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1. INTRODUCTION

When a historian writes a historic book, he registers most of events based on his
view and meditation. He has embossed some events and give up to mention some
events. In fact we also say that, a historian attributes a number between 0 and 1 to
each historic event. The events that are corresponding to zero are neglected by the
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historian and the events that are corresponding to one are more outstanding and
highlighted from his view point. We can be described the meditation of the historian
as an observer to historic events set. If the set of all history events presented by X
then a historian assigns a number between 0 and 1 to every historic event. As the
matter of fact this number shows the writer’s view point in historic events.

The representation of numbers in computer can be also taken into consideration
as an observer. We know that numbers in computer are bounded, although this
doesn’t important limitation because we can put the numbers in the range of rep-
resentation of numbers in computer by scaling. Moreover in the representation of
integer numbers and finite decimal expansion numbers there is no error. The error
in a representation occurs when a number has decimal part with infinite expansion.
Now without loss of generality we can consider the numbers of the interval (0, 1).
We can take the computer as an observer. So that attributes to each number in
(0,1) a value in [0, 1] by:

) =1- |z —a* |,

where | x —z* |=min{| x —a | : a € A} and A is the set of machine numbers. This
is the new approach for studying of numerical methods and numerical analysis of
computational algorithms.

Also there are many problems in physics, economics, computer science and other
branches of sciences, depend on the view point of an observer.

We assume that X is a nonempty set, an observer p is a function from X to [0, 1]
[2, 3, 4, 5]. Moreover we assume that 7, is a relative topology [6] it means that:
it is a collection of members of [0,1]%, which are subsets of y with the following
properties :

i) p, x¢ € Tu, where x is the characteristic function;
ii) If Ay, Ay € 7, then Ay N A2 € 75

i) If {\; : 4 €T } C 7, then | J \i € 7.
ieT
7, is a mathematical modeling of the notion of topology from the viewpoint of an

observer (.

We say f : X — X be a relative continuous map or a p—continuous map if
() Nnu e 7, for all n € 7, where f~1(n)(z) = n(f(z)). A relative homeomor-
phism or a p—homeomorphism f is a bijection mapping such that f and f~! are

p—continuous mappings.
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A triple (X, u, {¢" : t € T}) is called a relative topological dynamics [1] if :
(i) ° is the identity map on X;
(i1) ¢ o ot = Tt for all s,t € T,
where T is the set of real numbers or the set of integer numbers and {¢' : t € T'} is
a one parameter family of y—homeomorphisms from X to X.

For given « € [0,1] and X € 7, the a-cut of X is the set A™!(a, 1] and denoted
by Aa-

Theorem 1.1. [1] Let (X, u,{o" : t € T'}) be a relative topological dynamics from
the viewpoint of the observer . Moreover assume that p, is an invariant set for
o', where a € (0,1], and t € T. Then (pia, {©! : t € T}) is a topological dynamics,
where the topology of pa is 7, = {Aa : XeT,}

We are going to consider the notion of topological conjugacy from the viewpoint
of an observer, and we will prove that: relative minimality, relative transitivity, and

relative expansiveness will preserve under a relative topological conjugate relation.

2. RELATIVE TOPOLOGICAL CONJUGACY

We begin this section with the definition of relative conjugacy for relative topo-

logical dynamics.

Definition 2.1. Two relative topological dynamics (X, u, {pt : t € T}) and (X, p, {1*
2t € T}) are called relative topological conjugate if for given o € (0,1] there is a
pu—homeomorphism h : X — X such that h(pa) = po, and (hop')(x) = (Ytoh)(z)

foreacht € T and x € uy i-e. the following diagram commutes.

t

X 2
hl Lh
x Y x

Remark 2.2. Relative topological conjugacy is an equivalence relation on the set

of all relative topological dynamics on a space X with observer p.

If (X,p,{pt:t €T} is a relative topological dynamics and z € X then the
set O¢(x) = {¢'(x) : t € T} is called the orbit of x € X. If a € [0,1] then
(0£)*(z) = O?(x) N~ (e, 1]) is called the relative orbit of z or u—orbit of = with
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the level a.
The straightforward calculation shows that if h is a conjugacy from (X, u, {? : t €
T}) to (X, pu, {¢* : t € T}) then h((0F)*(x)) = (O:f)a(h(x))
Example 2.3. Let X be the set of mappings x from Z to {0,1}, and let p: X —
[0,1] be defined by

p(x) = {

Moreover let T' be the set of integer numbers and let 7, be the relative topology gen-

erated by {p, A\j, xp : j € NU{0}}, where

if (i) =0 for all i

otherwise.

o= O

Aj@;){ st if w(j) =1 or 2(—j) =1
0 otherwise.
Then for t € T, the mapping ¢* : X — X defined by o' (x)(i) = x(i +1) is a
pu—continuous map, and (X, p, {¢* : t € T}) is a relative topological dynamics. Also
if we define ¥t : X — X by ' (x)(i) = x(i —t) where t € T, then h : X — X
defined by h(z)(i) = x(—1i) is a relative conjugacy.

Because: If o > 1/2 then po = 0. If 0 < oo < 1/2 then po = X — {0}. We have
T E o & x#£0S h(x) £ h(0) =0<& hz) € pg. So h(la) = po. Moreover for
each i € Z we find

(ho@")(@)(i) = h(¢"(2)(i)) = 2(~i — t)
(¥ o h)(@) (i) = ¥' (h(x)(i)) = x(—i — t).

Let « € (0,1] be given. A relative topological dynamics (X, u, {¢" : t € T}) is
called a quasi-minimal relative topological dynamics on g, or briefly ” u,—quasi-
minimal ” if for every x € p, , (OF)®() is a dense subset of ji,, where the topology

of pa is 7.

Theorem 2.4. Let (X, p, {¢" :t € T}) and (X, u, {¢" : t € T'}) be relative topologi-
cal conjugate. Then (X, p, {p" : t € T'}) is po—quasi-minimal iff (X, p, {¢* : t € T'})

s too.

Proof. Let a € (0,1] be given and h be a p—conjugacy i.e. h(pa) = po and
hop!=1toh forallt € T. Let x € u, and A* be open in p,. So h=1(A%) is open
in po and h=1(z) € po. Since (X,pu, {¢' : t € T}) is quasi-minimal we can find
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to € T such that @' (h~1(x)) € h=1(\?). Hence (ho ' o h=1)(z) = lo(x) € \@

i.e. {¢'(z):t €T} is a dense subset of py. The proof of converse is similar. O

Let (X, u, {¢? : t € T}) be a relative topological dynamics on a metric space X
and let z € po. For given a € (0,1] we define
wy, (2) ={y € pa | Htn} C T such that o'~ (x) — y as t,, — +o0}.

Let (X, u,{" : t € T}) be a relative topological dynamics and a € (0,1] be
given. A point p € p, is called a p,—non-wandering if for each neighborhood U of
p in 7, there exists 0 # t € T such that ¢"(U) N U N s # 0. We denote the set of
o —non-wandering points of (X, u, {¢" :t € T'}) by Q...

We say that a relative topological dynamics (X, u, {t : t € T'}) is relative tran-
sitive if for all \,n € 7, — {xg} there is ¢t € T such that p'(\) N7 # xp.

Theorem 2.5. Let (X,u,{¢" : t € T}) and (X,u, {9t : t € T}) be relatively
topological conjugate with a p—conjugacy h. Then (X, u,{ot : t € T}) is relative
transitive iff (X, p, {¢* : t € T}) is too. Moreover hQ¥ = Q;ﬁ’a and if o'(z) = x
for some t € T, then ' (h(x)) = h(z).

Proof. Let (X, u,{¢" : t € T}) be relative transitive. Then for given o € (0,1]
and for all A*, n® € 77, there exists t € T such that p*(A*) N7y # 0. Let
h be a p—conjugacy. So h(jta) = pa and ho @t = 1t o h for all t € T. Thus
het(A%) N h(n®) # 0. Hence *h(X*) N h(n®) # O where h(A*), h(n®) € 7. One
can prove the converse similarly.

Suppose Qf and Q:fu are the sets of y,—non-wandering points of (X, u, {¢’ : t €
T}) and (X, pu, {ot : t € T}) respectively. Moreover h be a j,—conjugacy, and
p € Qf . Then for given neighborhood U of p there exists 0 # ¢ € T such that
OHU)NU N g # 0. So h(U) is a neighborhood of h(p) and h(e*(U)NU Npuy) # 0.
Thus (hoe")(U)NA(U)Npa # O and ¢ (h(U))NA(U)Npa # 0. Therefore h(p) € Q)
when p € QF ie. h(Qf ) C QY . By replacing h with h~! we have Qﬁa C ().
If p'(z) = x for some t € T and = € pq, then h(p'(z)) = h(z). So ¥'(h(z)) =
h(x). O

Definition 2.6. For given o € (0,1] we say the function f : X — C is a

fo—continuous function if f~1(O) N py € 7., where O is an open subset of the

L

field of complex numbers C.
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Theorem 2.7. Let a € (0,1] be given and let (X,u,{¢" : t € T}) be relative
transitive. Moreover let T} has a countable base and there exists a pi,— continuous
function f such that (foe')(x) = f(x) wheret € T and x € pio. Then f is constant

N g -

Proof. Since (X, u,{o" : t € T}) is relative transitive, then by Theorem 4.1 of
[1]. There exists xo € po such that (Of)%(xo) is dense in jio, where (OF)*(xo) =
{¢'(x0) : t € T} N p~ (e, 1]). So £((OF)*(x0)) = f (o) 0

3. RELATIVE EXPANSIVENESS OF THE RELATIVE
HOMEOMORPHISMS

We begin this section with the next three assumptions: X is a metric space,

a € [0,1] is fixed and 4 is an observer.

Definition 3.1. Let A = {A\§, NS, - -, A2} be an open cover for a compact met-
ric space fio. Then for a pio—homeomorphism ¢ : X — X we define A =
AN, -, %) and

i=\]i/N ool A=A\ AN LA\ VAN A L\ oA

={A N A NN A N NEAE NNV T <dg, iy, in < 0}

Definition 3.2. A finite open cover A of py, is called an a—relative strong generator
for a u—homeomorphism ¢ : X — X if :

(1) ¢(pa) = pa and,

(#1) there is a metric do : po X pto. — RT U{0} such that (pua, 7)) is a compact

metric space with the metric d,, and for every bisequence {2}, of members of

o0
A the set mAY contains at most one point of fiq.
¥ n H

n—=—oo
o0

If this condition is replaced by : ” ﬂ @AY contains at most one point of e ”
n=-—oo

then A is called a a—relative weak generator.
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Theorem 3.3. If o : X — X is a puo—homeomorphism of a compact metric
space pio, with p(te) = fa, then @ has an a—relative strong generator iff ¢ has an

a—relative weak generator.

Proof. The definitions imply that an a—relative strong generator is an «—relative

weak generator. Let B be an a—relative weak generator for ¢, B = {n%,...,n%}

and let 0 be a Lebesgue number for B. Moreover let A be a finite open cover by

sets A® having diam(A¢") < 8. Then if A? is a bisequence in A then for all n there
o0 o0

exists j, with Xf‘n C g . Hence m SD_nj‘?n C m ©~"nj which is either empty or
— 00

— 00

a single point. So A is an a—relative strong generator. g

Lemma 3.4. Let p: X — X be a po,—homeomorphism of a compact metric space
(e, dy), and let A be an a—relative strong generator for ¢. Then for € > 0, there

exists N > 0 such that each set in \/fN 0 " A has diameter less than e.

Proof. Suppose the first part of the Lemma does not hold. Then there exist € > 0
such that for all j > 0, there are x;,y; with d,(x;,y;) > € and there exist A§, €

J

A, —j < i < j with j,y; € m go_i)\;?"i. Since p, is compact then there are
i=—j

subsequences z;, — = and y;, — y. So z # y. Infinitely many of A}, , coincide.

Because A is finite then x,,y;, € A§ for some A§. Hence z,y € A§. Similarly for

each n, infinitely many A$ ,, coincide and we can find A} € A with z,y € ©TmAY.

Thus z,y € ﬂiooogofn/_\g, and this contradicts with: A is an a—relative strong

generator. O

Now, we introduce the definition of the relative expansiveness of a

o —homeomorphism.

Definition 3.5. A p,—homeomorphism ¢ of a compact metric space (fia, dy ), With
O(lha) = Ha, 15 called to be relative expansive or briefly . —expansive if there exists
d > 0 such that for x,y € o with x # y there exists n € Z such that d, (™ x, p"y) >

0. In this case § is called po,—expansive constant for .

Example 3.6. Let X5 =[], c,{1,2,3,4,5} denote the space of all sequences taking
values {1,2,3,4,5} indexed by 7Z.
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We define a metric on X5 by :

N oifax
d(.y) {(1/2) faty

0 otherwise,

where © = (Tp)nez, Y = (Yn)nez, and
N=min{i >0 :a; £y, or x_; Zy_;}.

We define n: X5 — [0,1] by :
1/5 ifx; =5 for some
p(x) = .
1/2 otherwise.
For j € {1,2,3,4} we define \; : X5 — [0,1] by :

1/2 if x; #5 forall i and x9=3j
Aj(@) =

0 otherwise.

Moreover we define s : X5 — [0,1] by :

A5(x)={ 1/5 if 29=5

0 otherwise.

Let 7, be the relative topology generated by {1, xg,\; : j € {1,2,3,4,5}}. Then A=
{)\]1-/4 17 €{1,2,3,4}} is a 1/4—relative strong generator for a p—homeomorphism
shift map o : X5 — X5 defined by (ox), = py1, Yn € Z.

Because : For every bisequence {/\;1'/4 o of members of A the set

ﬂ Uﬂ')\}i/él = 0, where po = {x = (Tp)nez : Tn # 5 for all n € Z} and pq is

compact. Moreover pu—homeomorphism o of a compact metric space (p1,4,dy,4) 15
relative expansive. Because if we take § = 1/2, then for every x,y € uo and x #y
we find N € Z+ U {0} with d(z,y) = (1/2)".

If N =0, then d(z,y) = d(c%z,0%) = (1/2)° =1 >1/2=4.

If N =k > 0, then d(o*z,d%y) = (1/2)° =1 > 1/2 = §, or, d(o *x,07%y) =
(1/2)° =1>1/2=4.

So 6 =1/2 is a pu1/4—expansive constant for o.

Theorem 3.7. Let ¢ be a po,—homeomorphism of a compact metric space (fe, dey)

with o(fe) = pa- Then ¢ is po,—expansive iff ¢ has an a—relative strong generator.
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Proof. Let 6 be a u,—expansive constant for ¢ and 4 be a finite cover by open balls

of radius d/2. Suppose z,y € ﬂ @ "\* where A2 € A. Then d,(p"z, ¢"y) < 6,
— 00
for all n € Z. So x = y. Because § is a p,—expansive constant for . Therefore A

is an a—relative strong generator.

Conversely, suppose A is an a—relative strong generator. Let § be a Lebesgue

number for A. If do (¢"z, ¢"y) < 4, for all n € Z then for all n, there exists \Y € A
o0

with "z, "y € A% and so x,y € ﬂ @ ™A%, Since this intersection contains at
—0o0

most one point we have x = y. Hence ¢ is u,—expansive. |

Corollary 3.8. (i) Ezpansiveness is independent of the metric.

(ii) If k # 0 then ¢ is i —expansive iff ©* is o —erpansive.

(#41) Expansiveness is a relative topological conjugacy invariant i.e. if o : X — X

and ¢ : X — X are two po—homeomorphisms with relative topology 7, and

Y : X — X is a po—homeomorphism such that ¥(pa) = e and o = ¢ then ¢

1S o —expansive iff ¢ is too.

Proof. (i) It is clear.

(i3) If A is an a—relative generator for ¢ then A\ o tA\ ...\/ o~ *TD A is an
a—relative generator for p*. Also any a—relative generator for ©” is an a—relative
generator for . Because if B is an a—relative generator for ¢*, then | N>~ %*p; |<
1, where n; € B. Therefore | N>=_¢p~'n; |< 1. So B is an a—relative generator for
¢, where | A | denote the number of elements of the set A.

(iii) A cover A is an a—relative generator for ¢ iff 1y =1 A is an a—relative generator

for . |

Theorem 3.9. Let p: X — X be a po—expansive homeomorphism of a compact
metric space (fa,ds). Then for each integer m > 0 the po,—homeomorphism o™

has only a finite number of fized points in .

Proof. Let 0 be a p,—expansive constant for ¢™. Suppose ¢ (z) = x and ¢™(y) =
y for x,y € pe. Then either x = y or d,(¢™x, ™y) = do(z,y) > 0. O
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