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ABSTRACT. Let A be the class of all normalized analytic functions f(z) in the
open unit disk A := {z € C: |z| < 1} satisfying f(0) = 0 and f’(0) = 1. Let ¢1
and g2 be univalent in A with ¢1(0) = ¢2(0) = 1. We give some applications
of first order differential subordination and superordination to obtain sufficient

conditions for a normalized analytic functions f with f(0) = f/(0) — 1 = 0 to

o+1 2 A
0(:) < (W) < @),

where I f is the Komatu integral operator on A.

satisfy
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1. INTRODUCTION

Let H(A) be the class of all analytic functions f defined in an open disk of the
form A := {z € C: |z| < 1}. Let A denote the subclass of H(A) consisting of

functions f of the form
(1) f(z):z+2akzk, zeA:={zeC: |z| <1}.

There are various operators in the literature, related to the study of function
theory. O ne such operator, called Komatu operator which generalizes various

operators extensively (for example see, Balasubramanian et al [2]) is given by

@) 17/(z) = “;w)) / [rog2]" 41 e

a>0,0>0and f € A. It can be observed easily that,

I5f(z) = +Z<iiz> 2

In particular for ¢ = 1, this operator have been discussed by Jung, Kim and

Srivastava [7] and various results were obtained which are generalized in this paper.
More precisely, the properties of

(1+a)

3) 177 = )

/OZ [Zogﬂail f@®)dt,oc >0, f € A,

subordinate to certain convex univalent functions were discussed. This operator
I7 f is closely related to multiplier transformations studied earlier by Flett [6]. It

follows from (3) that one can define the operatorI{ f for any real number o. The

operator I!f is the Bernardi operator of the convex univalent function and

—z
I} f was investigated by Libra|8], where a € V' = 1,2, ... was studied by Bernardi [3].

Let H|a,n] be the subclass of H consisting of functions of the form
f(2)=a+anz" +an12" ™ 4.
Let p,h € H and let ¢(r,s,t;2) : C2 x A — C. If p and ¢(p(2), 2p'(2), 22p" (2); 2)
are univalent and if p satisfies the second order superordination

(4) h(z) < o(p(2), 29/ (2), 2P (2); 2),

then p is a solution of the differential superordination (1.3). (If f is subordinate

to F, then F is called a superordinate of f.) An analytic function ¢ is called a
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subordinant if ¢ < p for all p satisfying (1.3). An univalent subordinant q that
satisfies ¢ < q for all subordinants ¢ of (1.3) is said to be the best subordinant.
Recently Miller and Mocanu [9] obtained conditions on h,q and ¢ for which the

following implication holds:

(5) h(z) < d(p(2), 20 (2), 2°P" (2); 2) = a(2) < p(2).

Using the results of Miller and Mocanu [9], Bulboaca [4] considered certain classes
of first order differential superordinations as well as superordination-preserving op-
erators [3]. Using the

results of [4]. Shanmugam et al. [12] obtained sufficient conditions for a normalized

analytic function f(z) to satisfy

1) < 2k < ()

and 2f’( )
ey " e

respectively where, ¢; and ¢ are given univalent functions in A. Also, Tuneski

q1(z) <

[13] obtained a sufficient condition for starlikeness of the quantity £ (/;c(,z()z];)(f) In

the present investigation, we obtain sufficient conditions for a normalized analytic

IARVICAN
0o < (Sry) <o

2. PRELIMINARIES

function f to satisfy

We shall need the following definition and results to prove our main results. In

this paper unless otherwise mentioned «, §, v and § are complex numbers.

Definition 1. [[9], Definition 2,p.817] Denote by Q, the set of all functions f that

are analytic and injective on A — E(f), where
E(f)= {C € 0A: lirréf(z) = oo},
and are such that () # 0 for ¢ € 0A — E(f).

Theorem 1. [[9], Theorem 3.4 h, p.132] Let q be univalent in the unit disk A and
0 and ¢ be analytic in a domain D containing q(A) with ¢(w) # 0 when w € q(A).

Set  Q(z) = 2q'(2)0(q(2)), h(z) = 0(q(2)) + Q(z). Suppose that,
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(1) Q(z) is starlike univalent in A, and

) %{Zg(g} >0 for z € A.

If p is analytic in A with p(A) C D, and

(6) 0(p(2)) + 2p'(2)d(p(2)) < (a(2)) + 24’ (2)$(a(2)),
then p < g and ¢ is the best dominant.
By taking f(w) := a + B(w) + 7(w)? and ¢(w) := § in Theorem [1, we get the

following.

Lemma 1. Let q be univalent in A with q(0) = 1. Further assuming that

2q"(z) B, 2y
e + 5+ Sal2)| > 0.

If p is analytic in A, with p(A) C D and

1+

a+ Bp(2) +7[p(2)]* + 620 (2) < a + Ba(2) +la(2)]* + 624/ (2),
then p < q and q is the best dominant.

Theorem 2. [5] Let g be univalent in A and ¥ and ¢ be analytic in a domain D

containing q(A). Suppose that

(1) ® [g&’%} >0 forz € A, and

(2) Q(2) = z¢'(2)¢(q(2)) is starlike univalent function in A.
If p e H[g(0),1] N Q, with p(A) C D, and 3{p(2)} + 20/ (2)p(p(2)) is univalent in
A, and

(7) I {q(2)} + 2¢' (2)p(q(2)) < I {p(2)} + 20’ (2)p(p(2)),

then ¢ < p and q is the best subordinant.

By taking J(w) = a + fw + v(w)? and p(w) := § in Theorem 2, we get the

following .

Lemma 2. Let q be univalent in A, q(0) = 1. Further assuming that

R [(22542) ¢(2)] > 0.
If p € Hg(0),1]NQ, and o+ Bp(2) + v[p(2)]? + dzp'(2) is univalent, and

a+ Bq(z) +7[q(2)]? + 02¢'(2) < a+ Bp(z) +7[p(2)]* + 629 (2),

then q < p and q is the best subordinant.
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3. SUBORDINATION RESULTS FOR ANALYTIC FUNCTIONS

By using Lemma [1)) we first prove the following

Theorem 3. Let q be univalent in A with q(0)=1, and satisfying

=) B Q—Wq(z) > 0.

(8) R+ 545+

Let
(9) W(a7/67'-y7 67 A7U7 a; Z) :: Wl(a76?7)57 A’ 0-7a; Z) + \112(047577767 A7(7.761’; Z)

where Uy (a, 8,7,6,\,0,a;2) and Ya(a, B,7,09, A, 0,a;2) are given by

o+1 z A o+1 z A
@ﬂm&%&AmﬂM%:a+<%;%g?> ﬁ*”(%;%;?)}

\IIZ(aaﬁ7’Ya 53 )‘70-3 a; Z) =

172D 5L g0 1y U@ IR
(Sutr) ol vty -ty -1}

If f € A satisfies

(10) U(a, B,7,8,A,0,a;2) < a+ Bq(z) +vla(2)]* + 62¢'(2)
then,
I:{“(f(Z)))A
(St =t
and q is the best dominant.
- A
Proof. Define the function p(z) := (m) .

Then a simple computation shows that

V(a, 8,76, 0,a;2) = a + Bp(z) +[p(2)]* + 520 (2).
Now using (10) and Lemma 2.

1+ A
Corollary 1. Let q(z) = i —J;Bz

assuming that (8) holds. If f € A satisfies

1+ Az 1+ Az\> 6(A-B)z
1+ Bz 1+ Bz (14 Bz)2’

\11(0457'7757)\,0'70/;2) —<a+5(

75

O

(-1 < B < A <1)in Theorem 3.1. Further
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then,
(Ig+1(f(z)))’\ 1+ Az
I7(f(2)) 1+ Bz’
and 1+ Az is the best dominant.
1+ Bz )
Also if q(2) = 1 tz , then for f € A, we have
—z
14+ 2 1+2)\° 20z
\VJ o, A ;
(o, 3,7,6, A, 0,a;2) <a+ﬁ(1_z> + (1_Z> + TS
<If{“(f(2))>A JREE
Ig(f(2)) 11—z
and 1 i is the best dominant.

4. SUPERORDINATION RESULTS FOR ANALYTIC FUNCTION

Theorem 4. Let g be univalent in A with q(0) = 1. If

o+1 =z A
e, (IO oy,
(11) R [(f}*?q“)) q’(z)] > 0.
and ¥(a, B,7,0, A, 0,a; z) is univalent in A, with
(12) a+ fBg(2) +[a(2)]* + 624/ (2) < ¥(e, B,7,0,A, 0,05 2),
then, a
g (@)
< ()

and q s the best subordinant.

Proof. Theorem 4! follows by an application of Lemma 2l O

1+ A 1
=1 —J;Bz and T j_L z we get the following.

By taking ¢(z)

N I (=)
Corollary 2. Let g be univalent in A. Also let f € A, W e H[1,1]N
a(f(=
Q. Further assuming that (11) holds. If ¥(«, S,7,0, A, 0,a;z2) is univalent in A,

and

1+ Az 14+ Az\? §(A—B)z
a+5<HBZ>+’Y<1+Bz> + (1+BZ)2 <‘I’(a»ﬁ7%5,)\7o,a7z),
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then,
1+ Az y (I"H(f(z))>
1+ Bz I7(f(2))

and 1+ Az 1s the best subordinant.
1+ Bz
o’+1
Let q(z) = ?, then for [ € A, ({(Z)))) € H[1,1] N Q. Further
-z z

assuming that (11) holds. If ¥(«, B3,7,9, A, 0, a z) is univalent in A, and

1+2\* | 2
a+ﬁ( +z>+7(l+z> +( : 5 < V(a,B,7,0,A,0,0;2),

1—2)
then,
142 - (I"“(f(z)))
1—-2 7(f(2))
1+2z . .
and 1= is the best dominant.

Combining the results of the subordination and superordination we get, the fol-

lowing ”Sandwich Theorems”.

5. SANDWICH THEOREMS

Theorem 5. Let q1 and g2 be univalent in A and satisfies (11]) and (&) respectively.

- b\
If f € A, <m> € HIL1NQ, and Y(«, B,7,0,\, 0,a; z) is univalent in

A. Further if
a+Bq1(2)+7[q1 (2)]* 40241 (2) < U(, B,7,6,A, 0,0 2) < a+Ba2(2)+7[q2(2)]*+02¢5(2)

then
()
w0 < (Sitay) <o)

and q1 and qo are respectively the best subordinant and best dominant.

FOI‘ (Z) _ 1 —|—A12’ (Z) _ 1+A2Z
a - 1+Blz’q2 - 1+BQZ

the following corollary.

(-1 < By < By <A4; <Ay <1), we have

FaFIC)AN .
Ty <ML UNg

\111(0(76,’}/,5, Aao-aa7A17B1;Z) = \P(a7ﬂ77a67)‘70’7a; Z)

Corollary 3. If f € A, (

< \P2(aaﬁ57767)\70-7 a, A2aB2;Z>
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then
L+ Az <Ig+1(f(z))>* L LAy
14+ Bz I°(f(2)) 14 Byz
where
. o 1+A12 1+A1,Z 2 5(141—31)2
\Ill(avﬂvva(s»)‘ao—aavAlaBlaZ) i a+ﬂ(1—f‘312> +'Y <1—|—Blz> (1—|—Blz)2 )
and

1 —|—Agz> (1 +A2z)2 §(Ay — Bo)z

s 0, A\ Ao, By 2) 1= —_— .
2(@, 8,7,8,A,0,a, Az, By; 2) OH_ﬂ(l—i—BQZ 1+ Byz (1+BZZ)2
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