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Abstract. In this paper, we have shown that generalized plane wave metric

be the solution of Einstein-Maxwell equations in the presence of null fluid and

null currents in higher dimensional space-time V5 for Z =
(

t
z

)
-type plane wave

and also discussed some particular cases.
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1. Introduction

The plane gravitational waves gij are mathematically exposed by H. Takeno [8]

in general relativity and shown that these waves are transformable into each other

by using suitable transformation. T. Singh [7] has investigated that the generalized
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plane wave metric be the solution of Einstein-Maxwell field equation in the pres-

ence of null fluid and null currents for Z =
(

t
z

)
-type plane wave. In similar way

Chirde et al.[3] shown that the generalized space-time obtained by Metkar et al.[4],

be the solution of Einstein-Maxwell field equation coexisting with null fluid and

null currents for Z =
(

t
z

)
-type plane wave. Adhav et al.[1] reformulated Takeno’s

definition of plane wave in higher dimension and investigated space-times. Patil et

al.[5] shown that the space-times for Z = (z − t) and Z =
(

t
z

)
-type waves in five

dimension are transformable in to each other. Ambatkar et al.[2] further studied

five dimensional space-time for Z = (z − t) and Z =
(

t
z

)
-type waves investigated

by Adhav et al.[1] and obtained plane wave solution of Einstein-Maxwell equations

for both type waves. Patil et al.[6] deduced the generalized form of Z =
(

t
z

)
-type

plane wave in higher dimensional space-time by taking E = E(x, y, u, Z) as

(1) ds2 = −Adx2 − 2Ddxdy −Bdy2 − 2Gdxdu− 2Hdydu− Fdu2

−Z2 (C − E) dz2 − 2ZEdzdt + (C + E) dt2,

where A,B, C,D, F,G and H are the function of Z =
(

t
z

)
and E = E(x, y, u, Z).

The Einstein-Maxwell field equations in the presence of null fluid and null currents

are given by

(2) Rij − 1
2
Rgij = 8π (Eij + Lij) .

Here,

(3) Eij =
1
4
gijFklF

kl − FilFjmglm,

be the energy momentum tensor of an electromagnetic field Fij and,

(4) Lij = hvivj ,

is the energy tensor for the null fluid of the energy density h = h(x, y, u, Z) with vi

velocity satisfying

(5) gijv
ivj = 0,

where gij being the metric tensor. And the Maxwell’s equations are

(6) Fij;k + Fjk;i + Fki;j = 0.
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The electric five currents ji are given by,

(7) J i ≡ F ik
;k =

1√−g

∂

∂xk

(√−gF ik
)
,

satisfying

(8) gikJ iJk = 0.

In this paper, we have shown that the space-time (1) be the solution of the field

equation (2) in the presence of null fluid and null currents and also discussed some

particular cases.

2. Solution of field equations

From equation(1) we have

(9) g11 = −A, g12 = g21 = −D, g13 = g31 = −G, g22 = −B, g23 = −H,

g33 = −F, g44 = Z2(C + E), g45 = −ZE, g55 = C + E.

(10) g11 =

(
BF −H2

)

m
, g12 =

− (DF −GH)
m

, g13 =
(DH −BG)

m
,

g21 =
− (DF −GH)

m
, g22 =

(
AF −G2

)

m
, g23 =

− (AH −DG)
m

,

g31 =
− (DH −BG)

m
, g32 =

− (
AH −DG2

)

m
, g33 =

(
AB −D2

)

m
,

g44 =
− (C + E)

C2Z2
, g45 =

−E

C2Z
, g55 =

(C + E)
C2

where m =
(−ABF + AH2 + D2 − 2DGH + BG2

)
.

Using (1), the non-vanishing components of Ricci tensor are as follows,

(11)
R44

Z2
= −R45

Z
= R55 =

W

z2

(12) R14 = −ZR15 =
Ex

Cz
, R24 = −ZR25 =

Ey

Cz
, R34 = −ZR35 =

Eu

Cz

(13) R = 0,

where

W = − 1
m

[(
BF −H2

)
ṕ +

(
AF −G2

)
Q́ +

(
AB −D2

)
Ŕ

]

+
1
m

[
2 (DF −GH) Ś + 2 (AH −DG) T́ − (DH −BG) Ú

]
,

Ṕ =
1
2

[
¯̄A− z2Exx

]
+

1
4m

[(
BF −H2

)
Ā2 +

(
AF −G2

)
D̄2 +

(
AB −D2

)
Ḡ2

]
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− 1
4m

[
2 (DF −GH) ĀD̄ + 2 (AH −DG) D̄Ḡ− (DH −BG) ĀḠ

]− Ā

2C

(
C̄ − E

Z

)
,

Q́ =
1
2

[
¯̄A− z2Exx

]
+

1
4m

[(
BF −H2

)
Ā2 +

(
AF −G2

)
D̄2 +

(
AB −D2

)
Ḡ2

]

− 1
4m

[
2 (DF −GH) ĀD̄ + 2 (AH −DG) D̄Ḡ− (DH −BG) ĀḠ

]− Ā

2C

(
C̄ − E

Z

)
,

Ŕ =
1
2

[
¯̄A− z2Exx

]
+

1
4m

[(
BF −H2

)
Ā2 +

(
AF −G2

)
D̄2 +

(
AB −D2

)
Ḡ2

]

− 1
4m

[
2 (DF −GH) ĀD̄ + 2 (AH −DG) D̄Ḡ− (DH −BG) ĀḠ

]− Ā

2C

(
C̄ − E

Z

)
,

Ś =
1
2

[
¯̄A− z2Exx

]
+

1
4m

[(
BF −H2

)
Ā2 +

(
AF −G2

)
D̄2 +

(
AB −D2

)
Ḡ2

]

− 1
4m

[
2 (DF −GH) ĀD̄ + 2 (AH −DG) D̄Ḡ− (DH −BG) ĀḠ

]− Ā

2C

(
C̄ − E

Z

)
,

T́ =
1
2

[
¯̄A− z2Exx

]
+

1
4m

[(
BF −H2

)
Ā2 +

(
AF −G2

)
D̄2 +

(
AB −D2

)
Ḡ2

]

− 1
4m

[
2 (DF −GH) ĀD̄ + 2 (AH −DG) D̄Ḡ− (DH −BG) ĀḠ

]− Ā

2C

(
C̄ − E

Z

)
,

Ú =
1
2

[
¯̄A− z2Exx

]
+

1
4m

[(
BF −H2

)
Ā2 +

(
AF −G2

)
D̄2 +

(
AB −D2

)
Ḡ2

]

− 1
4m

[
2 (DF −GH) ĀD̄ + 2 (AH −DG) D̄Ḡ− (DH −BG) ĀḠ

]− Ā

2C

(
C̄ − E

Z

)
.

where Ex = ∂E
∂x and Ey = ∂E

∂y and the bar (-) over the letter denotes the ordinary

derivative w.r.t. Z etc.

The electromagnetic wave solution of generalized Maxwell’s equations (6) yields the

following non-vanishing components of Fij ,

(14) zF14 = −tF15 = −σ, zF24 = −tF25 = ρ, zF34 = −tF35 = η,

where σ, ρ and η are arbitrary function of x, y, u and Z.

And the corresponding cauchy-Riemann equations are as follows,

(15)
∂ρ

∂x
+

∂σ

∂y
= 0,

∂σ

∂u
+

∂η

∂x
= 0,

∂η

∂y
− ∂ρ

∂u
= 0.

The Fij given by (13) and(14) represent the transverse electromagnetic waves prop-

agating along the positive direction of z-axis and is null,

(16) ⇒ FijF
ij = 0.

From equation (7) the five current vectors J i has the following components,

J1 = J2 = J3 = 0
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and

(17) ZJ4 = J5 =
−1

mCt

[
2 (AH −DG)

(
∂σ

∂x
− ∂σ

∂x

)
+ (DH −BG)

(
∂σ

∂x
+

∂σ

∂x

)]

+
1

mCt

[(
BF −H2

) ∂σ

∂x
+

(
AF −G2

) ∂σ

∂x
+

(
AB −D2

) ∂σ

∂x

]

− 2
mCt

[
(DF −GH)

(
∂σ

∂x
+

∂σ

∂x

)]
.

The J i given by (17) satisfies (7) and hence it is a null current vectors also J i

satisfes,

(18) FikJk = 0,

which shows that the Lorentz force vanishes.

From (4), the non-vanishing components of the electromagnetic tensor Eij are as

follows,

(19)
E44

Z2
=
−E45

Z
= E55 =

−1
mt2

[(
BF −H2

)
σ2 +

(
AF −G2

)
ρ2 +

(
AB −D2

)
η2

]

− 1
mt2

[−2 (DF −GH) σρ− 2 (AH −DG) ρη − (DH −BG) ησ] .

Now, as per Takeno’s (1961), we take

(20) V = −Z + k,

where k = constant. Define, vi = ∂V
∂xi

(21) vi =
(

0, 0, 0,
t

z2
, −1

z

)
,

So that,

(22) vi =
(

0, 0, 0, − 1
Ct

, − 1
Cz

)
,

be the velocity of null fluid current. The velocity vi satisfies (5) hence it is null.

From (4), the non-vanishing components of the energy tensor for the null fluid are

as under,

(23)
L44

Z2
= −L45

Z
= L55 =

h

z2
,
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where h is the non-negative energy density of the null fluid, function of x, y, u, Z.

Using (10), (11), (12), (17) and (19), the field equation (2) becomes,

(24)
[ ¯̄m
2m

− m̄

4m2
− m̄C̄

2m
−

∑
2m

+
Em̄

2mCZ

]

− z2

2m

[(
BF −H2

)
Exx +

(
AF −G2

)
Eyy +

(
AB −D2

)
Euu

]

+
z2

2m
[2 (DF −GH) Exy + 2 (AH −DG) Exu + 2 (DH −BG) Eyu]

=
8π

mZ2

[(
BF −H2

)
σ2 +

(
AF −G2

)
ρ2 +

(
AB −D2

)
η2

]

− 8π

mZ2

[
2 (DF −GH) ρσ + 2 (AH −DG) ρη − 2 (DH −BG) ησ + hmZ2

]
,

(25) where,
∑

= 2D
(
ḠH̄ − D̄F̄

)
+ 2G

(
D̄H̄ − B̄Ḡ

)− 2H
(
D̄Ḡ− ĀH̄

)

−A
(
B̄F̄ − H̄2

)
+ B

(
ĀF̄ − Ḡ2

)
+ F

(
ĀB̄ − D̄

)
.

3. Some perticular cases

Case I: Field of null fluid.

Assuming that the electromagnetic field is not present i.e.σ = ρ = η = 0, the field

equation (24) reduces to,

(26) 8πh =
[ ¯̄m
2m

− m̄

4m2
− m̄C̄

2m
−

∑
2m

+
Em̄

2mCZ

]

− z2

2m

[(
BF −H2

)
Exx +

(
AF −G2

)
Eyy +

(
AB −D2

)
Euu

]

+
z2

2m
[2 (DF −GH)Exy + 2 (AH −DG)Exu + 2 (DH −BG) Eyu] .

Thus the solution of the field equation (26) is the plane wave gij given by space-time

(1). And the null fluid velocity given by equation (20), (21) and the energy density

h = h (x, y, u, Z) , where Z =
(

t
z

)
.

Case II: Field of null electric current.

In this case, we take h = 0 i.e. null fluid is not present. Therefore the field equation

(23) reduces to,

(27)
[ ¯̄m
2m

− m̄

4m2
− m̄C̄

2m
−

∑
2m

+
Em̄

2mCZ

]

− z2

2m

[(
BF −H2

)
Exx +

(
AF −G2

)
Eyy +

(
AB −D2

)
Euu

]
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+
z2

2m
[2 (DF −GH) Exy + 2 (AH −DG) Exu + 2 (DH −BG) Eyu]

=
8π

mZ2

[(
BF −H2

)
σ2 +

(
AF −G2

)
ρ2 +

(
AB −D2

)
η2

]

− 8π

mZ2

[
2 (DF −GH) ρσ + 2 (AH −DG) ρη − 2 (DH −BG) ησ + hmZ2

]
.

Hence in this case the solution of the field equation (27) consist of the metric tensor

gij given by (1), Fij given by (14), (15) and four current vector J i given by (17).

Case III: Takeno’s plane wave solution.

Using equation (11) and E is function of Z only, then the equation (3) implies,

(28) Ex = Ey = Eu = 0, Exx = Exy = Eyy = Euu = Exu = Eyu = 0.

Using (28) the field equation (24) becomes,

(29)
[ ¯̄m
2m

− m̄

4m2
− m̄C̄

2m
−

∑
2m

+
Em̄

2mCZ

]

=
8π

mZ2

[(
BF −H2

)
σ2 +

(
AF −G2

)
ρ2 +

(
AB −D2

)
η2

]

− 8π

mZ2

[
2 (DF −GH) ρσ + 2 (AH −DG) ρη − 2 (DH −BG) ησ + hmZ2

]
.

Here A,B, C,D, E, F, G and H are function of Z =
(

t
z

)
only. Our result reduces

to, the solution of Einstein-Maxwell’s equations obtained by Ambatkar et al.[1]. In

this case the solutions exist only when σ, ρ, η and h are the function of Z alone,

which reduces identically to zero. Further by choosing u = 0, then (1) reduces to,

Takeno’s [3] form of plane gravitational wave of the type Z =
(

t
z

)
i.e. gij ’s are

functions of Z only and the solutions exist only when σ, ρ, η and h are the functions

of Z alone which reduces J i identically to zero.

4. Conclusion

The gij ’s given by (1) are satisfies Einstein-Maxwell field equations (23) in the

presence of null field and null currents in five dimensional space-time for Z =
(

t
z

)

-type plane wave and we discussed as above some particular cases gives the field

equation (26), (27) and (29).
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