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ABSTRACT. A regular curve in Minkowski space-time E4, whose position vec-
tor is composed by Frenet frame vectors on another regular curve, is called a
Smarandache curve. We define a special case of such curves and call it Smaran-
dache TB2 curves in the Minkowski space-time E‘ll. Moreover, we compute
formulas of its Frenet apparatus according to base curve via the method ex-
pressed in [5, 6]. By this way, we obtain another orthonormal frame of a such

curve in E‘ll.
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1. INTRODUCTION

It is well-known that: if a curve is differentiable in an open interval, then at each
point, a set of mutually orthogonal unit vectors can be constructed. These vectors

are called Frenet frame or moving frame vectors. The rates of change of these frame
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vectors along the curve define the curvatures of the curves. The set, whose elements

are frame vectors and curvatures of a curve, is called Frenet apparatus of the curves
[4].

At the beginning of the twentieth century, Einstein’s theory opened a door to
use of degenerate sub-manifolds. Then, the researchers treated some of classical dif-
ferential geometry topics and extended to Lorentz manifolds. For instance, in [7],
the author introduces a method to calculate Frenet apparatus of space-like curves
in Minkowski 4-space according to signature (+,+,+, —). Thereafter, in [5, 6], in
an analogous way, mentioned method is adapted to space-like and time-like curves

in Minkowski space-time (with respect to signature (—, +, +,+), e.g.).

A regular curve in Minkowski space-time, whose position vector is composed
by Frenet frame vectors on another regular curve is called a Smarandache curve.
We deal with a special Smarandache curves which is defined by the tangent vector

and second binormal vector fields. We call such curves as Smarandache TBy curves.

In this paper, we compute Frenet apparatus of this kind of curves using the
method expressed as in [5, 6]. Moreover, we hope these results will be helpful to

mathematicians who are specialized on mathematical modeling.

2. PRELIMINARIES

To meet the requirements in the next sections, here, the basic elements of the
theory of curves in the space E} are briefly presented (A more complete elementary

treatment can be found in [3]).

Minkowski four-dimensional space-time Ef is the real vector space R} endowed

with the standard flat metric given by:
(1) g = —dz? + dad + da? + dx?,

where (z1, z2, 3, 24) is a rectangular coordinate system in E‘ll. Since ¢ is an indefi-
nite metric, recall that a vector v € E{ can have one of the three causal characters;
it can be space-like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0 and null (light-

like) if g(v,v)=0 and v # 0. Similarly, an arbitrary curve a = a(s) in E} can be



TIME-LIKE SMARANDACHE ... — JDSGT VOL. 8, NUMBER 1 (2010) 95

locally a space-like, time-like or null (light-like), if all of its velocity vectors o’(s)
are respectively space-like, time-like or null. Also, recall the norm of a vector v
is given by |v|| = \/|g(v,v)|. Therefore, v is a unit vector if g(v,v) = £1. Next,
vectors v, w in Ef are said to be orthogonal if g(v,w) = 0. The velocity of the curve
«(s) is given by [|&/(s)||. Thus, a space-like or a time-like curve « is said to be

parameterized by arclength function s, if g(a/,a’) = +1.

Denote by {T(s),N(s),B1(s),Ba(s)} the moving Frenet frame along the curve
a(s) in the space E}. Then the vectors T, N, B; and By are, respectively, the

tangent, the principal normal, the binormal and the trinormal vector fields.

Firstly, let a(s) be a time-like unit speed curve in E}, parameterized by arclength

function s. Then for the curve « the following Frenet equations are given in [3, 1]:

T'(s) 0 0 0 T(s)
@) N/’(s) |k 0 N(s)
B/ (s) 0 -7 0 o Bi(s)
B, (s) 0 0 -0 0 Ba(s)

where T, N, B; and B, are mutually orthogonal vectors satisfying equations:
g(T,T)=—-1, g(N,N)=yg(B1,B1) =g(B2,Bz) = 1.

Secondly, let a(s) be a space-like unit speed curve has a time-like principal nor-

mal vector in E}. Then the following Frenet equations are given also in [3, 1]:

T'(s) 0 0 O T(s)
3) N/’(s) | s 0 7 0 N(s)
B/ (s) 07 0 o Bi(s)
B4 (s) 0 0 -0 O Bs(s)

where T, N, B; and By are mutually orthogonal vectors satisfying equations:
g(NaN):_lv g<TaT):g(B17B1):g(B27B2):1

Here k, 7 and o are first, second and third curvature of curve «, respectively.
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In the same space, in [5, 6] authors used a vector product and gave a method to
calculate the Frenet frame for an arbitrary space-like and time-like curves by the
following definition and theorem:

Definition 2.1 Let a = (ay, a2, a3,a4), b = (b1, ba, b3,bs) and ¢ = (¢, o, c3,¢4)
be vectors in E}. The vector product in Minkowski space-time Ef is defined by the
determinant
—€1 €2 €3 €4
ayp a2 az a4

bi by by bs

C1 C2 C3 Cy

(4) aAbAc=— ,
where e1, es, e3 and e4 are coordinate direction vectors satisfying
ep Neg ANeg =eq, eg NegNeg=e1, egsNegNep =eq, e4/Nep Neg = —es.

Theorem 2.2 Let o = «(s) be an arbitrary time-like curve in Minkowski space-

time E] . The Frenet apparatus of a can be written as follows:

(5)

a/

el

o]’ + gl "o

©) N=
[l o + (o, 2o
(7) B, = uNATAB,,
(8) B TANAQ”
2

“HITANA Q|

i + gt e

4
[l

)

ITANA ||

[l + g(@, e

(10)
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and

g(a(IV)vBQ)
[T AN A ™| [lo/]

(11) o=

Here p is taken £1 to make +1 of determinant of [T, N, By, B3] matrix. By this
way, Frenet frame provides positively oriented.

Recall that an arbitrary curve is a W —curve or only a heliz if it has constant
Frenet curvatures. From the view of differential geometry, a helix is a geometric

curve with non-vanishing constant curvatures x, 7 and o [2].

3. TIME-LIKE SMARANDACHE CURVES DERIVED FROM SPACE LIKE W —CURVE

Definition 3.1 A regular curve in Ef, whose position vector is obtained by
Frenet frame vectors on another regular curve, is called a Smarandache curve [8].

Remark 3.2 Formulas of all Smarandache curves Frenet apparatus can be de-
termined by the expressed method.

Now, let us define a special form of Definition 3.1.

Definition 3.3 Let £ = £(s be an unit space-like curve has a time-like principal
normal and non-zero constant curvatures &, 7 and o. Suppose {T,N, By, By} be
moving frame on it. Smarandache TBy curves derived with the curve &) is defined
by:

T(s) + Ba(s) .

(12) X = X(sx) = —

K2 — o2

Theorem 3.4 Let £ = £(s) be an unit space-like curve has a time-like prin-
cipal normal and non-zero constant curvatures x, 7 and 0. Let X = X(sx) be
Smarandache TBy curves defined by frame vectors of a curve . Then:

(i): The curve X = X(sx) is a time-like curve.

(ii): Frenet apparatus {Tx,Nx,Bix,Box, kx,Tx,0x} of Smarandache TBy
curve X = X(sx) can be formed by Frenet apparatus {T,N,B;,Bq,k,7,0} of a
curve & = £(s).

Proof: Let X = X(sx) be a Smarandache TBy curve defined by an above
statement. Differentiating both sides of (12), we easily have
dX dsx _ kN(s) — 0 Ba(s)
dsx ds K2 — 52 '

(13)
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The inner product g(X’,X’) = —1, leads to

(14) B X (o) = VIO X = 1,

where ’ denotes derivative according to sx = s. So, the Smarandache TBs curve

X = X(sx) is a time-like curve. Thus, the tangent vector is obtained as

kN(s) — O'BQ(S).

(15) Tx = s

In order to calculate principal normal, we differentiating the above equation (left
and right hand side) with respect to the variable s using Frenet frame equations (2)
and (3), respectively, we have

k2T — 70N+ k7 B; — 02 B,
2 2 ’

(16) RX NX =

R — O

Thus, the principal normal vector and the first curvature, respectively, take the

following form:

KT —7cN+ktBy —02Bsy

(17) X VA2 (k2 —02) 1 o
K4 4 72(R2 — 02) 4+ o
(18) kx :\/ K2 _ o2 ’

Now, we form the following differentiations with respect to s
1

X/ — —(an oBQ),

X// —

1
(197t

X" = T ( — k1o T+ k(K2 + 7N+ 0(0? — 72)B; + k70 Bg),

(KJ2T—TJN+I€TB1 —0232),

XV = T <H2(I€2 +72)T(s) — (kK2 + 7% - 0?) (70 N — k7By) + 0%(0? — 7'2)B2)7
1

where A; = VK2 — 02. We express the following vector product to determine the

second binormal vector field of the curve X(sx)

T —-N B; B;
1 0 K —0 0
A A | k2 10 kT —02 |

P A

(20) Tx ANx A X" =
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where Ay = /K% + 72(k2 — 02) + 0% and [; (i = 1,2,3,4) are the components of

the differentiable vector function X'/, From the above equation, we obtain

(21) Tx/\Nx/\XW: ZO— (m1T+m2N+m3B1+m4Bg),
A Ay
where
my = o%(0? — 72) + K%(0? + 72),
my = 7o (k? — 0?),
(22) _— s o
3 =kKT(0% — K

By means of equations (2) and (21), we write

1

(23) Baox = T,

(m1T+m2N+m3B1—|—m4B2),

where Az = /K% +2(k272 — 7202 + 02K2) + o4. Considering equations (10) and

(11), we have the second and the third curvatures of X(sx) as follows:

Ko \/,%4 + 2(k272 — 7202 + 02K2?) + o

24 T™X = )
(24) x ViZ— 02\ /it + 12(K2 — 02) + o
(25) ” ko VK2 —o?

be

o VA +2(k2—02) + ot
We know that: the first binormal vector can be founded by the vector product

Bix = pNx ATx A Bax. So, we get:

1
(26) le—_m<n1T+n2N+n3Bl +n4B2)7

where
(27)

Consequently, we determined Frenet apparatus of a time-like Smarandache curve
derived from a space-like W —curve.

Corollary 3.5 The frame {Tx, Nx,B1x,Bax} is another orthonormal frame of
a time-like curve in Ef, where ;1 = 1 to make +1 determinant [TX, Nx,Bix,Box

matrix.
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