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ABSTRACT. In this study, we examined the ruled surfaces in Euclidean 3-space
with different way. We obtained some characterizations on the ruled surfaces
by using its rulings, curvatures of the base curve, shape operator and Gauss

curvature.
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1. INTRODUCTION

In this section, we review some basic concepts on classical differential geometry
of space curves and ruled surfaces in Euclidean space. Let o : I — IR? be a curve
with o/ (s) # 0, where o' (s) = d a(s)/ds. The arc-length s of a curve «(s) is
determined such that ||/ (s)|| = 1. Let us denote T (s) = o' (s) and we call T (s)
a tangent vector of a at s. We define the curvature of a by k; (s) = /][ (s)].
If k1 (s) # 0, then unit principal normal vector N (s) of the curve at s is given by
o' (s) = k1 (s) N (s). The unit vector B (s) = T (s) AN (s) is called unit binormal

vector of o at s. Then we have the Frenet-Serret formulae
VT =k N, VN =—-kiT+ kB, VrB=—kyN

where ks (s) is the torsion of «a at s.[2]
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A straight line X in IR3, such that it is strictly connected to Frenet frame the

curve «(s), is represented uniquely with respect to this frame, in the form
X(s) = f1(s)T(s) + f2(s)N(s) + f3(s)B(s)

where f1(s), fa(s) and f5(s) are smooth functions. As X move along «f(s), it

generates a ruled surface given by the regular parametrization
(1) p(s,v) = als) + vX(s)

where the components f;(s), i = 1,2,3 are scalar functions of the arc-length pa-
rameter of the curve «(s). This surface will be denoted by M. the curve a(s) is
called a base curve and the various positions of the generating line X are called the
rulings of the surface M.

If consecutive rulings of ruled surface in TR? intersect, then the surface is to be
developable. All the other ruled surfaces are called skew surfaces. If there exists
a common perpendicular to two constructive rulings in the skew surface, then the
foot of the common perpendicular on the main ruling is called a striction point.
The set of striction points on the ruled surface defines the striction curve [3].

The striction curve of M can be written in terms of the base curve a(s) as

_ (T, VrX)
(2) a(s) = als) = —=——5X(s)
IV X||
If |V X|| = 0 then the ruled surface doesn’t have any striction curve. This case

characterizes the ruled surface is cylindrical. Thus the base curve can take as a
striction curve.
Let P, be distribution parameter of M, then
3) Py — det(T, X, VQTX)
IVrX||
where V is Levi-Civita connection on E? [1]. If the base curve is periodic then M
is closed ruled surface. Let M be a closed ruled surface and W be Darboux vector

then the Steiner rotation and Steiner translation vectors are

(4) D:j{W and V:j{da
(@) ()
respectively. Furthermore, the pitch and angle of pitch of M are

(5) Lx =(V,X) and Ax = (D,X)
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respectively [3,4,5].

2. ONE-PARAMETER SPATIAL MoTION IN E?

Let a : I — E3 be a regular curve and {T, N, B} be Frenet vectors. The
two coordinate systems {O, T, N, B} and {O’; €1, €3, €3} are orthogonal coordinate
systems in E3 which represent the moving space and the fixed space, respectively.
In generally, during the one parameter spatial motion, each line X in moving space,
generates a ruled surface in the fixed space. Since £ normal to T then £ € Sp {N, B}
and £ can be choose as £ = TAX along the line X depending orientation of M.

Thus £ and X can be written as
(6) E=costyy N+sinyy B and X =sintyp N —cosy B

where 1) = 1 (s) is the angle between ¢ and N along « [6]. We obtained the
distribution parameter of the ruled surface M by using (3) and (6). From (6)

(7) VX = —kisingT + (¢ + k) &

and putting this equation in (3), we obtained by direct computation that the dis-

tribution parameter is

Y + ko

(8) Px = 15— / 2
ki sin® ¢ + (¢ + k)

which we need to determine the conditions of the ruled surface is developable. It is

well known that the ruled surface developable if and only if Px is zero from [1], so

we can state the following theorem.

Theorem 2.1. A ruled surface is a developable if and only if

w:—/kgds—l—c

is satisfies where ¢ is constant.

In the case 1» = 7/2 and ) = 7 then we get Px = Py and Px = Pp respectively.
Thus distribution parameters are
ko 1

aPBzi

Py=—"—
N k12 + ko2 )

and we obtain
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R\ Ps
ko) Py
Thus we have the following corollary.

Corollary 2.2. The base curve of the ruled surface is a helix if and only if % s

constant.

On the other hand, from (2) the striction curve of M is

kl Sind)
K2sin® ¢ 1 (¢ + k2)2X(S)

In the case of M is a cylindirical ruled surface, we can give the following theorem.

a(s) = a(s) +

Theorem 2.3. If M is a cylindrical ruled surface then kysiny = 0 . In the case
k1 = 0 then ruled surface is a plane. In the case ¢ = 2kw, k € Z then unit normal
vector of M and principal normal vector are on the same direction and both striction

curve and base curve are geodesic of M.

Corollary 2.4. A cylindrical ruled surface is developable if and only if

kl sin (/ kgdS) =0

is satisfies. In this case the base curve is the planar.

Theorem 2.5. Let 1) be ¢’ # —ko and M be closed ruled surface with in the form

(1). Distance between generating lines of M is minimum along the striction curve.

Proof. Let X, (s,) and X,(s,) be generating lines which are passing the points a(sq)
and «a(sz2) of the base curve, respectively(sy, s € IR, s1 < s2). Distance between

these generating lines, along the orthogonal orbits is

7w = [ 4l s

where A =T 4+ vV X . Then we obtain,

J(v) = / (1 —2vkysingy + (k7 sin® ¢ + (¥’ + ko) 2) v?)

S1

N|=

ds

If. J(v) is minimum for vy then J'(v,) = 0 and we get
o k‘l sin w
k3 sin® ¢ + (¢ + kg) 2

Vo
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Thus, the orthogonal orbit is the striction curve of M for v = v,. O
Corollary 2.6. Let a(s) be striction curve of M then % is constant.

Proof. Since the tangent vector field of the striction curve is normal to X then

da\ __
<X,£ =0.
_ k1 sin
<X d0¢> = <X T+k25in2'lz-s‘r(w’+k2)2vTX >
’ ’ d k1 sin v
ds s (k%sin211p+(w'+kz)2 X
kl Siniﬁ
= (X,T)+ X, VrX
X, T) k%sin2¢+(w’+k2)2< X)
(Y
ds \KZsin® o+ (' + k) 2

then

(- 2 e )
“ds /) ds \k2sin? v + (¢ + k) 2

thus we get d% (W) =0 and so M% is constant O

Theorem 2.7. Let M be a ruled surface given in the form (1) then ¢ (t,v,) is a
striction point if and only if VX is normal to tangent plane at that point on M,

where v, 18
k1 siny

T s+ (¢ + ko)
Proof. Let suppose that ¢ (t,v,) be a striction point on the base curve « (t) of M
then we must show that (V7 X, X) =0 and (VrX,A) =0. Since the vector field
X is unit vector then T [(X, X)] = 0 and we get (VrX, X) = 0.
On the other side, from (7) we obtain,

(VrX, A) = {ksin® ¢ + (¢ + ko) ?} v, — ky sinep

Now, by making the substitution v, = % then we get (VrX, A) =
0. This means that VX is normal to tangent plane at the striction point ¢ (¢, v,)
on M.

Conversely, since VX is normal to tangent plane at the point ¢ (t,v,) on M

then (VrX, A) =0 and from (7) we obtain
{k3sin® + (¢ + k2)*} vo — kysing =0

ki siny 7 and so ¢ (t,v,) is a striction point on M. O

Thus we get v, = FZoin? gt (' 1 k2)2
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Theorem 2.8. Absolute value of the Gauss curvature of M is mazimum at the
striction points on the generating line X and it is

{RIsin? g+ (¢ + k2) 2}

K -
‘ |max (w/ + ]{;2) 2

Proof. Let M be a ruled surface that given in the form (1) and let ® be base of
the tangent space which is spanning by the unit vectors A, and X where A, is

the tangent vector of the curve ¢ (s,v = const.) with the arc-length parameter s*.
1

: _ de _ de ds dyp _ ds __
Hence we write A, = e = 9545 where 7F =A, A, ”A”A and 7% = AT

Thus we obtain the following equations after the routine calculations.

Va, T = HA” {sinp X + cosp&}

(9) VAOE = HAH { kl Ccos qu)T (1/’/ =+ k?) X}

{(1 —vkysing) —v (' + ko) ki cosyp} T
Va A = {(1—vklsinw)klsinw—v(w’+k)2}X
+{(1 — vk sine) ky cosyp + (v (¢ + k2)) }5

On the other hand, we denote {,(s.) as the unit normal vector at the points
¢ (s,v) then from (6), (7) and (9) we get

(10) gga(s,v) ||A|| { ,U(w +k2)T+ (1 7vk1 SlIl’l/)) 5}

By differentiating both side of (10) with respect to the parameter s then we get

Aoy | (0@ + k) +hicosy (L —vkising) gy |
ds +v (Y + k2) <m>
1\ (1 — vk singp)’ 1
) 2
- +{( ~vhasine) () +< oy costs (/4 ) ) HAH}5
1
k
(w + 2) HAH

Let S be shape operator of M at the points ¢ (s,v) then we can easly obtained

that the matrix S¢ is following with respect to base ®.

Se =

(S(A,), Ao) (S (A0),X) ]
(5(X),A,) (5(X),X)
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Since (S (X),X) =0 and (S (A4,),X) = (S(X),A,) then the Gauss curvature
is
K(s,v) = det Sp = — ((S (4,), X))”
Suppose that s* is arc-length parameter of A, then we get

dfga(s,v) _ dgga(s,v) ds . 1 dE‘P(S»’U)

ds* ds ds* ||A|| ds

S (Ao) = vAofw(s,v) =
From (10) and (11) we obtained

1 (v (' +k2))' + ky cos 9 (1 — vky sinep)) m

St = i o+ (i)’ g
o () (LR ) e
— (Y + ko) ||Al||2X
Hence, Gauss curvature is
(13) K(s,v) = —W

We differentiated both side of (13) with respect to v for find the maximum value

of the Gauss curvature along the X on M. Thus we obtain

0K (s,v) _ 2(¢' + kn)® {v (A2 + <W) - A} 0
Ov {02 {k2sin® ) + (' + ky) 2} — 20k sinep + 1}

k1 sin
k2 sinZ o+ (P’ +k2)?
is the striction point and we can say that absolute value of the Gauss curvature of

and we get the value of vis v = . It is easy to see that, ¢ (s,v)

M is maximum at the striction points on the X. Finally, by using (13) then we get

{Rsin? g+ (¢ + k2) 2}

K -
(14) ‘ |max (¢/ + k2) 2

We can write the relation between the Gauss curvature and the distribution

parameter by using (8) and (14) is following.

K| =
| |mdx (PX)2
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Thus we proved the following corollary too.

Corollary 2.9. Distribution parameter of the ruled surface is depend only gener-

ating lines.

Moreover, the Darboux frame of the surface along base curve is

VT 0 ki1 siny k1 cosp T
VrX = —ky sin Y 0 (’(/)/ + k‘g) X
Vré —kycosy  — (V' + ko) 0 §

and the Darboux vector is
W = (¢ + ko) T — k1 sinpX + ky cospé

Thus we obtain geodesic curvature, geodesic torsion and normal curvature of the

ruled surface along its generating lines as follows
(15) kg =kising , 7y = (V' + ko) , ke =kyicostp

respectively. Note also that if the ruled surface is constant curvature surface with

nonzero geodesic curvature then Px is constant and from (8) and (15) we obtain
2
.
g —

P s =constant. Hence we can give the following theorem.
9 9
Theorem 2.10. A ruled surface is constant curvature surface with nonzero geodesic
2
. . T . .
curvature if and only if w215z 1s constant. In the case that the base curve is one of
g g

the geodesics of the ruled surface then ruled surface is developable.

On the other side, Steiner rotation and translation vectors are

D= (f (¢’ +k2)ds> T— (f klsin¢d5> X+ (f klcoswds> I3
(16) @) (@) (@)

V=§Tds
(@)

respectively, furthermore, the pitch and angle of pitch of M are

(17) Lx =0 and \x = —fkl sinds
(@)

respectively. From (4), (5), (16) and (17), we obtained that Ly = § Tds, Ly =
(@)
L =0and

)\T = % (¢, + ]412) ds
(@)
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AN = — %klsinwds siny + %klcoswds cos Y
() ()

A = fkl sinds | cosy + %kl cosds | siny
(o) ()

for the special cases X =T, X = N and X = B.

Corollary 2.11. If the ruled surface is developable then

2 2

(/\N)2 + ()\B)2 = fkl sinyds | + %kz cos ds
() (@)

is holds.
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