4.9).

Now, we assume M is an invariant submanifold of M̄(f1, f2, f3) which is mini-

mal and satisfies (4.10). Then, the inequality (4.16) becomes equality which yields

(4.17). From this, we conclude that the shape operator of M takes the form as

in (4.11) with respect to some orthonormal basis {e1, ....., ed, φe1, ....., φed, e2d+1 =

ξ, α1, ....., αm−d, φα1, ....., φαm−d} of TpM̄(f1, f2, f3).

Conversely, suppose that the shape operator of M at p takes the form as in

(4.11) with respect to some orthonormal basis {e1, ....., ed, φe1, ....., φed, e2d+1 =
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ξ, α1, ....., αm−d, φα1, ....., φαm−d} for TpM̄(f1, f2, f3), then the inequality (4.16) be-

comes an equality, which together with (4.8) gives

1
2n(n+1)f1 + 3

2nf2−nf3− 4f1 ≥ δr
4(p) ≥ τ(p)− 4K(π) = 1

2n(n+1)f1 + 3
2nf2−

nf3 − 4f1.

This completes the proof.

Acknowledgment: The authors are thankful to referees for their valuable com-
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