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ABSTRACT. In this paper, we have shown that generalized plane wave metric

be the solution of Einstein-Maxwell equations in the presence of null fluid and

null currents in higher dimensional space-time V5 for Z = (é)—type plane wave

and also discussed some particular cases.
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1. INTRODUCTION

The plane gravitational waves g;; are mathematically exposed by H. Takeno [8]
in general relativity and shown that these waves are transformable into each other

by using suitable transformation. T. Singh [7] has investigated that the generalized
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plane wave metric be the solution of Einstein-Maxwell field equation in the pres-
ence of null fluid and null currents for Z = (é)—type plane wave. In similar way
Chirde et al.[3] shown that the generalized space-time obtained by Metkar et al.[4],
be the solution of Einstein-Maxwell field equation coexisting with null fluid and
null currents for Z = (f)—type plane wave. Adhav et al.[l] reformulated Takeno’s
definition of plane wave in higher dimension and investigated space-times. Patil et
al.[5] shown that the space-times for Z = (z —t) and Z = (L)-type waves in five
dimension are transformable in to each other. Ambatkar et al.[2] further studied
five dimensional space-time for Z = (z — t) and Z = (é)—type waves investigated
by Adhav et al.[1] and obtained plane wave solution of Einstein-Maxwell equations
for both type waves. Patil et al.[6] deduced the generalized form of Z = (ﬁ) -type

plane wave in higher dimensional space-time by taking E = E(x,y,u, Z) as

(1) ds? = —Ada® — 2Ddxdy — Bdy? — 2Gdxdu — 2H dydu — Fdu?

—72(C = E)dz? — 2ZEdzdt + (C + E) dt?,

where A, B,C, D, F,G and H are the function of Z = (%) and E = E(z,y,u, Z).
The Einstein-Maxwell field equations in the presence of null fluid and null currents

are given by

1
(2) Rij — iRgij =87 (Eij + Lij) .
Here,

1 kl Im
(3) B = ZQiijlF — FuFimg™,

be the energy momentum tensor of an electromagnetic field F;; and,
(4) Lij = h’Ui'Uj,

is the energy tensor for the null fluid of the energy density h = h(z,y,u, Z) with v¢

velocity satisfying
(5) gijv'v; =0,
where g;; being the metric tensor. And the Maxwell’s equations are

(6) Fijik + Fjgi + Fiiy = 0.
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The electric five currents j* are given by,

1 0

(7) J ik \/jg axk ( g ) )
satisfying
(8) gikJiJk =0.

In this paper, we have shown that the space-time (1) be the solution of the field
equation (2) in the presence of null fluid and null currents and also discussed some

particular cases.

2. SOLUTION OF FIELD EQUATIONS
From equation(1) we have
9)  gn=-4 gi2=gn=-D, g13=g31 =G, goa =B, gaz =—H,
933 =—F, gua=Z*(C+E), g15=—ZE, gs5 =C + E.

(BF-H?) ,, —(DF-GH) 5 _(DH-BG)

1 1 _ _
( O) g m b m ) m b
921 _ _(DF_GH) 922 _ (AF—GQ) 923 _ _(AH_DG)
m ’ m ’ m ’
g — (DH — BG) 32 _ _(AH_DGQ) 33 _ (AB_DQ)
m ’ m ’ m ’
wu_ —(C+E) 4, —-E 5 (C+E)
T Y Ty Y T T

where m = (—ABF + AH? + D? —2DGH + BG2) .

Using (1), the non-vanishing components of Ricci tensor are as follows,

Ryy Rys %%
) 7"z e
E, E E,
(12) Riyy=—ZRi5 = Pk Roy = —ZRys = FZ’ R3y = —ZR35 = o
(13) R=0,
where
1 , ,
W= —— [(BF - H?) j+ (AF = G*) § + (AB - D) £}

+% {2(DF—GH)S‘+2(AH—DG)T—(DH—BG)U},

p-! [2 — zQEm} + 4i [(BF — H?) A% + (AF — G*) D* + (AB — D?) G?]

2 m
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L [2(DF — GH) AD + 2(AH — DG) DG — (DH — BG) AG| A c_E
4m 2C zZ)’

. 1= 1 T > ¢
G L [A= 2] + - [(BF - %) 42+ (AF —G?) D + (AB - D) 2]

1 L _ . A (. E
I [2(DF—GH)AD+2(AH—DG)DG—(DH—BG)AG]—% <C—Z>,

R= 3 [A-2B.] + - [(BF — H?) 2 4 (AF - G?) D* + (AB - D?) @]
A(. E

[2(DF—GH)AD+2(AH—DG)DG—(DH—BG)AG]—w(C—Z),

1
am
$ = % [E _ zQEm} n ﬁ [(BF — H?) A2 + (AF — G2) D* + (AB — D?) G?]

1 A

. o . . E
I [2(DF—GH)AD+2(AH—DG)DG—(DH—BG)AG]—% (C—Z>,

f=L[A- 28]+ (B - B?) A4 (AF - 6?) D? 4 (4B - DY) 7
[Q(DFfGH)[lD+2(AH7DG)DG7(DHfBG)AG]f% (Cg)

b
4m
. 1r1= 1 - _ _
U =5 [A=22Bu| + - [(BF - H?) A+ (AF = G*) D* + (AB - D*) G|

m
L [2(DF — GH) AD + 2(AH — DG) DG — (DH — BG) AG| A c_E
dm 2C zZ)
where F, = %—E and B, = %—E and the bar (-) over the letter denotes the ordinary
2 Y
derivative w.r.t. Z etc.
The electromagnetic wave solution of generalized Maxwell’s equations (6) yields the

following non-vanishing components of Fj;,
(14) 2Py = —tFi5 = —0, 2Fo = —tlys = p, 2F34 = —tF35 = 1),

where o, p and 7 are arbitrary function of z,y,u and Z.
And the corresponding cauchy-Riemann equations are as follows,

op do 0o  On @_@_
(15) 5x+8y_o’ 5‘u+3:c_0’ dy Ou

The F;; given by (13) and(14) represent the transverse electromagnetic waves prop-

agating along the positive direction of z-axis and is null,
(16) = F,;F" = 0.
From equation (7) the five current vectors J¢ has the following components,

JI=T=J=0
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and
a_ g5 L N 90 0o _ 9o | 0o
(17) 2J* = J° = —= 12(AH = DG) (57 = 27 ) + (DH = BG) (52 + 5
1 g 9o o %o _pn 9
+m0t[(BF 1) 2y (ap ) 2 s (ap - 02) P

- {(DFGH) (‘;‘; + g‘;)} :

The J? given by (17) satisfies (7) and hence it is a null current vectors also J*

satisfes,
(18) FyJ* =0,

which shows that the Lorentz force vanishes.

From (4), the non-vanishing components of the electromagnetic tensor E;; are as

follows,
(19)
14 —FEys -1
= =Bs=—03 [(BF — H?*) 0” + (AF — G?) p* + (AB — D*) n*]
1
g [-2(DF —GH)op—2(AH — DG) pn — (DH — BG) no].

Now, as per Takeno’s (1961), we take

where k = constant. Define, v; = %
t 1
21 i=10,0, 0, —, —— |,
(21) v ( . )
So that,
(22) i— (000 -+ _ L
v = ) 5 5 Ct, CZ y

be the velocity of null fluid current. The velocity v* satisfies (5) hence it is null.
From (4), the non-vanishing components of the energy tensor for the null fluid are
as under,

Lyy  Lygs

(23) 72—~ —bs=3
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where h is the non-negative energy density of the null fluid, function of x, y, u, Z.
Using (10), (11), (12), (17) and (19), the field equation (2) becomes,

m m  mC Y Em

(24) Sm I 2m  2m | 2m0Z

—— [(BF = H?) Eyo + (AF = G°) B,y + (AB = D?) B,
2

+2Z—m 2(DF — GH) Eyy + 2 (AH — DG) Eyy + 2 (DH — BG) E,,]

= % [((BF — H?) 0> + (AF — G?) p* + (AB — D*) %]
8m

 mZ2

[2(DF — GH) po +2(AH — DG) pn — 2(DH — BG) no + hmZ?]

(25)  where," =2D (GH — DF) +2G (DH — BG) — 2H (DG — AH)
~A(BF - %) + B (AF - G?) + F (AB - D).

3. SOME PERTICULAR CASES

Case I: Field of null fluid.
Assuming that the electromagnetic field is not present i.e.c = p = n = 0, the field

equation (24) reduces to,

m m  mC Em
2 h=|——— -~ =
(26) sm 2 2m 2m+2mCZ

52

5 [(BF — H?) Eyy + (AF — G?) Eyy + (AB — D?) Ey

+% 2(DF -GH)E,,+2(AH — DG)E,, +2(DH — BG) E,,] .
Thus the solution of the field equation (26) is the plane wave g;; given by space-time
(1). And the null fluid velocity given by equation (20), (21) and the energy density
h=h(z,y,u,Z), where Z = (1) .
Case II: Field of null electric current.
In this case, we take h = 0 i.e. null fluid is not present. Therefore the field equation

(23) reduces to,

m m  mC Y Em
(27) S I 2m am T am0Z

252

5 [(BF — H?) By + (AF — G®) Eyy + (AB — D?) Ey,|

m
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2,2

+5— [2(DF = GH) Eyy + 2(AH — DG) Eyy +2(DH — BG) By
= % [((BF — H?) 0 + (AF — G?) p* + (AB — D?) %]

8w

——3 [2(DF — GH) po +2(AH — DG) pn — 2(DH — BG) no + hmZ?] .

Hence in this case the solution of the field equation (27) consist of the metric tensor
gi; given by (1), Fi; given by (14), (15) and four current vector J* given by (17).
Case III: Takeno’s plane wave solution.

Using equation (11) and E is function of Z only, then the equation (3) implies,
m m  mC > Em

29 m_n ™ 4
(29) 2m  4m?2  2m 2m+2mCZ

= % [((BF — H?) 0> + (AF — G?) p* + (AB — D*) %]

7 8
mZ?

Here A,B,C,D,E,F,G and H are function of Z = (%) only. Our result reduces

to, the solution of Einstein-Maxwell’s equations obtained by Ambatkar et al.[1]. In

[2(DF — GH) po +2(AH — DG) pn — 2(DH — BG) no + hmZ?] .

this case the solutions exist only when o, p, n and h are the function of Z alone,
which reduces identically to zero. Further by choosing u = 0, then (1) reduces to,
Takeno’s [3] form of plane gravitational wave of the type Z = (%) ie. g;; 's are
functions of Z only and the solutions exist only when o, p, 1 and h are the functions

of Z alone which reduces J* identically to zero.

4. CONCLUSION

The g;; ’s given by (1) are satisfies Einstein-Maxwell field equations (23) in the
presence of null field and null currents in five dimensional space-time for Z = (5)
-type plane wave and we discussed as above some particular cases gives the field
equation (26), (27) and (29).
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