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Abstract. Seiberg-Witten monopole equations are defined on 4-manifolds

and solution space of this equations yields differential topological invariants.

In this work we consider 8-dimensional Riemannian manifolds with structure

group Spin(7). Such manifolds have a distinguished 4-form. By using this

4-form we define self-dual 2-form in dimension eight which is consistent with

the well known self-duality notion in 8-dimension given by CDFN (see [5]) .

We then express Seiberg-Witten like equations in 8-dimension as analogues of

Seiberg-witten equations in 4-dimension.
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1. Introduction

To write Seiberg-Witten equations on a 4-manifolds we need some structures

such as Riemannian metric, spinc−structure, spinor bundle, Dirac operator and

self-duality notion for a 2-form. To express Seiberg-Witten like equations on 8-

dimension we need similar structures for 8-dimensional manifolds.
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It is known that Seiberg-Witten equations in 4-dimension consist of two equa-

tions. The first one is harmonicity condition of the spinors and this condition is

linear and can be stated in any dimension for spinc manifolds. The second equation

couples the self-dual part of a 2−form with a spinor field and it is non-linear. There

is no natural generalization of the second equation to higher dimensions, because

self-duality of 2−forms in Hodge sense is not meaningful in higher dimensions. On

the other hand there are various definitions of the self-duality in higher dimen-

sions (see [2, 4, 5, 6]). The one given in [5] is most popular among physical and

mathematical community. There are some analogies of Seiberg-Witten equations

in higher dimensions (see [1, 7, 12, 13]). In this work we deal with 8−dimensional

compact manifolds M with structure group Spin(7) that is, the transition maps of

the tangent bundle T (M) of M take their values in the group Spin(7) ⊂ SO(8).

If the structure group of M is Spin(7) then M is orientable and spin, with pre-

ferred spin structure and orientation (see [11]). Recall that Spin(8) is the double

cover of SO(8) and an 8-dimensional manifold is called a spin one if the struc-

ture group SO(8) of M can be lifted to Spin(8) (see [8, 11]). Also if M is spin

manifold it is automatically a spinc manifold that is, an 8-dimensional manifold is

called a spinc one if the structure group SO(8) of M can be lifted to the group

Spinc(8) = (Spin(8) × S1)/Z2 (see [8, 11]). Hence there is a vector bundle S on

M which is called spinor bundle and we can express Dirac operator on it and we

write first Seiberg-Witten like equation on such manifolds. For the second part of

the equation we need a kind of self-duality notion of 2-forms. At this point it is

important that if the structure group SO(8) of M reduces to the group Spin(7)

then there exist a distinguished non-vanishing 4−form Φ on M which is called fun-

damental form (see [10]). By using the fundamental form Φ one can split the space

∧2 (M) into orthogonal subspaces: ∧2 (M) = ∧2
7 ⊕ ∧2

21. Now we can define a self-

dual 2-form on 8-dimension: If a 2−form on M belongs to ∧2
7 then we call it self

dual 2−form.
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2. Preliminaries

Let us consider R8 with its standard orientation and inner product and e1, . . . , e8

be an oriented orthonormal basis. We take the following 4−form on R8

(1)
Φ0 = dx1234 + dx1256 + dx1278 + dx1357 − dx1368 − dx1458 − dx1467

+ dx5678 + dx3478 + dx3456 + dx2468 − dx2457 − dx2358 − dx2367

where dxijkl = dxi∧dxj∧dxk∧dxl. The subgroup of Gl(8,R) fixing Φ0 is isomorphic

to the group Spin(7) which is a compact, connected, simply-connected, Lie subgroup

of SO(8) of dimension 21 (see [3, 9, 10]).

Since the structure group of M is Spin(7) then there exists a nowhere vanishing

differential 4−form Φ on M which can be expressed as (1) locally such a form is

called fundamental 4−form of the manifold M . This fundamental 4−form deter-

mines a metric g on M and this is referred as the metric induced by Φ.

The action of Spin(7) on the tangent bundle induces an action of Spin(7) on

∧k (M). This action gives the following orthogonal decompositions of ∧k (M)

∧1 (M) = ∧1
8, ∧2 (M) = ∧2

7 ⊕ ∧2
21, ∧3 (M) = ∧3

8 ⊕ ∧3
48

∧4 (M) = ∧4
+ (M)⊕ ∧4

− (M) , ∧4
+ (M) = ∧4

1 ⊕ ∧4
7 ⊕ ∧4

27, ∧4
− (M) = ∧4

35

where ∧4
± (M) are the ± eigenspaces of ∗ on ∧4 (M) and

∧2
7 =

{
α ∈ ∧2 (M) : ∗ (α ∧ Φ) = 3α

}
,

∧2
21 =

{
α ∈ ∧2 (M) : ∗ (α ∧ Φ) = −α

}
,

∧3
8 =

{∗ (β ∧ Φ) : β ∈ ∧1 (M)
}

,

∧3
48 =

{
γ ∈ ∧3 (M) : γ ∧ Φ = 0

}
,

∧4
1 = {fΦ : f ∈ C∞(M)} ,

∧k
l corresponds to an l dimensional Spin(7)−irreducible subspace of ∧k (M) (see

[10]).

Now we give some explanations about Clifford algebras. Let V be a finite dimen-

sional vector space over the field F and q : V → F a quadratic form on V . The

Clifford algebra Cl(V, q) is an associative algebra with unit 1, which contains and

generated by V , with v · v = q(v) ·1 for all v ∈ V . Formally, one can define Clifford

algebra Cl(V, q) as follows: The Clifford algebra Cl(V, q) associated to a real vector

space V with quadratic form q can be defined as

Cl(V, q) = T (V )/I(q)
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where T (V ) is the tensor algebra T (V ) = F ⊕ V ⊕ (V ⊗ V ) ⊕ ... and I(q) is the

two-sided ideal in T (V ) generated by elements v ⊗ v − q(v) · 1.

Just like the tensor algebra and the exterior algebra the Clifford algebra has the

following universal property:

Theorem 2.1. Given an associative unital F -algebra A (with unit 1 ) and a lin-

ear map f : V → A with f(v) · f(v) = q(v) · 1 for all v ∈ V . Then there is a

unique homomorphism of algebras f : Cl(V, q) → A such that the following diagram

commutes

V
i−→ Cl(V, q)

j ↓ ↙ f

A

where iq is natural inclusion.

In particular the algebra Cl(V, q) together with the map iq : V −→ Cl(V, q)

satisfying iq(v)∆iq(v) = q(v) is uniquely determined by this property up to isomor-

phism (see [8]). For the realization of the Clifford algebra Cl(V, q) following lemma

is useful.

Lemma 2.2. Let e1, e2, ..., en be a orthogonal basis for V . Then the Clifford algebra

Cl(V, q) is multiplicatively generated by the elements e1, e2, ..., en ∈ V ⊂ Cl(V, q)

which satisfy the relations

e2
i = q (ei) , eiej + ejei = 0, i 6= j.

A particular basis of the vector space Cl(V, q) is formed by the elements 1 and

ei1ei2 ...eik
, 1 ≤ i1 < ... < ik ≤ n.

An element x =
∑
I

xIeI ∈ Cl(V, q) is said to be even degree if xI = 0 unless |I|
is odd. The subset of all elements of even degree is a subalgebra of Cl(V, q) and it

is denote by Cl(V, q)0.

Notations 2.3.

• If V = Rn real vector space with the quadratic form q : Rn → R,

q(x1, x2, ..., xn) = −x2
1−x2

2− ...−x2
n then the corresponding Clifford algebra
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Cl(V, q) is denoted by Cln. If we consider the standard basis e1, e2, ..., en

for Rn then following relations holds.

e2
i = −1 and eiej = −ejei for i 6= j.

• If V = Rn real vector space with the quadratic form q : Rn → R,

q(x1, x2, ..., xn) = x2
1 + x2

2 + ... + x2
n then the corresponding Clifford algebra

Cl(V, q) is denoted by Cl′n. In that case the product rule for the standard

basis e1, e2, ..., en of Rn as follows:

e2
i = 1 and eiej = −ejei for i 6= j.

• If V = Cn complex vector space with the quadratic form q : Cn → C,

q(z1, z2, ..., zn) = z2
1 + z2

2 + ... + z2
n then the corresponding Clifford algebra

Cl(V, q) is denoted by Cln and its known that Cln ∼= Cln ⊗ C.

The classification of the complex Clifford algebras is as follows (see [11]).

Proposition 2.4. If n = 2k then Cln ∼= C
(
2k

)
and if n = 2k + 1 then Cln ∼=

C
(
2k

)⊕ C (
2k

)
.

There is a natural involution Cln −→ Cln, x 7−→ x̃ defined by

x̃ =
∑

I

εIxIeI , εI = (−1)k(k+1)/2, k = |I|.

Now denote by Spin(n) the set of all elements x ∈ Cl0n which satisfy

x̃x = 1, xRnx̃ = Rn, x̃ = x.

It is known that Spin(n) is a compact, connected, Lie group. The map λ :

Spin(n) −→ SO(n) by λ(x)(v) = xvx̃ is a 2:1 homomorphism for n ≥ 3 where

v ∈ Rn (see [8]).

The vector space of complex n−spinors is 4n = C2k

for n = 2k, 2k + 1 and

the elements of 4n are called complex spinors. Since C
(
2k

) ∼= End(4n), Cln ∼=
End(4n) if n is even; Cln ∼= End(4n) ⊕ End(4n) if n is odd. Denote by κn the

so-called spin representation of the complex Clifford algebra Cln. In the case of an

even dimension, n = 2k, this is the isomorphism explained above

κn : Cln −→ End(4n).
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If n is odd, then κn consists of the isomorphism Cln ∼= End(4n)⊕End(4n) followed

by the projection onto the first component,

κn : Cln −→ End(4n)⊕ End(4n) −→ End(4n).

The vector space of complex n−spinors is thus turned into a module over the com-

plex Clifford algebra Cln. Now we consider the subgroup Spin(n) ⊂ Cln ⊂ Cln.

We obtain a representation κ of the group Spin(n) by restriction:

κ = κn|Spin(n) : Spin(n) −→ Aut(4n)

This representation is faithful.

A vector x ∈ Rn ⊂ Cln ⊂ Cln −→ End(4n) can be considered as an endomor-

phism of 4n. This called Clifford multiplication of vectors and spinors, this gives a

linear map µ : Rn ⊗R 4n −→ 4n by µ (x⊗ ψ) = κn (x)ψ. Generally simply write

x ·ψ instead of µ (x⊗ ψ). This Clifford multiplication extends to a homomorphism

µ : ∧ (Rn) ⊗R 4n −→ 4n. Then vectors and multi-vectors can be multiplied by

spinors. The product is always a spinor, and this multiplication is equivariant for

the actions of the group Spin(n). In the case of n = 2k the element e1 . . . e2k be-

longs to the center of the algebra Cl0n. As Spin(n) ⊂ Cl0n this element commutes

with all elements from Spin(n). Hence the endomorphism

f = ikκ (e1 . . . e2k) : 42k −→ 42k

is an automorphism of the Spin(n) representation. Thus the spin representation

42k decomposes into the eigensubspaces of f :

42k = 4+
2k ⊕4−

2k, 4±
2k = {ψ ∈ 42k : f (ψ) = ±ψ}

The spinors belonging to the subspaces 4±
2k are called Weyl spinors. Moreover if

x ∈ R2k and ψ± ∈ 4±
2k, then the spinor x · ψ± belongs to 4∓

2k. So the Clifford

multiplication induces homomorphisms µ : R2k ⊗R 4±
2k −→ 4∓

2k.

It is also well known that there exists a positive definite Hermitian inner product

〈, 〉 on the spinor space 4n with the invariance property

〈x · ψ, ϕ〉+ 〈ψ, x · ϕ〉 = 0

where x ∈ Rn, ψ, ϕ ∈ 4n. The spin representation κ : Spin(n) −→ Aut(4n) is a

unitary representation with respect to this inner product.
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The complex Clifford algebra Cln contains the group

Spinc(n) =
(
Spin(n)× S1

)
/Z2 = Spin(n)×Z2 S1.

The elements of Spinc(n) are thus classes [g, z] of pairs (g, z) ∈ Spin(n)×S1 under

the equivalance relation (g, z) ∼ (−g,−z). One can define several homomorphisms:

• λ : Spinc(n) −→ SO(n), λ([g, z]) = λ(g),

• i : Spin(n) −→ Spinc(n), i(g) = [g, 1],

• j : S1 −→ Spinc(n), j(z) = [1, z],

• l : Spinc(n) −→ S1, l([g, z]) = z2,

• p : Spinc(n) −→ SO(n)× S1, p([g, z]) = (λ(g), z2).

Since Spin(n) is contained in the complex Clifford algebra Cln, the spin represen-

tation of the group Spin(n) extends to a Spinc(n)−representation. For an element

[g, z] ∈ Spinc(n) and any spinor ψ ∈ 4n we have κ [g, z] ψ = zκ (g) (ψ).

Let (M, g) be an oriented Riemannian n−manifold. There is a unique

SO(n)−principal bundle Q on M which is induced by the metric g and orientation.

Under some conditions on M there is another principal bundle P over M with fiber

Spin(n) together with a bundle map Λ : P −→ Q. More precisely:

Definition 2.5. A spin structure on the principal bundle Q is a pair (P,Λ) where

(1) P is a Spin(n)-principal bundle over M,

(2) Λ : P −→ Q is a 2-fold covering for which the diagram

P × Spin(n) −→ P

↓Λ×λ ↓Λ
Q× SO(n) −→ Q

commutes. In diagram the rows contain the action of the respective group

on the corresponding principal bundle.

If a manifold M has a spin structure then M is called spin manifold. In analogy

with a spin structure, spinc-structure can be defined as follows:

Definition 2.6. A spinc−structure on Q is a pair (P, Λ) consisting of a

Spinc−principal bundle P over the space M and a map Λ : P −→ Q such that the
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diagram

P × Spinc(n) −→ P

↓Λ×λ ↓Λ
Q× SO(n) −→ Q

commutes.

If a manifold M has a spinc structure then M is called spinc manifold. It

is known that each spin structure on Q induces a spinc structure, so every spin

manifold is a spinc manifold (see [8, 11]).

The groups Spin(n) and S1 are subgroups of Spinc(n) whose elements commute

with each other. If (P, Λ) is a spinc−structure then we get the following principal

bundles over M

• P/S1 is a SO(n)−bundle isomorphic to Q, that is Q = P/S1,

• P1 := P/Spin(n) is an S1−bundle over M.

Hence we have the fiber-product bundle Q×̃P1 over M and the projection P −→
Q×̃P1 is a 2-fold covering map.

From the map l : Spinc(n) −→ S1 = U(1) we get the associated complex line

bundle

L = P ×l C.

This complex line bundle is called determinant line bundle. Note that L = P1×U(1)

C and TM = P ×λ Rn.

Consider the SO(n)−principal bundle Q on M and denoted by

TM = Q×SO(n) Rn

the associated real n−dimensional vector bundle (that is the tangent bundle of M).

Let (P, Λ) be a spinc−structure on Q. If we consider the spinc representation

κ : Spinc(n) −→ U(4n)

then we construct a new associated complex vector bundle

S = P ×κ 4n

This complex vector bundle is called the spinor bundle for a given spinc−structure

on Q. Since T = Q ×SO(n) Rn = P ×λ Rn, the Clifford multiplication µ induces a
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bundle morphism of the associated bundles

µ : T ⊗ S −→ S or µ : Λ (T )⊗ S −→ S.

Let (M, g) be an oriented connected Riemannian manifold and Q be the SO(n)-

principal bundle of positively oriented orthonormal frames. The Levi-Civita con-

nection 5 over M determines an so(n)−valued 1-form Z : TQ −→ so(n) (see [8]).

Let A : TP1 −→ iR be a connection 1−form on the principal bundle P1 where Lie

algebra of the group S1 is identified iR. The connections Z and A together define

a connection

Z ×A : T
(
Q×̃P1

) −→ so(n)⊕ iR

in the fibre-product Q×̃P1. This connection can be lift to a connection Z̃ ×A in

the spinc principal bundle via the 2-fold covering π : P −→ Q×̃P1 and following

diagram commutes:

T (P ) Z̃×A−→ spinc(n) = spin(n)⊕ iR
↓dπ ↓p∗

T
(
Q×̃P1

) Z×A−→ so(n)⊕ iR

where p∗ : spinc(n) −→ so(n) ⊕ iR is the differential of the 2-fold covering p :

Spinc(n) −→ SO(n) × S1. The spin(n) ⊕ iR−valued connection 1-form Z̃ ×A

determines a covariant derivative

∇A : Γ (S) −→ Γ (T ∗M ⊗ S)

in the spinor bundle. The covariant derivative ∇A satisfies following properties

(1) ∇A
Y (Xψ) = X

(∇A
Y ψ

)
+ (∇Y X) ψ for every vector fields X,Y and ψ ∈

Γ (S) ,

(2) X 〈ψ,ψ1〉 =
〈∇A

Xψ, ψ1

〉
+

〈
ψ,∇A

Xψ1

〉
for every vector field X and ψ,ψ1 ∈

Γ (S).

Now we can describe the curvature 2-form of the connection Z̃ ×A. Let ΩZ :

TQ×TQ −→ so(n) be the curvature 2-form of the Levi-Civita connection with the

components

ΩZ =
∑

i<j

ΩijEij , Ωij : TQ× TQ −→ R.
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where the matrices Eij (i < j) defined by

Eij =

i j


0 . . . . . . 0 0 . . . 0

0 −1 0
...

...
... 1

...

0

0 . . . . . . 0 . . . 0




i

j

.

The curvature 2-form ΩA of the connection 1-form A on P1 is simply ΩA = dA. It

is known that the curvature 2-form ΩA can be considered as a 2-form on base space

M with values in iR (see [8]).

Let (M, g) be a Riemannian manifold with a fixed spinc structure and a con-

nection A in the U(1)−principal bundle P1 and ∇A be the associated covariant

derivative in spinor bundle S.

Definition 2.7. (Dirac operator) The composition

DA := µ ◦ ∇A : Γ (S) −→ Γ (T ∗M ⊗ S) = Γ (TM ⊗ S) −→ Γ (S)

is called the Dirac operator.

With respect to a (local) orthonormal frame e1, . . . , en on the manifold M,

DAψ =
n∑

i=1

ei∇A
ei

ψ.

This operator is a first order differential operator and elliptic.

We know that if the dimension n is even, then the spinor bundle splits into

the sum S = S+ ⊕ S−. Since Clifford multiplication by vector interchanges these

summands, the Dirac operator decomposes into the sum of two operators, D±
A :

Γ (S±) −→ Γ (S∓).

3. Seiberg-Witten Equations in 8-dimension

3.1. Equations in 4-dimension. Let M be an oriented, compact 4-dimensional

Riemannian manifold. Its known that every compact, orientable 4-dimensional

manifold M is a Spinc manifold (see [8]). Fix a spinc−structure and a connection
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A in the U(1)−principal bundle P1 associated to the spinc−structure. The Seiberg-

Witten monopole equations on M are

D+
Aψ = 0, Ω+

A = σ (ψ)

for ψ ∈ Γ (S+), where σ : Γ (S+) −→ ∧2,+M , σ (ψ) = − 1
4

∑
i<j

〈eiejψ,ψ〉 ei ∧ ej

and Ω+
A is the self dual part of the curvature 2-form ΩA. The self-dual part Ω+

A

of ΩA can be expressed in terms of Hodge star operator by Ω+
A = 1

2 (ΩA + ∗ΩA).

It is also possible to write Ω+
A in terms of the basis elements f1, f2, f3 of ∧2 (M)

by Ω+
A =

3∑
i=1

〈fi,ΩA〉 fi where f1 = e1 ∧ e2 + e3 ∧ e4, f2 = e1 ∧ e3 − e2 ∧ e4, f1 =

e1 ∧ e4 + e2 ∧ e3. Note that the quadratic map also can be given by the formula

σ (ψ) = − 1
4

3∑
i=1

〈fi · ψ, ψ〉 fi.

3.2. Equations in 8-dimension. Note that the first equation DAψ = 0 is linear

and meaningful for any spinc manifolds. But the second one is non-linear and there

is no natural generalization to higher dimensions. Because self duality notion of

2-forms in Hodge sense is meaningful only for 4-manifolds. Our aim is to write

similar equations on 8-dimensional manifolds with topological Spin(7)−structure.

Because such manifolds are spin so spinc, this enables us to construct spinor bundle

and Dirac operator on it. On the other hand the fundamental 4-form Φ on M gives

decomposition ∧2
7 ⊕ ∧2

21of 2-forms ∧2 (M).

Let (M, g, Φ) be a Spin(7) manifold. Then M is spin and orientable so M

has a spinc−structure and denote it by (P, Λ). Let A be a connection 1-form

in the U(1)−principal bundle P1 associated to the spinc structure (P, Λ). Since

M is a 8-dimensional manifold the spinor bundle S associated to (P, Λ) can be

split into the sum S = S+ ⊕ S−. So does Dirac operator and we will consider

the positive Dirac operator D+
A : Γ (S+) −→ Γ (S−). The 8-dimensional version

of first equation in Seiberg-Witten equations is D+
Aψ = 0 for ψ ∈ Γ (S+). For

second equation we need self-duality notion of a 2-form in 8-dimension. So we

want to make use of the decomposition of the space ∧2 (M) = ∧2
7 ⊕ ∧2

21. Let

π7 : ∧2 (M) → ∧2
7 be the orthogonal projection and for η ∈ ∧2 (M) the self-dual

part of η is, by definition, π7 (η). If π7 (η) = η then η is called self-dual 2−form.

This self-duality definition of a 2-form is consistent with the generally accepted

self-duality definition in 8-dimension of CDFN in [5]. Firstly we write a quadratic
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map σ : Γ (S+) −→ ∧2
7 by σ (ψ) = −∑

i=1

〈fiψ,ψ〉
〈fi,fi〉 fi where f1, . . . , f7 is a basis for

∧2
7 associated to an orthonormal frame e1, . . . , e8 on M . Then the 8-dimensional

version of second equation in Seiberg-Witten equations is π7

(
ΩA

)
= σ (ψ). Hence

monopole like equations in 8-dimension are

D+
Aψ = 0, π7 (ΩA) = σ (ψ) .

where A is a iR−valued connection 1-form on P1 and ψ ∈ Γ (S+).

3.3. Some Local Discussions. In this case n = 8 then the vector space of complex

8−spinors is 48 = C16. Its known that Cl8 ∼= End(48). A spin representation κ8

of the complex Clifford algebra Cl8 can be given with the following matrices:

κ8 : Cl8 −→ End(48)

κ8 (e1) =

(
0 K1

−K1 0

)
κ8 (e2) =

(
0 K1

K1 0

)

κ8 (e3) =

(
0 K2

K2 0

)
κ8 (e4) =

(
0 K3

K3 0

)

κ8(e5) =

(
0 K4

K4 0

)
κ8 (e6) =

(
0 K5

K5 0

)

κ8 (e7) =

(
0 K6

K6 0

)
κ8 (e8) =

(
0 K7

K7 0

)

where K1 is 8× 8 type identity matrix and the matrices Ki as follows:

K2 =




i 0 0 0 0 0 0 0

0 −i 0 0 0 0 0 0

0 0 i 0 0 0 0 0

0 0 0 −i 0 0 0 0

0 0 0 0 i 0 0 0

0 0 0 0 0 −i 0 0

0 0 0 0 0 0 i 0

0 0 0 0 0 0 0 −i



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K3 =




0 1 0 0 0 0 0 0

−1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 −1 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 −1 0




K4 =




0 −i 0 0 0 0 0 0

−i 0 0 0 0 0 0 0

0 0 0 i 0 0 0 0

0 0 i 0 0 0 0 0

0 0 0 0 0 −i 0 0

0 0 0 0 −i 0 0 0

0 0 0 0 0 0 0 i

0 0 0 0 0 0 i 0




K5 =




0 0 0 −1 0 0 0 0

0 0 −1 0 0 0 0 0

0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −1

0 0 0 0 0 0 −1 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0




K6 =




0 0 0 i 0 0 0 0

0 0 i 0 0 0 0 0

0 i 0 0 0 0 0 0

i 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −i

0 0 0 0 0 0 −i 0

0 0 0 0 0 −i 0 0

0 0 0 0 −i 0 0 0



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K7 =




0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 −1 0 0 0 0

0 0 −1 0 0 0 0 0

0 −1 0 0 0 0 0 0

−1 0 0 0 0 0 0 0




K8 =




0 0 0 0 0 0 0 i

0 0 0 0 0 0 i 0

0 0 0 0 0 i 0 0

0 0 0 0 i 0 0 0

0 0 0 i 0 0 0 0

0 0 i 0 0 0 0 0

0 i 0 0 0 0 0 0

i 0 0 0 0 0 0 0




For i = 2, . . . , 8 these Ki matrices are the images of the generators of Cl7 under

an explicit isomorphism Cl7 ∼= End
(
C8

) ⊕ End
(
C8

)
which is obtained from the

periodicity relation Cln+2
∼= Cln ⊗C C (see [8]).

This spinor representation κ8 : Cl8 −→ End(48) decomposes 48 = 4+
8 ⊕ 4−

8

where 4+
8 =

{
ψ = (ψ1, . . . , ψ16) ∈ C16|ψ9 = ψ10 = . . . = ψ16 = 0

} ∼= C8 and 4−
8 ={

ψ = (ψ1, . . . , ψ16) ∈ C16|ψ1 = ψ2 = . . . = ψ8 = 0
} ∼= C8. Now we can write Dirac

operator D+
A : Γ

(4+
8

) −→ Γ
(4−

8

)
, D+

Aψ =
8∑

i=1

ei∇A
ei

ψ, ψ ∈ Γ
(4+

8

)
and A is a

iR−valued connection 1−form. The iR−valued connection 1−form A locally can

be expressed as A =
8∑

i=1

Aidxi, where Ai : R8 −→ iR smooth functions. Then

ΩA = dA =
∑
i<j

Fijdxi ∧ dxj , where Fij = ∂Aj

∂xi
− ∂Ai

∂xj

The covariant derivative ∇Aψ of a spinor ψ ∈ Γ
(4+

8

)
is computed according to

the formula

∇Aψ = dψ +
1
2

∑

i<j

wijeiejψ +
1
2
Aψ.

where wij = g (∇ei, ej) are forms defining the Levi-Civita connection. Note that on

R8 all wijs are vanish. Then the local expression of the covariant derivative ∇A
ei

ψ



SEIBERG-WITTEN LIKE EQUATIONS ON ...- JDSGT VOL. 7, NUMBER 1 (2009) 35

of ψ in the direction ei is

∇A
ei

ψ =
(

dψ +
1
2
Aψ

)
(ei) = dψ (ei) +

1
2
Aψ (ei)

Since dψ (ei) =




dψ1

dψ2

...

dψ8




(ei) =




dψ1 (ei)

dψ2 (ei)
...

dψ8 (ei)




=




∂ψ1
∂xi

∂ψ2
∂xi

...
∂ψ8
∂xi




and

1
2
Aψ (ei) =

1
2

8∑

j=1

Ajdxj (ei)ψ =
1
2
Aiψ,

we can write

∇A
ei

ψ =




∂ψ1
∂xi

∂ψ2
∂xi

...
∂ψ8
∂xi




+
1
2
Ai




ψ1

ψ2

...

ψ8




=




∂ψ1
∂xi

+ 1
2Aiψ1

∂ψ2
∂xi

+ 1
2Aiψ2

...
∂ψ8
∂xi

+ 1
2Aiψ8




.

According to above data we can write Dirac operator D+
A : Γ

(4+
8

) −→ Γ
(4−

8

)

by

D+
Aψ =

8∑
i=1

ei · ∇A
ei

ψ =
8∑

i=1

κ8 (ei)
(∇A

ei
ψ

)

=
8∑

i=1

Ki




∂ψ1
∂xi

+ 1
2Aiψ1

∂ψ2
∂xi

+ 1
2Aiψ2

...
∂ψ8
∂xi

+ 1
2Aiψ8




and the explicit form of the first equation D+
Aψ = 0 is

(
1
2
A1 + ∂1

)
ψ1 + i

(
1
2
A2 + ∂2

)
ψ1 +

(
1
2
A3 + ∂3

)
ψ2 − i

(
1
2
A4 + ∂4

)
ψ2

−
(

1
2
A5 + ∂5

)
ψ4 + i

(
1
2
A6 + ∂6

)
ψ4 +

(
1
2
A7 + ∂7

)
ψ8 + i

(
1
2
A8 + ∂8

)
ψ8 = 0

(
1
2
A1 + ∂1

)
ψ2 − i

(
1
2
A2 + ∂2

)
ψ2 −

(
1
2
A3 + ∂3

)
ψ1 − i

(
1
2
A4 + ∂4

)
ψ1

−
(

1
2
A5 + ∂5

)
ψ3 + i

(
1
2
A6 + ∂6

)
ψ3 +

(
1
2
A7 + ∂7

)
ψ7 + i

(
1
2
A8 + ∂8

)
ψ7 = 0
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(
1
2
A1 + ∂1

)
ψ3 + i

(
1
2
A2 + ∂2

)
ψ3 +

(
1
2
A3 + ∂3

)
ψ4 +

(
1
2
A5 + ∂5

)
ψ2

+ i

(
1
2
A4 + ∂4

)
ψ4 + i

(
1
2
A6 + ∂6

)
ψ2 +

(
1
2
A7 + ∂7

)
ψ6 + i

(
1
2
A8 + ∂8

)
ψ6 = 0

(
1
2
A1 + ∂1

)
ψ4 − i

(
1
2
A2 + ∂2

)
ψ4 −

(
1
2
A3 + ∂3

)
ψ3 +

(
1
2
A5 + ∂5

)
ψ1

+ i

(
1
2
A4 + ∂4

)
ψ3 + i

(
1
2
A6 + ∂6

)
ψ1 +

(
1
2
A7 + ∂7

)
ψ5 + i

(
1
2
A8 + ∂8

)
ψ5 = 0

(
1
2
A1 + ∂1

)
ψ5 + i

(
1
2
A2 + ∂2

)
ψ5 +

(
1
2
A3 + ∂3

)
ψ6 − i

(
1
2
A4 + ∂4

)
ψ6

−
(

1
2
A7 + ∂7

)
ψ4 −

(
1
2
A5 + ∂5

)
ψ8 + i

(
1
2
A8 + ∂8

)
ψ4 − i

(
1
2
A6 + ∂6

)
ψ8 = 0

(
1
2
A1 + ∂1

)
ψ6 − i

(
1
2
A2 + ∂2

)
ψ6 −

(
1
2
A3 + ∂3

)
ψ5 − i

(
1
2
A4 + ∂4

)
ψ5

−
(

1
2
A7 + ∂7

)
ψ3 −

(
1
2
A5 + ∂5

)
ψ7 + i

(
1
2
A8 + ∂8

)
ψ3 − i

(
1
2
A6 + ∂6

)
ψ7 = 0

(
1
2
A1 + ∂1

)
ψ7 + i

(
1
2
A2 + ∂2

)
ψ7 +

(
1
2
A3 + ∂3

)
ψ8 −

(
1
2
A7 + ∂7

)
ψ2

+
(

1
2
A5 + ∂5

)
ψ6 + i

(
1
2
A4 + ∂4

)
ψ8 + i

(
1
2
A8 + ∂8

)
ψ2− i

(
1
2
A6 + ∂6

)
ψ6 = 0

(
1
2
A1 + ∂1

)
ψ8 − i

(
1
2
A2 + ∂2

)
ψ8 −

(
1
2
A3 + ∂3

)
ψ7 −

(
1
2
A7 + ∂7

)
ψ1

+
(

1
2
A5 + ∂5

)
ψ5 + i

(
1
2
A4 + ∂4

)
ψ7 + i

(
1
2
A8 + ∂8

)
ψ1− i

(
1
2
A6 + ∂6

)
ψ5 = 0

Now we deal with the second equation π7 (ΩA) = σ (ψ). Firstly let us consider

following basis f1, . . . , f7 for ∧2
7 associated to the orthonormal frame e1, · · · , e8 of
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R8

f1 = dx12 + dx34 + dx56 + dx78

f2 = dx13 − dx24 + dx57 − dx68

f3 = dx14 + dx23 − dx58 − dx67

f4 = dx15 − dx26 − dx37 + dx48

f5 = dx16 + dx25 + dx38 + dx47

f6 = dx17 − dx28 + dx35 − dx46

f7 = −dx18 − dx27 + dx36 + dx45.

Since 〈fi, fi〉 = 4 the orthogonal projection π7 : ∧2
(
R8

) → ∧2
7 can be writ-

ten as π7 (ΩA) =
8∑

i=1

〈ΩA,fi〉
〈fi,fi〉 fi = 1

4

8∑
i=1

〈ΩA, fi〉 fi and the quadratic map σ (ψ) =

−
8∑

i=1

〈fi·ψ,ψ〉
〈fi,fi〉 fi = − 1

4

8∑
i=1

〈fi · ψ,ψ〉 fi. Then the equation π7 (ΩA) = σ (ψ) turns to

the following set of equations

〈ΩA, fi〉 = 〈fi · ψ,ψ〉 ,

i = 1, . . . 7 . Hence the more explicit form of the equation π7 (ΩA) = σ (ψ) is

F12 + F34 + F56 + F78 = −4i
(
|ψ8|2 − |ψ3|2

)

F13 − F24 + F57 − F68 =

2
(
ψ4ψ3 − ψ3ψ4 + ψ7ψ3 − ψ3ψ7 + ψ8ψ4 − ψ4ψ8 + ψ8ψ7 − ψ7ψ8

)

F14 + F23 − F58 − F67 =

2i
(
ψ4ψ3 + ψ3ψ4 − ψ7ψ3 − ψ3ψ7 − ψ8ψ4 − ψ4ψ8 + ψ8ψ7 + ψ7ψ8

)

F15 − F26 − F37 + F48 =

2
(
ψ2ψ3 − ψ3ψ2 + ψ8ψ2 − ψ2ψ8 + ψ3ψ5 − ψ5ψ3 + ψ5ψ8 − ψ8ψ5

)

F16 + F25 + F38 + F47 =

2i
(
ψ2ψ3 + ψ3ψ2 − ψ8ψ2 − ψ2ψ8 + ψ3ψ5 + ψ5ψ3 − ψ5ψ8 − ψ8ψ5

)
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F17 − F28 + F35 − F46 =

2
(
ψ1ψ3 − ψ3ψ1 + ψ8ψ1 − ψ1ψ8 + ψ6ψ3 − ψ3ψ6 + ψ8ψ6 − ψ6ψ8

)

F18 + F27 − F36 − F45 =

2i
(−ψ1ψ3 − ψ3ψ1 + ψ8ψ1 + ψ1ψ8 + ψ6ψ3 + ψ3ψ6 − ψ8ψ6 − ψ6ψ8

)
.

Note that the last system is non-linear with respect to the pair (A, Ψ). If we put

ψ3 = ψ8 then this non-linear system turns to the following linear homogenous

system:
F12 + F34 + F56 + F78 = 0

F13 − F24 + F57 − F68 = 0

F14 + F23 − F58 − F67 = 0

F15 − F26 − F37 + F48 = 0

F16 + F25 + F38 + F47 = 0

F17 − F28 + F35 − F46 = 0

F18 + F27 − F36 − F45 = 0

Non-trivial Solutions:

If we take A1 = i (4x1x2) and A2 = 2i
(
x2

1 + x2
2

)
, A3 = A4 = A5 = A6 = A7 =

A8 = 0 and ψ1 = ψ2 = e−i(x2x2
1+x3

2/3) and ψ3 = ψ4 = ψ5 = ψ6 = ψ7 = ψ8 = 0 then

the pair (A, Ψ) is a non-trivial solution for local equations. Although this solution

is non-trivial it is flat as FA = 0 . It is also possible to give a non-flat solution for

these equations. Namely if we take A1 = ix2 and A4 = ix3, A2 = A3 = A5 = A6 =

A7 = A8 = 0 and ψ4 = e(x2
2+x2

3)/4 and ψ1 = ψ2 = ψ3 = ψ5 = ψ6 = ψ7 = ψ8 = 0

then the pair (A, Ψ).is a non-trivial and non-flat.

From these solutions it is possible to generate infinitely many solutions to these

equations. If the pair (A, Ψ) is a solution to the system DA (Ψ) = 0, π7 (ΩA) =

σ (ψ) then the pair
(
A + idθ, e−iθψ

)
is also a solution to these equations where

θ : R8 −→ R is a smooth function.
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[2] A. H. Bilge, T. Dereli, Ş. Koçak, The Geometry of self-dual gauge fields, J. Math. Phys.,

38(9) (1997) 4804-4814.

[3] R.L. Bryant, Metrics with exceptional holonomy, Ann. Math., 126 (1987) 525-576.



SEIBERG-WITTEN LIKE EQUATIONS ON ...- JDSGT VOL. 7, NUMBER 1 (2009) 39

[4] M.M. Capria, S. M. Salamon, Yang-Mills fields on quaternionic spaces, Nonlinearity, 1 (1988)

517-530.

[5] E. Corrigan, C. Devchand, D. B. Fairlie, J. Nuyts, First-order equations for gauge fields in

spaces of dimension greater than four, Nuclear Physics B, 214 (1983) 452-464.

[6] N. Degirmenci, N. Ozdemir, Seiberg-Witten like equations on 7-Manifolds with G2-structure,

Journal of Nonlinear Mathematical Physics, 12(4) (2005) 457-461.

[7] Y.H. Gao, G. Tian, Instantons and the monopole-like equations in eight dimensions, Journal

of High Energy Physics, 5 (2000).

[8] T. Friedrich, Dirac Operators in Riemannian Geometry: AMS, 2000.

[9] S. Ivanov, Connection with torsion, parellel spinors and geometry of spin(7) manifolds, Math.

DG/0111216.

[10] D.D. Joyce, Compact Manifolds with Special Holonomy: Oxford University Press, 2000.

[11] H. B. Lawson, M.L. Michelsohn, Spin Geometry: Princeton University Press, 1989.

[12] T. Nitta, T. Taniguchi, Quaternionic Seiberg-Witten equation, International Journal of Math-

ematics, 7(5) (1996) 697-703.

[13] D. Salamon, Seiberg-Witten Invariants and Spin Geometry, Preprint.


