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ABSTRACT. In this paper, an active backstepping design is proposed for con-
trolling chaotic Genesio system to a steady state as well as tracking of any
desired trajectory to be achieved in a systematic way. This method is also
applied to achieve chaos synchronization of two identical Genesio system with
each other. The proposed method, which is based on Lyapunov stability the-
orem, combines active control and backstepping methods. Numerical simula-
tions verify the effectiveness and feasibility of the method.
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1. INTRODUCTION

Chaos is a very interesting nonlinear phenomenon which has been intensively studied
during the last four decades. It is very common and has been detected in a large
number of dynamic systems of various physical nature. However, chaos is usually
undesirable in practice, and it restricts the operating range of many electronic and
mechanic devices. Recently, controlling chaos has attracted a great deal of attention

in science and engineering,.
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Nowadays, in order to achieve the control, stabilization and synchronization of
chaotic systems, different techniques and methods ([5]-[18]) have been proposed.
For instance, OGY method [11], differential geometric method [6], inverse optimal
control [12], feedback and nonfeedback control ([4],[14],[16], [2]), adaptive control
([13], [9]).-

In recent years, backstepping design ([10],[17],[19]) and active control ([15], [8],[3],
[1]) have been widely recognized as two powerful design methods to control chaotic
systems. Backstepping design can guarantee global stability, tracking and tran-
sient, performance for a broad class of strict feedback nonlinear systems. The active
control technique gives the flexibility to construct a control law so that it can be
used widely to control various nonlinear systems including chaotic systems. Conse-
quently, the main aim here is to use a combination of these two approaches, i.e., an
active backstepping method.

Active backstepping design ([20], [18]) is a systematic design approach and con-
sists in a recursive procedure that skillfully interlaces the choice of a Lyapunov
function with the design of active control. Besides, the control scheme can also
be used to track any desired trajectories in a systematic way and to achieve chaos
synchronization.

In this paper, we propose a novel active controller to suppress chaos in Genesio
system with certain parameters, based on the backstepping design. The effectiveness

and feasibility of the proposed control technique are numerically verified.

2. SYSTEM DESCRIPTION

The Genesio system proposed by Genesio and Tesi [7] is one of the paradigms of
chaos since it captures many features of chaotic systems. It includes a simple square
part and three simple ordinary differential equations that depend on three positive

real parameters. The dynamic equations of the system is given by

T=y
(2.1) §=2
i=—az —by —cz+a°

where z, y and 2z are the state variables and a, b and ¢ are real positive constants.
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With respect to the Genesio system (2.1) we have the following observations:

Lemma 2.1. For a > 0, b > 0 and ¢ > 0 the system (2.1) has two equilibria
0(0,0,0) and A(a,0,0).

Proof. Let
y=20
(2.2) z=0
—ar—by—cz+2>=0
Then the system has two equilibria, which are, respectively described as follows:

0(0,0,0) and A(a,0,0)

The Jacobian matrix of system (2.1)

0 1 0
(2.3) J = 0 0 1
—a+2x -b —c
To gain its eigenvalues, we let
|[A—X|=0
ie.,

(2.4) NreX 4+ +(a—22)=0

Let A=¢, B="0and C = a— 2x. According to Routh-Hurwitz conditions, with
respect to (2.4), the real parts of the roots are all negative if and only if A > 0,
C>0and BC —A>0,ie.,

(2.5) ¢ >0, a—2zx >0, bc — (a—2x) >0

Lemma 2.2. For system (2.1), we have the following results:

(i) if a > 0 and be > a, then O(0,0,0) is a stable focus

(i) if a > 0 and be < a, then 0(0,0,0) is a saddle-focus; it is unstable
(iii) if a > 0 and be + a > 0, A(a,0,0) is a saddle-focus; it is unstable.
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Proof. (i) and (ii) The Jacobian matrix of system (2.1) at 0(0,0,0) is

0 1 0
(2.6) J=10 0 1
—-a —b —c
whose characteristics polynomial is
(2.7) NreX4+bd+a=0

Equations in (2.5) implies that the real parts of the roots of (2.7) are all negative
if and only if

(2.8) c>0, a>0and bc—a>0

(iii) The Jacobian matrix at the equilibrium point A(a,0,0) is

0 1 0
(2.9) J=10 0 1
a —-b —c

and whose characteristic polynomial is
(2.10) MNireX4+bd—a=0

According to Routh-Hurwitz conditions , the real parts of the roots of (2.10) are

all negative if and only if
(2.11) ¢ >0, —a>0and bc+a>0

Since a > 0, the second condition in (2.11) can not hold, that is one of the eigen-

values has a positive real part. So, the equilibrium point A(a,0,0) is unstable. O

For a = 6, b = 2.92 and ¢ = 1.2, the Genesio system has a chaotic attractor as shown
in Figure 1. It has two unstable equilibria O(0,0,0) and A(6,0,0) by Lemma 2.2

3. ACTIVE BACKSTEPPING CONTROL OF (GENESIO SYSTEM

In this section we will use backstepping design method to design an active controller

for stabilizing the chaotic behavior of the Genesio system.
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Fi1GURE 1. Chaotic attractor of Genesio system

Let the target unstable periodic orbit of the Genesio system be w = (&, 7, 2)7,

which is itself a solution of the system (2.1) it satisfies
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Z = —ai — bj — c3i?

Thus, an important problem of controlling chaos in system (2.1) under investigation
here is to select an appropriate control function u(t) = (uy,us,u3)” such that the

trajectory of the controlled system

&=y 4 ui(t)
(3.2) Yy =2+ ux(t)

3= —ax — by —cz + 2% + uz(t)
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asymptotically approaches the target periodic orbit w, in the sense that
lim ||z —w|| =0
t—o0
where ||.|| is the Euclidean norm.
The subtraction of (3.1) from (3.2) now gives the following error system
é1 =es +up (t)
(3.3) éy = e3 + us(t)
é3 = —ae; — bey — cez + 2Fey + €3 + us(t)
where ey = — %, es =y — 9, e3 = z — Z are the error states. As long as the control
input can stabilize the system, the error vector e = (eq,es,e3)” converges to zero
as time t goes to co. This implies that the trajectory of the controlled system (3.2)
asymptotically approaches to the target unstable periodic orbit w.
Step 1.
Let z; = e; then we can obtain its derivative

(3.4) Zr=¢€r=extw

where ey = ;1 (21) is regarded as a virtual controller.
For the design of oy (z1) to stabilize z; —subsystem (3.4), we can choose the following

Lyapunov function

(3.5) Vi(z) = %Z%

The derivative of V; is

(3.6) Vi =z = 21(a1 +u)
If we choose oy = —pzy, (p > 0) and

(3.7 u; =0

then V; is negative definite, i.e.,
Vi=—pz <0, (p>0)

This implies that the z; —subsystem (3.4) is asymptotically stable. Since the virtual

control function ay(z1) is estimative, the error between es and «aq(z1) is

(38) Z9 = €2 — (1
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Then we obtain the following (21, z2) —subsystem

21 —pz1 + 22

(3.9) Zy = —p’z1 + pza + €3 + ua(t)
where e3 = a2 (21, 22) is regarded as a virtual controller.
Step 2.

In order to stabilize the (21, z2)—subsystem (3.9), we can choose a Lyapunov func-

tion V5 as follows

1
(3.10) Va=Vi+ 523

Its derivative is given by
% = 2121 + 2229
(3.11) = —p2? — 224+ 2((1 = pHz1 + (1 + p)za + an + us)

If @a(z1,22) =0 and

(3.12) uy = (p* —1)z1 — (14 p)2
then
(3.13) Va=—pzi — 25 <0

is negative definite, therefore (21, 22)—subsystem (3.9) is asymptotically stable.

Similarly, we assume that

(3.14) Z3 = e3 — Qs

then we can drive the following (21, 22, 23) —subsystem:
21 = —pz1+ 2

(3.15) Zo=—21— 22+ 23

23 = (—a+bp+2%)z — bzy — cz3 + 27 + us

Step 3.

We can choose a Lyapunov function V3 as follows

1
(3.16) Va=Va+ 523
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Its derivative is given by

Vs = 2121 + 2282 + 2323

(3.17) = —pz; — 29 — cz2 + 23((1 = b)zo + (—a + bp + 2%) 21 + 27 + u3)
If
(3.18) uz = (@ —bp —28)z1 + (b— 1)z9 — 27
then
Vs :—pzf—zg—czg <0

is negative definite, therefore (z1,z2,23)—system (3.15) is asymptotically stable.
Since Vj is negative definite, it follows that in the (21, 22, 23) coordinates the equi-
librium O(0, 0, 0) is global asymptotically stable. In view of z; = eq, 22 = ea—y(21)
and z3 = e3 — aa(21, 22), this implies that e, es and e3 go to zero asymptotically.
In other words, the trajectory of the controlled system (3.15) asymptotically ap-

proaches the target unstable periodic orbit w = (&, 7,2)7.

3.1. Numerical results. (Controlling chaotic behavior to steady states) For the
numerical simulation, we assume that the initial states of the controlled system (3.2)
are (x(0),y(0),2(0)) = (3,—4,2). The parameters are chosen as a = 6, b = 2.92,
¢ =1.2and p = 0.5. Figure 2 (a)-(b) show that the Genesio system can be stabilized
with control functions (3.7), (3.12) and (3.18) to the steady states O(0,0,0) and
A(6,0,0).

4. TRACKING ANY DESIRED TRAJECTORY

This section is to find a control law wu(t) so that a scalar output z(t) can track any
desired trajectory 7(t). We add control input u(t) = (ug,us,u3)” to the Genesio

system (2.1). Thus the controlled system is

T = Y+ Ul(t)
(41) y =z+ ’LLQ(t)

3= —ax — by — cz + 2% + uz(t)
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X,Y,2 X, Y,z
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Ficgure 2. Controlling Genesio system using active backstepping
design; (a) stabilization to steady state O(0,0,0), (b) stabilization
to A(6,0,0). The contol is activated at ¢ = 7. Red, blue and green

denote the x,y and z trajectories, respectively.

Assume that z; =  — r, then we can obtain its derivative
(4.2) i =—-7r=y—r

where y = a;(z1) is regarded as a virtual controller
For the design of oy (1) to stabilize x; —subsystem (4.2), we can choose the following

Lyapunov function
1,
(4.3) Vi = okl
The derivative of V; is
(4.4) Vi =2y =21 (00 +up —7)
If we choose ay(x1) = —px1 + 7, (p > 0) and
(4.5) u =0

such that V; = —pa? is negative definite. This implies that the z; —subsystem (4.2)
is asymptotically stable. Since the virtual control function «;(z;) is estimative,

define an error variable

(4.6) Tr=y—a
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We can obtain the following (z1, z2)—subsystem
L1 = —pr1 + T2
(4.7) &y = —px1 + pro 4+ 2 — F + us

where z = as(x1,x2) is regarded as a virtual controller.
Step 2
In order to stabilize the (z1,x2)—subsystem (4.7), we can choose a Lyapunov func-

tion V5 as follows

1
(4.8) Vo=V + Sa3

Its derivative is given by
Vz = T121 + Tado
(4.9) = —pai — z2 + 22((1 — p*)z1 + (L + p)zs — F + us + ao)
If as(z1,22) =0 and
(4.10) us = (p> — Dy — (1 +p)ay + 7

then
Vs = —pr? — 25 <0

makes (1, z2)—subsystem (4.7) is asymptotically stable. Similarly, assume that

T3 = z — ay then we obtain the following subsystem

T1 = —pr1 + T2
(411) Ty = —X1 — X2

i3 = (bp — a + 2r)x; — bry — cxs + 22 — ar — b + 12 + us

In order to stabilize the (z1,z2, x3)—system (4.11), we choose a Lyapunov function

V3 is given by

Vi =zi21 + 2222 + 2323

(4.12) = —pa? —xy — cx2 + 23((bp — a + 2r)x; — bas + 27 — ar — bF + 1% + u3)
If we choose

(4.13) uz = (a — bp — 2r)xy + bry — 27 + ar + by — 1
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then Vs = —pa?—a3—ca? < 0, therefore (1, 2, x3)—system (4.11) is asymptotically
stable. Since Vj is negative definite, it follows that in the (x1,z2,z3) coordinates
the equilibrium O(0,0,0) is global asymptotically stable. In view of ; = z — 7,
xo =y —ai(r1) and 3 = 2z — as (w1, x2), this imlies that the output trajectory z(t)

of the controlled system (4.1) asymptotically approaches the target trajectory r(t).

4.1. Numerical results. (Tracking a desired trajectory) In simulation, the pa-
rameters and the initial states of the controlled system (4.1) are chosen as a = 6,
b=1292 ¢=1.2,p=0.5 and (2(0),y(0),2(0)) = (3, —4, 2), respectively. Figure 3
shows the scalar output track the desired trajectory r(¢) = 3sint¢ with the control
functions (4.5), (4.10) and (4.13).

x-3sint

20 40 60 80 lOOt

FIGURE 3. Track of r(t) = 3sint

5. SYNCHRONIZATION OF GENESIO SYSTEM

We assume that there are two identical Genesio systems playing the roles of drive

system and response system, respectively. Here, the drive system is described by

T =y
(5.1) 1=z

2 = —axry —by; —cz + :L'f
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and the response system is given by

To = Yo + ul(t)
(5.2) Y2 = 22 + ua(t)

39 = —axy — bys — czo + T3 + us(t)

where a,b,c are positive constants. We have introduced three functions uq,us and
ug in (5.2). These functions are to be determined. Let us define the error states
between the response system (5.2) that is to be controlled and the drive system
(5.1) as eg = x9 — x1, €2 = Y1 — Y2, €3 = 29 — z1. Subtracting (5.1) from (5.2), we

obtain the error system

€1 = eg + Ul(t)
(5.3) é = e3 + ua(t)

é3 = —ae; — bey — ces + 2x1e1 + €2 + uz(t)
Repeating the above design technique we obtain the control functions

iy =0
(5.4) i = (p* = 1)z — (1 +p)z

i3 = (a—bp—2x1)21 + (b— 1)z9 — 27

to make the zero solution of system (5.3) is asymptotically stable. Also, the output
trajectory of the controlled system (5.2) asymptotically approaches the trajectory
of the system (5.1).

5.1. Numerical results. (Synchronization of Genesio chaotic systems) The initial
values of the drive and response systems (5.1) and (5.2) are (z1(0),y1(0),21(0)) =
(3,—4,2) and (x2(0),y2(0),22(0)) = (1,2,5), respectively, while the initial states
of the error system (5.3) are (e1(0),e2(0),e3(0)) = (—2,6,3). The parameters are
taken as a = 6, b = 2.92, ¢ = 1.2 and p = 0.5. The dynamics of the errors for the
drive system and response system are shown in Figure 4. Figure 5 (a)-(c) display
the time response of states determined by drive system and the response system

with the control functions (5.4).
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FIGURE 4. Synchronization error eq,es and ez with time

= 4
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F1GURE 5. Synchronization of two identical Genesio systems with
each other; (a) trajectory of the drive system, (b)trajectory of the

response system, and (c¢) synchronization

6. CONCLUSION

In this paper, we have proposed an effective control method for controlling chaotic
Genesio system based on active backstepping design. The proposed technique en-
ables stabilization of chaotic motion to a steady state as well as tracking of any desire
trajectory to be achieved in a systematic way. Chaos synchronization of Genesio

system is also achieved using that technique. The advantage of this method can
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be summarized as follows: (i) this systematic design approach does not need to

calculate the Lyapunov exponents and eigenvalues of the Jacobian matrix; hence it

is simple and convenient; (ii) the design method can overcome the controller sin-

gularity problem resulting from the nonlinear term of quadratic type [10] and [19];

(iii) especially, it gives the flexibility to construct a control law so that the control

strategy can be easily extended to other chaotic systems no matter whether they

possess strange attractors or not; (iv)it extends the control capability for achieving

a full range synchronization of all state variables in a proportional way; and (v) it

guarantees the global stability of the closed-loop system.
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