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ABSTRACT. In this work, the Caputo fractional derivative is used to construct
the Lagrangian and the Hamiltonian formulations for nonconservative mechan-
ical systems. The Euler-Lagrange equations are derived using a variational
principle. Hamilton’s equations of motion are then obtained by introducing a
set of momenta and a Hamiltonian in a manner that is more consistent with
that used in conventional classical mechanics. The proposed formalism is ap-

plied to the damped harmonic oscillator, as an example.
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1. INTRODUCTION

It is generally known that modern classical mechanics deals only with conser-
vative systems; while almost all classical systems are nonconservative. Accordingly,
a number of methods have been proposed to handle this paradox [26, 5, 4, 8, 9, 22].
The most recent method is based on fractional derivatives [16, 14, 10, 17, 25],
which have played a significant role in various fields of science and engineering
[13, 15, 18, 21, 6, 27]. Riewe used fractional derivatives [24, 23] to obtain a version
of the Euler-Lagrange equation and Hamilton’s equations that are valid for both
conservative and nonconservative systems. Riewe’s work was generalized by Rabei
et al. [19] who used the Laplace transforms of fractional derivatives to obtain a
general formula for a potential of any arbitrary force, conservative or nonconserva-
tive. However, when Riewe applied his theory to the damped harmonic osscillator,
he assumed the left Riemann-Liouville fractional derivative to be equal to the right
Riemann-Liouville fractional derivative, which is not true.

Agrawal [1] attempted to solve the problem by regarding the left and right
Riemann-Liouville fractional derivatives as not equal. He applied the fractional
variational problem to obtain the corresponding Euler-Lagrange equation. The pas-
sage from the Lagrangian to the Hamiltonian formulation was achieved by Rabei et
al. [20]. These authors used the methods of ordinary classical mechanics to obtain
the Hamiltonian and Hamilton’s equations of motion.

The Euler-Lagrange equation derived by Agrawal was not applied for the damped
harmonic oscillator. Klimek [11, 12] used the symmetric fractional derivative to
derive the Euler-Lagrange equation and Hamilton’s equations for nonconservative
systems. The method was applied to the fractional harmonic oscillator and to the
classical frictional force that is proportional to velocity.

Recently, Agrawal [2] used the Caputo fractional derivative to derive the Euler-
Lagrange equation. He demonstrated that in this case the fractional initial condition
may be necessary. The fractional Hamilton formulation for systems described by
using the Caputo fractional derivative was given by Baleanu and Agrawal [3]. It
led to the same result obtained by the fractional Euler-Lagrange equaion of motion
derived earlier by Agrawal.

In this paper, we use the Caputo fractional derivative to construct a fractional

Lagrangian and Hamiltonian formulation for nonconservative systems. The set of
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momenta is introduced in a manner that is more consistent with that used in con-
ventional classical mechanics [7]. The proposed formalism is then applied to the

damped harmonic oscillator.

The plan of the paper is as follows: in section 2 the fractional Euler-Lagrange
equation is formulated by using a variational principle. Section 3 deals with frac-
tional Hamilton’s equations. In section 4 the damped harmonic oscillator is inves-

tigated, as an example. Section 5 represents the conclusion.

2. FRACTIONAL EULER-LAGRANGE EQUATION

In this section we present briefly the definitions of the left and right Caputo
fractional derivatives, together with the corresponding formulation of Lagrangian

dynamics by following the steps of the conventional calculus of variations.

The Left Caputo Fractional Derivative is given by

1 ¥ d
C na _ o m—a—1 m .
1) EDL1@) = gy || o= G (s
Likewise, the Right Caputo Fractional Derivative is
(2) Dy f(a) = ——— /b( —aynomt(—Lymp(ryg
Dy x_I‘(mfa)IT x I T)dT.

where « satisfies the relation m—1 < « < m and I" denotes Euler’s gamma function.

To derive the Euler-Lagrange equation for the nonconservative systems, we will

consider the Lagrangian.

(3) L= L(q,qn,q,1),

Where ¢, g, and q;L represent the generalized coordinate and their time derivatives:

(4) an = (S DF)"q(t)
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and

(5) q, = (D))" a(t).

Here 0 < «, 8 < 1, and n denotes the order of derivative defining the generalized
coordinate q (n=1,...,N).

Following the same pattern of the conventional calculus of variation used in
classical mechanics. One can derive the Euler-Lagrange equation by starting with

the integral.

b
(6) J= / L(q, qn, q,,, t)dt.
To apply the principle of variational calculus, we will define a family of curves:
(7) q(t) = q"(t) +en(t),

which satisfy the following boundary conditions:

(8) n(a) =n(b) =0,

indicating a fixed ends at a and b.

Since the Caputo fractional derivative is a linear operator, it follows that

(9) n(t) = g, (t) +enn(2),

and

(10) an(t) = a5, (£) +enf (D),

nn(t) and 1, (t) being defined as

(11) n(t) = (£ D) n(t);

(12) i (8) = (D)™ n(0)-

Differentiating equation (6) with respect to €, we obtain.
dJ 8L 8q oL Bqn 8L 6qn
=/, Bqae Z g, e aq, 0

(13)
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Using the relation between the Riemann-liouville and the Caputo fractional deriv-

ative, which can be written as [2]:

(14) EDpA(1) =0 DER(E) — Fr—gyila)
and
(15) EDg0(0) = D) ~ {2,

the second term on the right in Eq. (13) can be written as:

b N
oL
/ 6 n'n dt - A nz:l(a

b N _
oL . e
— [ G GDEY () = ——nta)) e
o =1 Oan
substituting Eq.(8) in Eq.(16) we get.

b N
(7) / G = [ 3Dt

using the formula for integration by parts in fractional calculus [1] with the following

boundary conditions are fulfilled

(18) %@ - %«» -
Eq.(17) becomes
(19) / (o Yna(t)dt = / Z(tD?)”(%)n(t)dt

Similarly, the third term in Eq.(13) can be written as:

(20) / g]i N (t)dt = / Z (D))" (5 )ndt.

@ n=1
substitution Eq. (17) and Eq. (20) in Eq. (13), we will get
N

CI N /( 77+nz:1 +Z<QDE>"<8L,>n)dt.

—~ 0q,
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For the integral in Eq. (6) to be extremum, the value of (Z—‘E])should be equal to

zero. This gives the Euler-Lagrange equation

N N
(22) Z—j + “D?)”(ST? n Z<aDE>“<§7L/> 0.

n=1 n=1

In the limit N — 1 and o — 1, we obtain the classical Euler-Lagrange equation.

3. HAMILTON’S EQUATIONS

Introducing the set of momenta as:

oL / oL
23 Pn = ; Ppn= 57—
( ) n 6q(n+1) n aq (n+1)
and the Hamiltonian
N—1
(24) H=>" pulins1) +Paldins1) — L(@ Gns G0 1),
n=0
we have,
N—1
dH = Z A(n+1)dPn + Pndq(n+1) + Qi) Py + Prdd(ngry
n=0
N N
oL oL 0L + OL
*ffzfqn - dg, — —dt
aq = oqn, — g, ot
N-1
oL
(25) = > qm+1)dpn + (Pn — 57— )dq(n
; (n+1) ( 8q(n+1)) (n+1)
N-1
’ ’ ’ aL ’ aL aL
+ Z A(n+1)dPy + (P — aqli)dq(n+1) - (‘quq - adt
n=0 (n+1)
N—1
/ / oL OL
- dpn dp, — =—dq — ==dt
HZ:;) 4(n+1)4Pn + q(n41)4Pn dq q ot

This means that the Hamiltonian is a function of the form.

H = H(q,pn,pPn,t)-
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The total differential of this Hamiltonian reads

OH

op),

/ 0H

OH N ooH
2 dH = —"dq + = dp,, +
(26) T ;(apn D

Comparing Eq.(25) and Eq.(26), we get the following Hamilton’s equations of mo-

tion:

(27) B = sty
(28) g}% = Qo r);
(29) e
0 on__ov

The Euler-Lagrange equation (22) then gives

oL a L. N, 4., 0L
- = D) () — oY) (57);
0 =~ 0P (50~ P ()
N-1 N-1
oL oL
(31) - Doyt _ aDB n+1 g :
;(t )" Gy ;( v) (7(9%“)
N-1 N—1
== "Dy (pn) = 7 (WD) (py).
n=0 n=0
Substituting Eq.(31) in Eq.(29), we get
Y N-1
a(n+1 n ¢
(32) T = 2 D)+ 3 WD ,).
n=0 n=0

In the limit N — 1 and o,3 — 17, we obtain the set of classical Hamilton’s

equations of motion.
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4. EXAMPLE

Consider the following one-dimensional Lagrangian with left-hand coordi-

nates given by

1 1 1y
(33) L= §WQ§ - 57“13 + 5(‘11)27
Where
1 1 .
a1 = D% qo; a2 =SD,q = q.

Applying the Euler equation (22), we get.

oL 1 9L d 0L
4 —— 4D () — — (=) =0;
(3 ) aq0+t b(aql) dt 36]2) 0;
(35) —kqo +¢ DZ (i7)q1 — mga = 0.

Using the relationship between the Reimann-Liouville and the Caputo fractional

derivative, Eq.(35) becomes

1 1—¢t)—« .
(36) ko +¢ DF i) + g (6) s = 0
According to Eq.(18)
l .
(37) —kqo +{ D (iv)q1 — mdy = 0

We can relate the left and the right Caputo fractional derivative of order ( %) as

follows.
(39)
b x b
| =t = [ -0t e+ [ -t (G

x b
= [T - s - [ =) 0=y pdr

= 1()(()F DE 7(@) € D (=)

by taking the limit b — a™ of Eq. (38)(Klimek, 2001), one gets.

S ol

(39) () Diw = (CDEx).
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Substituting this formula in Eq. (35), we obtain.

1
(40) —kqo + (i§ DZ ) (iy)q1 — mgz = 0.
Thus,
(41) kqo + vg2 + mgz = 0,

Which can be written as
(42) kqo + ~go + mdy = 0.

Equation (42) represent the canonical equation of motion for the Damped Harmonic

Oscillator.

Now, let us apply the Hamilton’s equations to the Lagrangian in Eq.(33).

According to Eq. (23), the set of momenta can be calculated as

oL
(43) "= ba,
= 1Yq1;
and,
oL
(44) p1= 5'7q2
= mqaz.

Then, the Hamiltonian takes the following form

H = poqy +p1g2 — L

1 1 iy
= Poq1 +P1G2 — 5mq§ + ikqg - E(J%
; 2
—ipo p1 R TR R
= _— ) — = _— 7]{} —_ —(——
. 2 . 2
—ipy P 1, o ing
ST Tap TRty
2 2
—*Po b1 1,5
— + -k
2y | om T2
Applying the set of Hamilton’s equations
OH _ —ipy
(46) Ipo gl

= dq1;
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OH _
(47) dp1  m
= g2,
we have
N-1
oH O 3 (n+1)
. = Z D¢ (pn)
t b i
aqo n=0
(48)

1
kao = (D¢ )(po) + (7 Dy) (p1)
1
1 d
= (D) (ivar) = - (mas)
Making use of Eq.(39), we have

kao = (1)(€DE)(ivg1) — mas

(49) = —Yq2 — Mg
= —YGo — Mqo;
or
(50) kqo + vqo + mdgo = 0,

Which is the canonical equation of motion for the damped harmonic oscillator.

5. CONCLUSION

In this paper, we have obtained the Euler-Lagrange equation and Hamilton’s
equations for nonconservative systems by using the Caputo fractional derivatives.
These equations are then applied to the damped harmonic oscillator, as an example.
We note that both the fractional Euler-Lagrange equation and Hamilton’s equations
give the same equation of motion; this is the same as that obtained in Newton’s
mechanics. It will be interesting to apply the same procedures to other examples
in physics, such as the Brownian-motion problem.

When we consider a Lagrangian containing a derivative of integral order only,
the equations reduce to those in conventional classical mechanics. Also the set
of momenta introduced is considered more consistent with that used in ordinary

classical mechanics.



LAGRANGIAN AND HAMILTONIAN ... — JDSGT VOL. 8, NUMBER 1 (2010) 69

REFERENCES

1

Agrawal O. P., Formulation of Euler-Lagrange Equation for Fractional Variational Problems,
J. Math. Anal. Appl., Vol 272, 368-379 (2002).

Agrawal O. P., Generalized Euler-Lagrange Equations and Transversality Conditions for FVPs
in Terms of the Caputo Derivative, J. Vib. Contr, Vol 13, 1217-1237 (2007).

[2

[3] Baleanu D. and Agrawal O. P.,Fractional Hamilton Formalism within Caputo’s Derivative,

Czech. J. Phys, Vol 56, 1087-1092 (2006).

Callen H. B. and Welton T. A., Irrevesibility and Generalized Noise, Phys. Rev., Vol 83, 34-40

(1951).

[5] Celeghini M. Rasetti M. Tarlini M. and Vitiello G., Squeezed States as Damped Oscillators,
Mod. Phys. Lett. B, Vol 3, No.16, 1213-1220 (1989).

[6] Chen W. and Holm S., Fractional Laplacian Time-Space models for Linear and Nonlinear Lossy

[4

Media Exhibiting Arbitrary Frequency Power-Law Dependency, J. Acoust. Soc. Am., Vol 115,
1424-1430 (2004).

[7] Goldstein H., Classical Mechanics, 2nd edn., Addison-Wesley, Massachusetts (1980).

[8] Gruver J. L. Aliaga J. Cerdeira H. A. and Proto A. N., Phys. Rev. E, Vol 51, 6263-6266 (1995).

[9] Hasse R. W., On The Quantum Mechanical Treatment of Dissipative Systems, J. Math. Phys.,
Vol 16, No.10, 2005-2012 (1975).

[10] Hilfer R., Applications of Fractional Calculus in Physics, Singapore, 2000 (World Scientific).

[11] Klimek M., Fractional Sequential Mechanics-Models with Symmetric Fractional Derivatives,
Czech. J. Phys., Vol 51, 1348-1354 (2001).

[12] Klimek M., Lagrangian and Hamiltonian Fractional Sequential Mechanics, Czech. J. Phys.,
Vol 52, 1247-11253 (2001).

[13] Mainardi F. Luchko Y. and Pagnini G., The Fundamental Solutions of the Spacetime Frac-
tional Diffusion Equation, Frac. Calc. Appl. Anal., Vol 4, 153-192 (2001).

[14] Miller K. S. and Ross B., An Introduction to the Fractional Integrals and Derivatives: Theory
and Applications, NewYork, 1993 (Wiley).

[15] Naber M., Time Fractional Schroodinger Equation, J. Math. Phys., Vol 45, No.8, 3339-3353
(2004).

[16] Oldham K. B. and Spanier J., The Fractional Calculus, NewYork, 1974 (Academic Press)

[17] Podlubny I., Fractional Differential Equations, New York, 1999 (Academic Press).

[18] Rabei E. M. Ajlouni A. W. and Ghassib H. B., Quantization of Brownian Motion, Int. J.
Theor. Phys., Vol 45, No.9, 1613-1623 (2006).

[19] Rabei E. M. Alhalholy T. and Rousan A., Potantial of Arbitrary Forces with Fractional
Derivatives, Int. J. Mod. Phys A, Vol 19, 3083-3092 (2004).

[20] Rabei E. M. Nawafleh K. I. Hijjawi r. S. Muslih S. I. and Baleanu D., Hamilton Formalism
with Fractional Derivatives, J. Math. Anal. Appl., Vol 327, 891-897 (2007).

[21] Raspini A., Simple Solutions of the Fractional Dirac Equation of Order 2/3, Phys. Scr., Vol
64, 20-22 (2001).



70 KHALDOUN M. TARAWNEH, EQAB M. RABEI, AND HUMAM B. GHASSIB

[22] Ray J. R., Lagrangians and Systems They Describe: How Not to Treat Dissipation in Quan-
tum Mechanics, Am. J. Phys., Vol 47, 626-629 (1979).

[23] Riewe F., Mechanics With Fractional Derivatives, Phys. Rev. E, Vol 55, No.3, 3581-3592
(1997).

[24] Riewe F., Nonconservative Lagrangian and Hamiltonian Mechanics, Phys. Rev. E, Vol 53,
No.2, 1890-1899 (1996).

[25] Samko S. G. Kilbas A. A. and Marichev O. I., Fractional Integrals and Derivatives:Theory
and Applications, Longhorne, 1993 (Gordon and Breach).

[26] Sentizky I. R., Dissipation in Quantum Mechanics: The Harmonic Oscillator, Phys. Rev., Vol
119, 670-679 (1960).

[27] Vance W. and Ross J., Master Equation Approach to Synchronization in Diffusion-Coupled
Nonlinear Oscillators, Phys. Rev. E, Vol 62, No.3, 3303-3310 (2000).



