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ABSTRACT. Higher dimensional cosmological model of the universe is obtained

52
by assuming variable cosmological constant term A of the form: A ~ %2— and

A ~ p with equation of state p = f(¢)p. Dynamical behaviors of the model for

the gamma law equation of state is studied.
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1. INTRODUCTION

Kaluza-Klein (KK) theories have shown how gravity and electromagnetism can
be unified from Einestein’s field equations generalized to five dimensions. The idea
has been later extended to include other type of interaction in (4+d) dimensional
modes where the isometries of the spontaneously compactified d spacelike dimen-
sions account for the gauge symmetries of the effective four dimensional (4D) theory
(Salam and Strathdee [6]). It is generally known that in KK theories with spontan-

ious dimensional reduction a very large cosmological constant in four dimensions
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—2, However

almost always arises, whereas from observational data A ~ 10~ %%cm
for noncompact internal space one can envision dynamical mechanisms leading to
a vanishing 4D cosmological constant (Wetterich [7]). However, it is interesting to
point out that geometrically such solutions do not correspond to the topology of
direct product of 4D and extra dimensional spaces.

Several workers have recently obtained exact solutions using higher-dimensional
space-time for both cosmological and non-cosmological cases with or without matter
(Chatterjee et al.[3]; Banerjee et al.[2]; Mayers and Perry, [5]). But exact solutions
with a time-dependent equation of state in higher dimensions are not much known
in the literature. In a recent communication, (Boutoros [2]) obtained solutions
for an LRS Bianchi I model, with a time-dependent equation of state in the form
of P = f(t). But their solution have been shown to be untenable for the entire
range of the cosmic time because of inappropriate scale transformation adopted by
Hajj-Boutros in their formalism.

In this paper we obtained the higher dimensional solution by assuming equation

of state of the form p = f(t)p.

2. MODEL AND FIELD EQUATIONS
For the five dimensional cosmological model considered the following line element
(1) ds® = dt? — R*(t)[dr® + r*(d6? + sin*0d¢?)] + A%dyp>.
The Einstein field equations are given as
(2) Gij = Rij — %gin + Agi; = =8n[(p + p)par; — pYis);

where A is cosmological constant, p and p are the mass density and isotropic fluid
pressure.

By substituting A = R™ and from Eq. (1) and Eq. (2) field equations are given
by

L\ 2
Q LR (1) (%) ,
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.. o\ 2
8mp—A | R R
() T = R+<R>
N2
CaseI:A:a(%)
Above field equations become
8 i\’
™ R
(6) 3 = a0 (R) ;
8 R ?
p «
—_— = e ]___ J—
@) 3 R 3)<R> !
i 7\
(8) 8mp = — (n+2)E+(n2+n+1—a)<E> ,

where ag = (n+1 — ¢) and the dot ”.” denotes differentiation with respect to the
proper time t, R(¢) is the scale factor.

Solve Eq. (6) and Eq. (7) for the following two cases :
(1) p=upp ; 7 constant,

(it) p=pp ; w=constant.

Differentiating Eq. (6) with respect to t, we have

(9) R _ 1 [8mp  dmpR
R a ap 3 3R '

Using Eq. (6) and Eq. (9), Eq.(7) can be rewritten as

R p
10 — ——,
1o R~ 2alp + cof
where ¢y = ;f .
Using Eq. (10) we can rewrite Eq. (6) as
. 2
p 8mp
11 ap|————| —— =0.
(11) 0 < 2a0[p—|—cop]> 3

Case (a):
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Here we assume a time-dependent equation of state

(12) p=ft)p,

where p = f(t) is an arbitrary known function of t.

Then eq.(11) takes the form

b g [5m
(13) 2a0plf () T o]~V Bag’

where S =1 or — 1.

Using Eq. (12) and Eq. (13) one can rewrite Eq. (10)as

R 87p
14 & 8mp
(14) R~ 30,

Integrating eq.(13), one obtains
3
p = 2 b
8maplc + f(f(t) + co)dt]

where c is the constant of integration.

(15)

Using Eq.(15), one can integrate Eq.(14) to get
(16) R = dewo | wrmtTesar

where d is constant of integration.
Thus the solution of Eq.(6) and Eq.(7) are given by Eq.(12), Eq.(15) and Eq.(16),
where Eq.(15) and Eq.(16) are in integrating form.
We have p > 0 for f(t) such that
3
Sraole + U0 + )b~ |
Again, if we set f(t) = u = constant, S =1 and d = 1, we obtain

(17) R = [+ (i + co)t] mmeo,

3
P= 8ragle + (1 + co)t]?
which is the solution of Eq.(6) and Eq.(7).
Case (b):

(18)



HIGHER DIMENSIONAL COSMOLOGICAL ...— JDSGT VOL. 7, NUMBER 2 (2009) 129

Here we study Eq. (6) and Eq. (7) with a gamma law equation of state:
(19) p=9p, —1<y<1,

here p = 7.
One can eliminate p from Eq. (6) and Eq. (7) to get

(20) (yao + bo)R* + RR = 0.

where bp =1 — 3.

Integrating Eq.(20) one obtains

. C1
(21) R = SW,

where S = +1 or — 1 and ¢; is integrating constant.

For this case of ¢; # 0, one can integrate Eq.(21) to get

N 1

R = [do(stcr + c2)] %0, for v # —1; ~5
(22) R= [eo(st01 + Cg)]ﬁ‘_l(), fO’l" v=-1,
1 1
R = [fo(ster + cq)] 70, for v = —5

where dy = vyag+bo+ 1, eg =bg —ap+ 1, fo = by — %ao 4+ 1 and ¢z, c3 and ¢4 are

integrating constant.

Using Eq.(21) from Eq.(6) one obtains

3ag ¢} 1
S 7Ly
3a¢ ¢
(23) p= §R21807 for v=-1,
3ag 1
P men 1=y

If ¢y > 0 for all cases, we have p > 0, i.e. subject to the all above conditions on the

integration constant, one obtains a realistic physical model.

Using Eq.(21), one obtains the model decelerations parameter ¢(t) = —% as
follows:
1

q(t) = vag + bo, for 775—1,—5’

(24) q(t) = bo — ao, for v=—1,
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1

1
(J(t)zbo—gao, for 1=

To discuss the cosmological evolution of the scale factor R(t), we consider a test

particle of mass m and a linear coordinate ¢" under the action of potential (Dhara

[4])

(25) o) = A" — 2

2
12 7

q

Then the lagrangian of the test particle is given by

1 Am
9 L ) — = 2 n 22
(26) (@:4) = gmd” = A" + —5-a",
where ¢ = %, etc. and the Euler-Lagrange equation is given by
A
(27) mg+ Ang" ! — % =0,

whereas the conserved total energy of the particle E is given by

1o, n_ Am o
(28) E—qu + A\ 57

Using Eq.(28) and Eq.(27) can be rewritten as

n., nE An-2),
— — _ :O‘
2t T T ¢

Equations (20) and (29) will describe the same dynamic behaviour only if the fol-

(29) qG —

lowing two conditions are satisfied
(30) n = —2(vyap + by), E=0.

Thus n is directly related to the nature of the matter content filling the realistic
cosmological models. The relation between the v, n, the potential energy and the

nature of the model are shown in the following table:

Tablel
Y n nature of the model v(q)
-1 2(ao — bo) vaccum Aq2(ao—bo) _ 7
_% _§(3b0 —ap) string )\q—%(3bo—ao) -7z
0 —2bo dust Ag20) — 7
3 | —3(ao+3bo) R.D. Ag—3(@ot3b0) _ 7
1 —2(aog + bo) stiff matter Ag—2laotbo) _ 7
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where R.D.are radiation dominated and Z = Al—’Q"qQ.

From the relation Eq.(30) we can conclude that the model behaves relativistic

flat.

3. Case IT: A = fp

The field equations become

N 2
(87 + B)p R
1 ~ E n(=
(31) £ ey (2)
smp— 3 i (R
™™ — Bp
2 — " __ = =
. e oy
i i\
(33) 8mp — fp = — [(n+2)—+(n2+n+1) (—)
R R
Differentiate Eq.(31) with respect to t we have
R 1 [8r+p\ (PR
4 _ = —_— .
o0 a5 G 7))
Using Eq.(31) and Eq.(34), Eq.(32) can be rewritten as
R o }
35 T gy | ——P
(%) R~ { (p+ Bop)
where 4 = 220 65:2:51) and By = —16;7:(511;1’;)5
Using Eq.(35), we can rewrite Eq.(31) as
. 2
—pAO 8T+ 6)
36 HN|{———) — | —— =0.
6 w0 (7))
Case (c):
Taking Eq.(12) as case (c).
Then Eq.(36) takes the form
ﬂAo 8m + ,8

o O ETEle
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Using Eq.(12) and Eq.(37), one can rewrite Eq.(35) as

R 8
(38) == +S 3(2—1%@

Integrating Eq.(37), one obtains

B 1243(n+1)
P= Bt B)le+ [(F(E) + Bo)di?’

where c is constant of integration.

(39)

Using Eq.(39) one can integrate Eq.(38), to get

i dt
2540 | e o ,

(40) R=a
where a is the constant of integration.

Thus the solution of Eq.(31) and Eq.(32) are given by eq.(12), Eq.(39) and
Eq.(40), where Eq.(39) and Eq.(40) are in integrating form.

We have p > 0 for f(t) such that

1242(n + 1) -
(87 + B)le+ [(f(t) + Bo)dt]*| ~

Again, if we set f(t) = u, S =1 and a = 1, we obtain

2A¢

(41) R=[c+ (u+ Bo)t] "5,

1242(n + 1)
87 + B)[c+ (u+ Bo)t]*

(42) P=1
Case (d)

Taking Eq.(19) as a case (d).
One can eliminate p from Eq.(31) and Eq.(32), to get
(43) [y(n+1)4+1—CylR*+ RR=0
Blnt1)(y+1)

87+
Integrating Eq.(43), one obtains

where Cy =

dq

(44) R= SR’y(n-l—l)-i—l—C() '

For the case of dy # 0, one can integrate Eq.(44) to get
1

R =[Eo(stdy + do)| %5, for ~v#—1, ~5
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(45) R =[Fy(std, +d3)|™, for ~=—1,

1 1
R = [Go(stdy +d4)]%0,  for v = —5

where By =vy(n+1)+2—-Cy, Fo = —Co—n+1, Gy = —%—Co—i—% and do, d3
and d4 are integrating constant .

Using Eq.(44) from Eq.(31), one obtains

~3(n+1) df 1
=St p ReE 1 1Ly
3n+1) &2
(46) Fﬁzﬁ’ for y=-1,
~3(n+1) df 1
P=Snrp RO 1Ty

If di > 0 for all cases we have p > 0, i.e. subjected to the above conditions on the

integration constant, one obtain a realistic physical model.
RR

Using Eq.(44), one obtains the model deceleration parameter ¢(t) = —%5 as
follows:
1
Q(t)ZIY(n—’_]‘)—'_]'_COv fO'I" 7#_17_5
(47) gty =—-(n+Coy), for v=-1,
1 n 1
Q(t)—§—§—00, for 7——5‘

Equation (43) and (29) will describe the same dynamic behavior only if the following

two conditions are satisfied :
(48) n=-2(y(n+1)+1-Cy), FE=0.

Thus n is directly related to the nature of the matter content filling the realistic
cosmological models . The relation between the v, n, the potential energy and the

nature of the model are shown in the following table:

Table : IT



134 G.S. KHADEKAR, RAJANI D. SHELOTE

gl n nature of the model v(q)

-1 2(n + Co) vacuum A2 +Co) _ 7
—5 | —5(2—n-3C) string Ag—3(2-n=3C0) _ 7
0 —2(1 - Co) dust Ag—2(=Co) _ 7
5 | —3(n+4-3C) R.D. g SAa0h)
L —2(n+2—Co) stiff matter Ag—2(n+2=Co) _ 7

From the relation Eq.(48) we can conclude that the model behaves relativistic
flat.

4. CONCLUSION

This work is generalization of the work obtained earlier by Dhara [4] in the ab-
sence of cosmological constant A. In this paper we have solved the field equations

for Kaluza-Klein type cosmological model of the universe, in the presence of cosmo-

logical constant term of the form A ~ (%)2 and A ~ p. The solutions are found for

the cases by using equation of state p = up where pu is time dependent and constant.
The dynamical behaviors of the solutions for the gamma law equation of state are
also studied.

For the first case A = Oz(%)Q, by putting the arbitrary function f(t), we obtained
scale factor as in the increasing function of t in Eq.(17). The matter density p is
calculated in Eq.(18). It is observed that when ¢t — oo, the matter density p van-
ishes. In case (b), by assuming equation of state we obtained the matter density p
in the term of scale factor in Eq.(23). The relation v, n, potential energy and the
nature of the model is given in the table I.

Similarly for case II A = Bp with equation of state from Eq.(12), we obtained the
scale factor and matter density in Eq.(39) and Eq.(40) respectively. For the partic-
ular value of f(t) we obtained scale factor and p in Eq.(41) and Eq.(42) respectively.
Similarly we obtained scale factor as in the increasing function of t and matter
density again vanishes as ¢ — co. Similar results are obtained in the case (d) for
p = yp as the results obtained in case (b). The relation v, n, potential energy and

the nature of the model is given in the table II.
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