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ABSTRACT. In a previous article we considered a finer decomposition of the
spectrum of local entropies. In that case the dynamics are taken on compact
spaces. Here we continue with this analysis but now for systems with non-
compact phase space. Specifically, we consider here subshifts with countable

alphabet.
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1. INTRODUCTION

The Multifractal Analysis is a very important subfield in the area of Dimension
Theory of Dynamical Systems. One of the main motivations to introduce it is the
study of fractal sets by invariants. To do this decompositions in level sets with some
scaling property, which are called multifractal decompositions, have been consid-

ered. The first works in this area appeared in the physical literature [13], [14],[2],[1].
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The mathematical rigorization and the general formulation of the concept was pre-
sented in [3]. In this last contribution, the multifractal decomposition in level sets

for a given map g : X — [—o0, +0o0] is given by

(1) Ko,=K,(g)={z e X :g(x)=a},

and so the space X is decomposed as X = UKQ> UY, where Y is the set in

(03
which ¢ is not defined and which is negligible in some sense.

Within this context, if G is a function defined on sets, and F' (a) = G (K, ) . then
the map F' is called the multifractal spectrum specified by the pair (g, G).

The complexity of the multifractal decomposition is analyzed by adequate char-
acteristic dimensions like the Hausdorff dimension and the topological entropy. Ac-
cordingly interesting examples of multifractal spectra are:

— The dimension multifractal spectrum: here g (x) = D,, (x), the dimension of
the measure p and F («) = dimg K, the Hausdorff dimension of the set K. This
spectrum was previously studied for particular cases in [9] and [14].

—The multifractal spectrum of local entropies: in this case g is taken as the local
entropy of a dynamical map f and F («) = heop (f, Ko), the Bowen topological
entropy (for non-compact sets).

Indeed the Hausdorff dimension and the topological entropy are special cases of
Carathéodory dimensions in metric spaces, so there is a close relationship between
the fields of multifractal analysis and dimension theory of dynamical systems.

To obtain a complete description of multifractal spectra one must introduce fam-
ilies of measures {fia},cg such that uq (Ko) = 1. To do this is necessary to get
a parameterization a (¢) of the level sets with g (Kag)) = 1 and pg (Ko) = 0 if
a#alg).

Among relevant works in multifractal analysis we quote [23],[3],[26],[4],[27] and
[29]. In [17],[18],[19],[20] we have used the formalism developed by Takens and
Verbitski[26] to describe multifractal spectra as well as to connect it with other
fields, namely the study of growth rates of Kleinian action groups on the hyperbolic
plane and the setting of formal thermodynamic relationships. More recently, Pesin

and Zhang[24] developed a formalism for continuous maps on compact spaces which
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admits the so called inducing schemes. In [5], [22], [11] were treated issues related
with the study of the “dimensionless” of subsets of the multifractal sets.

For expansive homeomorphisms f : X — X with the specification property and
with X a compact metric space, we have considered|[21] a decomposition of the the

entropy spectrum level sets K, = {z € X : h, (f,z) = o} of the form

(2) Ko= |J (KayUTI).
VeRt

The entropy h,, (f,z) there considered is the usual local entropy|[8] whereas the
sets K, v are special sublevel sets and 7 is the irregular part of the decomposition. It
was established that hiop(f, Ko v) = hiop(f, Ka) for a set of values of V. That work
extended results of Jordan and Pollicott [15] obtained taking a finer multifractal
decomposition for the dimension spectrum of C? unidimensional maps.

The aim of present note is to obtain a similar result but for systems with non-
compact phase space. The dynamical systems to be considered are now Markov

subshifts

(3) Yip= {w = (Wn)pez wn € A, B(wi,wig1) =1, forie Z} ,

with A an infinite countable set and B : A x A — {0, 1} its incidence matrix. This
symbolic space is endowed with a dynamical structure considering the Bernoulli
shift o : XX p — XF 5, (0w),, = Wn1-

We shall prove the following result:

Theorem: Let ¢ : ¥ ; — R be a map with an equilibrium state s, which
is assumed to be different from the measure of the maximal entropy pmq,; and let
€ () = hiop(0, Ka) be the spectrum of local entropies. Then, for a parameterization

of levels a(q) there exists a finer decomposition K, (q),v(q) such that & (a(q)) =

o(q)
E(a(q),V(q) = hiop(o, Ka(q),v(q) for V(q) large enough.

One interesting geometric aspect of the countable alphabet subshifts is the mod-
elling of flows on non-compact surfaces. In particular the geodesic flow on the mod-
ular surface M = H?/SLy (Z) is symbolically represented by a countable Markov
subshift. Moreover, it was conjectured by Sinai that geodesic flows on non-compact

manifolds can be always modelled by countable alphabet subshifts. An important
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contribution to approve this conjecture is the work of Gurevich and Katok[12] who
obtained a coding for geodesics in the surface H2/SL (Z).

Of important aid to prove the theorem will be the thermodynamic formalism for
countable alphabet subshifts introduced by Mauldin and Urbanski[16], which we
have also used to describe the multifractal spectrum of local entropies for Markov

systems with infinite alphabet.

2. PRELIMINARY DEFINITIONS AND FACTS

We begin by the recalling the definition of topological entropy for non-compact
sets. Let f: X — X be a continuous map and (X, d) a compact metrizable space.
Let U = {Uy,...,Un} be finite covering of X and a string is defined as a sequence

L = (4y,0q,....,0n,_1) such that {er, - U[nil} cU,t; €{1,2,..N}. The length
of the string

L = (bo,¥y,...,0,_1) is denoted by n (L) = n. Let us call W,, (/) the set of the
strings L with length n for the covering U.

Let

X(L)=Up fH Uy)N..n f (U, ),

it Z C X it says that Il = {L = (€o, {1, ..., €n—1)} covers Z if

zc|Jx(@.

Lell

For any real number s:

M (Z,U,s,n) = 1rﬁsz€;[exp (—sn (L)),

where the infimum is taken over all the collections of strings IT C W, (U) which
cover Z .
Let

MU,Z,s)= lim MU,Z,s,n).

n—oo

There is an unique number § such that M (U, Z,.) jumps from +oo to 0, now let

hiop (f, Z,U) =5 =sup{s: M (U,Z,s) =+oo} =inf {s: M (U, Z,s) =0}.
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Finally the number
4) hiop (f, Z) = A(lbi{r)n hiop (f, Z,U), A (U) = diameter of U
—0

is the topological entropy of f restricted to Z.

When X is not necessarily compact then we set

hiop (fs Z) == sup {hwp (f,ZNK): K C X and K compact}, it holds that if
Z C K C X C and K is compact then

hiop (f, Z) = hiop (f, Z) , indeed

hiop (f+ Z) = hiop (f, ZNK) = hiop (f, ZNK) = hyop (f, Z) .

Now we revise the main results of the Mauldin and Urbanski thermodynamic
formalism which is a main ingredient to be used. Let us consider subshifts like
those defined in Eq. (3). The space X% 5 is endowed with the metric d; (w,n) =
exp (—t (N — 1)), where N is the length of the maximal initial common of symbols
of sequences w and 7. By Q* is denoted the space of finite B—admissible sequences
and by €2 the space of admissible sequences of length n, i.e. the elements of €2
will be strings wiws...w, with B(w;,w;+1) =1, for any i = 1,2, ..., n. The length of
a finite string w is denoted by |w|. For a sequence w € X% p the expression I1,,(w)
means its truncation to the first n symbols.

An incidence matrix B is irreducible if for any i, j € A there exists some sequence
in ¥ whose first symbol is ¢ and the last one is j. A matrix B is finitely irreducible
if there exists a set A C * such that for any 4, j € A there is a sequence belonging
to A that links 7 with j.

A matrix B is primitive if there exists n such that for any i,7 € A there is
a sequence of length n, wiws..w, € O with w; = ¢ and w, = j and is finitely
primitive if there exists a set A C Q* formed by strings of the same length such
that for any i, j € A there is a sequence wiws...w, € A such that iw ws...w,j € Q*.

If we X5 g, then the cylinder of length n which contains w is the set

() CM(w) ={n € XX p : n(w) =T (n)}

and by C™ is denoted the set of all cylinders of length n.

For a potential ¢ : ¥ 5 — R, the topological pressure of 1 is the number
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(6) P(4,0) = lim L 1og > eXp( sup {(Sn(¢))(n)}> ;

n—oo N,
w: Ty, (w) ey n€Cn(w)

where S, (¢) (x) = nz ¥ (0% (x)) (statistical sum). Let us denote Z, (1) =

1=

> eXP< sup {(Sn(w))(n)})

w: I, (W) n€Cn(w)

A potential v is called acceptable if it is uniformly continuous with respect to

the metric d; and

osc(y)) :=sup; {sup ¢ |¢, —inf ¢ |, } < oo, where C; = {w : Ilp(w) =i} .
Let F' a finite subset of the alphabet A, the topological pressure restricted to F

is

(7)) Pr(¢,0) = lim L 1og >, eXp< sup {(Sn(w))(n)}> :

n—oo N
Wi, () EQANF™ NE€Cn (WNF)

where C"(wN F) = {n € FA:I,(w) =H,(n)}.

Theorem (Approzimation theorem[16]): If ¢ : X% p — R is acceptable and the

incidence matrix B is finitely reducible then

P (¢,0) =sup{Pr (¢,0) : F C A finite}

Theorem (Variational principle [16]): Let the symbolic dynamical system
(ij, B 0’) where the incidence matrix B is finitely irreducible, and let ¢ : EE&, 5 — R
be acceptable. Then

P () =sup {n, o)+ [ vau}.

where the supremum is taken over all the o—invariant measures with f wdp > —oo
and h,, (o) is the usual measure theoretic entropy.
If B is finitely primitive then P (¢, 0) < oo if and only if Z; (¢) < oo.
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An equilibrium state for the potential ¢ is a measure p,, such that P (¢,0) =
hliw (O-) + fd)d,uw

A Gibbs state associated to a potential i is a measure p, such that for any
positive integer n and for any w € X% p with |w| = n , there are constants Ay, Ay > 0

such that

< po (C" ()

~ exp (—nP (¢,0))exp (sup {Sn (¢ < Ao

8
) o)D)

To ensure existence and uniqueness of Gibbs states the following special class of
potentials must be considered:
Let us call S to the class constituted by the potentials ¢ : ¥ 5 — R satisfying

the next conditions:

D V@) =3[ suwp ) = p ] < oo

n=1 wyn:n'rz(w):l_[n(n
2) > exp(sup g |¢,)) < oo, where C), = {w : Iy(w) = n}.
n=1

If the incidence matrix is finitely irreducible then the Gibbs states are eigenmea-

sures of the conjugate of the Ruelle operator[25]

(9) L=L,:C(EXp)—C(XX5p)
Ly@)(w) = D expd((nw)e((nw)),
n:B(n,wi)=1

where (n,w) denotes the sequence nwiws... To be really an eigenmeasure of the
conjugate Ly, (¢) () = pu(Ly (¢)) a Gibbs state should be restricted the action of
the operator to a special class of functions. Notice that if £, acts on the class S; then
|ILy]l, < oo. Thus if ¢ € S; and the matrix is finitely irreducible then there exists
an ergodic measure f1y such that £, (1) = Apy, where A = exp (P (¢, 0))[16]. For
the uniqueness of Gibbs states the incidence matrix should be finitely primitive.

The analytical properties of the pressure are established in the following way[16]:

Let the space
Ho = {¢p : I*®* — C bounded and continuous}, here we take I = N. and let
He ={y € Ho : M;(¢)) < oo}, where
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M) = inf (L5 [ @) — % ()] < Ldy (w,m), w1 =m} < 00 (My(¥) < o0 im-
plies 9 acceptable).

The space H; is endowed with the norm

¥, == llvlly + M¢(¢p). Thus this space is Banach.

If v € H; NS, for some ¢t > 0, and the incidence matrix is irreducible then there
exist an eigenmeasure of the conjugate operator £ which is a Gibbs state for .

Now we consider a renormalized operator Ly = exp(P (¢,0))Ly, the number
exp(P (¢, 0)) is precisely the spectral radius of £,[16]. Also is valid the following
estimation [16] for Lo : Hy — H;

}z:w) - [ v,

for some constants K,y (0 < v < 1) and py the Gibbs state associated to the

< Ky loll, »
t

potential ¢y € H;NS; From this estimation deduces that the spectrum of £y consists
in an isolated simple eigenvalue A = exp(P (1,0)) and a set contained in the disc
{lz] <A}

Let the operator L4 € L (H; N S) given by

Lop(@)= Y expl((nw)+ar((nw)¢(nw),

n:B(n,wi)=1
then[16] the map ¢ — L, is differentiable for ¢ > 6 (¢, 7), where 0 (¢, 7) =
max {inf {q : sup {¢7} < oo}, inf{q:sup{v} +sup{qr}} < o0}.

By the perturbation theory of analytic dependence of an isolated eigenvalue,
holds that the map
(g,s) — P (q¥ + sT,0) is real analytic in both the two variables for ¢ > 0 (¢) :=

inf{q: P(q,0) <o}, s> 0, 7)

The derivative with respect to ¢ of the pressure function is given by

dP (q¥ + sT,0)
(10) (dq ‘q:qo: /wduqow+3?7



DECOMPOSITION OF ENTROPIES SPECTRUM ... — JDSGT VOL. 8, NUMBER 1 (2010) 79

for ¢ > 6 (¢) and where pg,y+s7 is the Gibbs state for the potential gt + s7 €
H,N'S. Also the maps , 7 must verify that [ (|¢] + |T]) dpgep—s7 < oc.

Let the “free energy” T (q) = Ty, (¢) := P (q¥,0)—¢P (¢, o), now if the potentials
are in the class Ht NS then the free energy is real analytic for ¢ > 6 () and

T (q) = [vdug — P (¢, 0), with u, the Gibbs state associated to the potential
qp — P (i, o).

Recall the topological entropy for non-compact phase space,

hiop (0,2) :=sup {hyop (0, ZNK) : K C Y% p with K compact and o — invariant } ,

in this case compact means a finite alphabet subshift, and let (approximation the-
orem and variational principle)

h(o)=P(0,0) =sup{h (o |k): K C X% 5 with K compact and ¢ — invariant }

=sup{hy (o) : p is o — invariant},

thus

h(o,Z) =sup{h (o |k): K C Z with K compact and o — invariant}

=sup{hy (o |k): pis o — invariant} .

We have

h(o,K)=h(0,ZNK) = hop (0,ZNK), so that h(0,2) < hiop (0, Z) .

The other inequality also holds, in fact

hiop (0, ZNK) = h(0,ZNK) =sup{hu (o) :p (ZNK) =1} < h(0,Z), then
h(0,Z) > hiop (0, Z) . In this way we have,

Etop (G7Z> = htop (Uvz) = h(O’,ZﬂK).

In view of this we shall denote the topological entropy in X7 5, also by ey

The multifractal description for the spectrum of local entropies in the case of
countable alphabet subshifts was done as:

Theorem[17] : Let X% 5 = {w=(wn)pez :wn € A, Blwj,wiz1) =1, fori e Z}
be a subshift of finite type, whose incidence matrix is finitely primitive and v :
Y% s — R belonging to the class S, or H; NS according to the differentiability
or analyticity properties of the free energy desired, and with [ ¢du > —oo for any
o—invariant measure p. Let () 1= htop (0, Kqo) , with Ky = {w : by (0,w) = a},
o € (ag, o), now if a(q) = =T (q) then E(a(q)) = T (q) + qa(q). Besides the free

energy T (g) is strictly convex.
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The free energy T (q) is real analytic for any g € Iy C {q: P (q),0) < 00}, so the
spectrum &(«) is analytic in the interval for @ € (o, as), such that T (q) € (o, as)
when ¢ € I;. Notice that in the case of countable subshifts the spectrum is not in
general bounded, it may be unbounded for values gg < inf {q : P ((]1Z7 0’) < oo} .

Thus T (¢) has a Legendre transform L(a) = inf {T (q) 4+ g : ¢ € R} which is
strictly convex. We have that L(a) = q if @ = —T'(q), with the values of ¢,
for which the free energy and the legendre transform are analytic. So it can be
deduced that the Legendre transform of T'(¢) is precisely £(«) and (T, &) form a
pair of Legendre,i.e.

E(a) = inf{T(q) +qa:qe R} and T (q) = sup{&(a) —qa: a € (a;,as)}. If
q is interpreted as inverse of the temperature in the free energy function T (q),
then the parameter o may be the internal energy per volume and &(«) the internal
energy. In this way the spectrum is described by the family of measures {u,} and
the Legendre pair (T, €).

3. FINER STRUCTURE OF THE SPECTRUM OF LOCAL ENTROPIES FOR COUNTABLE

ALPHABET SUBSHIFTS

We shall consider symbolic spaces

YXp= {w = (Wn)pez 1 wn € A, B(wij,wip1) =1, forie Z} , with incidence ma-
trix finitely primitive and we work with potentials in the class H; N'S. These condi-
tions ensure regular properties of the free energy. The law of the iterated logarithm
presented in[10] is formulated in a dynamical context as:

Let ¢, ¢ € H¢ NS with [ ¢duy = 0 and such that the variance Var(¢, py) :=
J ?dpy is strictly positive then

nl:n;o j% = \/W for p—a.ew € XY p.

The condition Var(¢, uy) > 0 is verified for the potentials pg # fimax 5 fy 7
max ,Where fimax is the measure of maximal entropy, i.e. the measure associated
to the potential ¢ = 0. This is due the classification of Gibbs states given by the
Mauldin-Urbanski formalism. The condition fy 7# ftmax is equivalent to 7 not
being cohomologous to a constant function.

Let C™(w) be the cylinder of length n containing w (cf. eq. 5); the upper and

lower measure-theoretic local entropies can be defined (the partition by cylinders is
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a generator) by
— 1
hy (0,w) = lim sup —— log pu (C"(w))
n— 00 n

— n—oo

1
hy (o,w) = lim inf ——log p (C™(w)) .
n
By the Brin-Katok theorem[8], the local entropy does exist, i.e. h, (o,w) =
hy (0,w) = hy (o,w) for p—a.e. w € X7 .

Consider now the multifractal sets

(11) Ko ={weXXp:hy(ow)=a},

with a finer decomposition

(12) Kov = {w €EXAB: livirlsolip % = V}

Now we reformulate the result of this note:

Theorem : Let 1 be a potential in the class H; NS with fty 7# fmax , OF
equivalently 1 not cohomologous to a constant, if a(¢) = —T'(q) = P (¢,0) —
J dpg and E(@) = hyop (0, Kq) then € (a(q)) = E(a(q),V(g)), for ¢ € I C
{¢: P(q¥,0) < oo} and for enough large V(q).

Proof: Let ¢ := ¢ — P (¢,0) —a(q) = ¢ — [ dug, we have [p,du, = 0, where
Htq is the Gibbs state associated to the potential g — P (¢, 0), or what is the same
to qi because the addition of a constant gives the same Gibbs states By the law of

the iterated logarithm

: S (1bg) (W)
1 1 — = ,/2V .
(13) 1TrLrLsOLC1)p vnloglogn ar(Va, fta)
. Sn (¥g) (W) . Sn () (W) —n(P (¥,0) — a(q))
he other h 1 4 =1 =
On the other hand lnI,n—>Sol<l>p Toglog n lfl;n—?olip Toglog n

Jimn sup © (C"(w)) —na(q)

n—oo vnloglogn

cial value V(q) = Var(yq, tq), with law of the iterated logarithm. Hereafter we will

. So that the claim of the theorem is verified for the spe-

try to find values greater than V(q).
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By the mentioned classification of Gibbs states if py # ftmax then S, () (w) #
0 for some w € P, (o) = {w:0"(w) =w}, therefore, in particular, there exist
sequences w,w’ € Y% p which are fixed points of o with ¢ (w) # 0,% (') # 0.
Let II,, (w) and II, (') be the respective truncations of w and w’ to the n—first
symbols. Each cylinder C™(w) can be represented by the image of Y% p under
contractile transformations {C; : i € Z}, and let us denote Cry,, () = Copwy..on_1 =
Cu,_, ©...0C,,. Given the word 7o7;...7,_1 let n = Cpy,, ()(w) and let us define the
number 7, - (w) by the condition

Sn () (1) = Sn (V) (Crory 7y (W) =

'Ynn(T)(w)Sn (1/’) (OHn(w) (w)) + (1 = Y (n (w))sn (7/}) (CH,,L(w’)(w)) .

Since the partition by cylinders is generating

‘ l‘im Cr, (v)(w) = w and ‘ l‘im Cr, (v (w) = W'

For a potential 1 let

Une = {C"(w) : C"(w) N {n:|S, (¥) (n)| < e} # @}, then for any sequence T =
TOT1...Tp—1... let us introduce perturbations S, x (¢) (w), A € (0, 1), of the statistical
sum Sy, (¢) (w) defined, following [15], by

exp ((Sna () (Cr,(n (@) = (1=A) (exp(Sn () (Cr,,(r) (w)))) i C*(T) € Une

exp ((Sn)\ (¥) (Cnn(w)(w))) eTp ((Sn (¥) (Cﬂn(w)(w)))) +
A D T @eap ((Sn (¥) (C, ) (@)

Cn(r)EU

exp (S (¥) (Cn,, ) (W) = exp ((Sn () (Cr, w1y (W)))) +
A (U= @)eap ((Sn (¥) (Cr ) ())))

Cn(T)EUn e
On cylinders corresponding to other contractions the statistical sums are not

modified.

Let us consider the Ruelle operator[25]

(14) Ly(@)= D exp((nw)]é((nw)

n:B(n,wi)=1

where recall that (n,w) is the sequence nwjws..
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Similarly to [21] can be established that Lg, (4 (1) = Lg,(y) (1) and also
Ls, \()Sn (9) = Ls, (4)Sn (¢). The only precaution is the narrower class of po-
tential considered due the lack of compactness of the phase space.

Like in [21] can be assumed, without loosing generality, that any pair of potentials
¥, ¢ satisfy Ly = 0 and L1 = 1. This is done by considering adjusted potentials
1 =1 — P (,0), since the spectral radius of L, is exp(—P(1)))[25] we get L5(1) =
exp(—P(1))) = 1 (recall that the Gibbs states are not affected by adding constants
to the potentials). We have that ‘ Z)wHt < Cp™ |||, , for some g € (0,1). Thus if

[&.°]
¢ = > L1 then this series converges in (H; NS, |[[[,) -
n=1

Let J =19 — Cy¢ + ¢, where C,, is the composition operator Cy¢ = ¢ o f, thus

Ly(Cod) = ¢ and
ﬁd,zz = Ly — ¢+ Lyd = Ly — Lyt = 0.Therefore can be assumed

that  Lg, gy (1) = 1, Lg, ,(4)5 (¢) = 0 and consequently, Lg, () (1) = 1,
Ls, \@)Sn (¢) = 0. Since [du, = [¢dLy(u,) = [Lythdp, = 0 we have
Ly =0 then [du, = 0.

It holds that

lim = (S, (1) (Cit (uy (@))) = i ~($(Cr, oy (@) + (0 — 1)) = & = ()

n—oo N n—oo n

and similarly

lim (S, () (Cri, (@) = & 1= Y().

n—oo N

For the class of potentials considered is verified a bounded distortion property in

the following way:

|Sn Ew) (Cr1,y () (@) = Sn(Crr,y () (W)
<X 1% (0" (Cri ) (@))) = % (0 (Cr, () (@)

< ngl Mt(w)dt (Ui (CHn(w) (w)) y O (iCHn(w) (w/)))

1=0
< My ()

—t

1—et

di (0" (Crt, ) (@) 0 (*Cr, () (@)
thus for w,w’ in the same cylinder
Snth(Cr,, () (@) = K < Sn () (Cr,y o) (W) < K + Snt)(Cr,y o) (W)

Sn ("/’) (CHn(w/)(W/) -K <S5, (w) (CHn(u/)(w) <K+85, (1/)) (CHn(w’)(wl>7
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for some constant K, and so that

Sn (V) (Cr1,y () (W))? > (K +nd)*
Sn (1/1) (Cﬂn(w’)(w)2 > (K — né’)2.

Let p15 be the Gibbs state for the potential S, x (¢),
with the assumption Lg, | (4)Sn (¢) = 0, the above bounds lead to the estimation

(15) /Si (@) dpux = (K +10) 1ix(Cr,, () (@) + (K = 16")? ux (Cr, 01y ().

Let &€ (a (g)) the entropy spectrum for the level parameterization a (q) = —T' (q) =
P(¢,0) — [Ydug and g := ¢ — P (¢,0) — a(q), being [ ydug, = 0, where p, is
the Gibbs state for the potential gi) —gP (¢, 0) . If py 4 is the Gibbs state associated
to the potential Sy, x (q¢ — ¢P (¢,0)) then [ thgdur, = 0, since can be assumed
L5, x(aw-aP(,0))5n (¥g) = 0.

Let V(q) := Var(¢q, nq) and let us consider the map

A — Var(S,(vq), pirq), by the Mauldin-Urbanski thermodynamic formalism
this assignation is continuous, because p , is the eigenvector corresponding to
the eigenvalue exp(—P (S x (q¢ — ¢P (1,0)))) and the map A — P(S, » (¢q)) is
continuously differentiable.

If V(q) > Var(S, (1) , pto,q) then, by the estimations of eq.(13),

Var(Sy (¥q) , pxq) > V(g) and so there is a A € (0, 1) such that Var (S, (1) H3g)
= V(q). Therefore, by the law of the iterated logarithm

: Snm (¥g) (w) _ 7
lim sup quogm =1/2nV(q).

m— 00

Let r = nm + k, then

Sy (q) (W) _ Snm (g) () + Sk (1g) (6™ (¢))

Vrloglogr v/ (nm + k) log log(nm + k)

so that
. Sr (thg) (W) _ . Snm (Vq) (W)
lim sup ————= = limsu
o loglog e \/nmloglog(nm + k)
=4/ —limsup Sum (V) () _ 2V (q).

N m—oo v/mloglogm
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Thus € (a (q)) = € («(q),V(g)) , and the spectrum & (a (g),V(q)) is described by

the family of measures { gl - ]
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