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ABSTRACT. Seiberg-Witten monopole equations are defined on 4-manifolds
and solution space of this equations yields differential topological invariants.
In this work we consider 8-dimensional Riemannian manifolds with structure
group Spin(7). Such manifolds have a distinguished 4-form. By using this
4-form we define self-dual 2-form in dimension eight which is consistent with
the well known self-duality notion in 8-dimension given by CDFN (see [5]) .
We then express Seiberg-Witten like equations in 8-dimension as analogues of

Seiberg-witten equations in 4-dimension.
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1. INTRODUCTION

To write Seiberg-Witten equations on a 4-manifolds we need some structures
such as Riemannian metric, spin®—structure, spinor bundle, Dirac operator and
self-duality notion for a 2-form. To express Seiberg-Witten like equations on 8-

dimension we need similar structures for 8-dimensional manifolds.
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It is known that Seiberg-Witten equations in 4-dimension consist of two equa-
tions. The first one is harmonicity condition of the spinors and this condition is
linear and can be stated in any dimension for spin® manifolds. The second equation
couples the self-dual part of a 2—form with a spinor field and it is non-linear. There
is no natural generalization of the second equation to higher dimensions, because
self-duality of 2—forms in Hodge sense is not meaningful in higher dimensions. On
the other hand there are various definitions of the self-duality in higher dimen-
sions (see [2, 4, 5, 6]). The one given in [5] is most popular among physical and
mathematical community. There are some analogies of Seiberg-Witten equations
in higher dimensions (see [1, 7, 12, 13]). In this work we deal with 8—dimensional
compact manifolds M with structure group Spin(7) that is, the transition maps of
the tangent bundle T'(M) of M take their values in the group Spin(7) C SO(8).
If the structure group of M is Spin(7) then M is orientable and spin, with pre-
ferred spin structure and orientation (see [11]). Recall that Spin(8) is the double
cover of SO(8) and an 8-dimensional manifold is called a spin one if the struc-
ture group SO(8) of M can be lifted to Spin(8) (see [8, 11]). Also if M is spin
manifold it is automatically a spin® manifold that is, an 8-dimensional manifold is
called a spin® one if the structure group SO(8) of M can be lifted to the group
Spin¢(8) = (Spin(8) x S1)/Zy (see [8, 11]). Hence there is a vector bundle S on
M which is called spinor bundle and we can express Dirac operator on it and we
write first Seiberg-Witten like equation on such manifolds. For the second part of
the equation we need a kind of self-duality notion of 2-forms. At this point it is
important that if the structure group SO(8) of M reduces to the group Spin(7)
then there exist a distinguished non-vanishing 4—form ® on M which is called fun-
damental form (see [10]). By using the fundamental form ® one can split the space
A? (M) into orthogonal subspaces: A? (M) = A2 @ A3;. Now we can define a self-
dual 2-form on 8-dimension: If a 2—form on M belongs to A% then we call it self

dual 2—form.
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2. PRELIMINARIES

Let us consider R® with its standard orientation and inner product and ey, ..., eg

be an oriented orthonormal basis. We take the following 4—form on R®

(1) ®y = dzi934 + dr1256 + dT1278 + dT1357 — dT1368 — dT1458 — AT 1467

+  dxsers + drsars + dwsase + dToses — droasy — dTazss — dTaser
where dx;;,; = dx;AdxjAdrAdz;. The subgroup of GI(8, R) fixing @ is isomorphic
to the group Spin(7) which is a compact, connected, simply-connected, Lie subgroup
of SO(8) of dimension 21 (see [3, 9, 10]).

Since the structure group of M is Spin(7) then there exists a nowhere vanishing
differential 4—form ® on M which can be expressed as (1) locally such a form is
called fundamental 4—form of the manifold M. This fundamental 4—form deter-
mines a metric g on M and this is referred as the metric induced by ®.

The action of Spin(7) on the tangent bundle induces an action of Spin(7) on

A¥ (M). This action gives the following orthogonal decompositions of A¥ (M)
MM = AL AE(M) = AZe AL, AF(M) = A Al
AN(M) = AL (M) AL (M), AL (M) =N &A@ Ay, AL (M) =Ny

where A% (M) are the + eigenspaces of * on A* (M) and

A2 = {aeN(M):*(an®)=3a},
Ny = {aeN(M):x(an®)=—a},
A = {x(BA®):Bent (M)},

Ng = {venM):yA®=0},
Moo= {fP:feC™ (M)},

AFcorresponds to an [ dimensional Spin(7)—irreducible subspace of AF (M) (see
10]).

Now we give some explanations about Clifford algebras. Let V' be a finite dimen-
sional vector space over the field F' and ¢ : V — F a quadratic form on V. The
Clifford algebra CI(V,q) is an associative algebra with unit 1, which contains and
generated by V' | with v-v = ¢(v) -1 for all v € V. Formally, one can define Clifford
algebra CI(V, q) as follows: The Clifford algebra CI(V, q) associated to a real vector

space V with quadratic form ¢ can be defined as

CUV,q) =T(V)/1(q)
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where T'(V) is the tensor algebra T(V) = FeV & (V@ V)& ... and I(q) is the
two-sided ideal in T'(V') generated by elements v ® v — g(v) - 1.
Just like the tensor algebra and the exterior algebra the Clifford algebra has the

following universal property:

Theorem 2.1. Given an associative unital F-algebra A (with unit 1 ) and a lin-
ear map f : V. — A with f(v) - f(v) = q(v) -1 for all v € V. Then there is a
unique homomorphism of algebras f : Cl(V,q) — A such that the following diagram
commutes
V. -5 ClU(Vig)
VA
A

where 14 is natural inclusion.

In particular the algebra CI(V,q) together with the map iy : V. — CU(V,q)
satisfying i,(v)Aiq(v) = g(v) is uniquely determined by this property up to isomor-
phism (see [8]). For the realization of the Clifford algebra CI(V, ¢) following lemma

is useful.

Lemma 2.2. Leteq,eo, ..., e, be a orthogonal basis for V. Then the Clifford algebra
Cl(V,q) is multiplicatively generated by the elements eq,es,....,e, € V C Cl(V,q)

which satisfy the relations

e? =q(ei), eiej +eje; =0, i #j.

A particular basis of the vector space ClU(V,q) is formed by the elements 1 and

€1 €ig---Cip 5 1< <... < <n.

An element z = Y xzrer € CI(V,q) is said to be even degree if z; = 0 unless |I|
]

is odd. The subset of all elements of even degree is a subalgebra of Cl(V,¢q) and it
is denote by CI(V, q)°.

Notations 2.3.

o IfV =R" real vector space with the quadratic form q: R" — R,

q(21, T2, ey Ty) = —22 — 23— ... — 22 then the corresponding Clifford algebra
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Cl(V,q) is denoted by Cl,,. If we consider the standard basis ey, ea, ..., e,
for R™ then following relations holds.

2 _ > . .
e; = —1 and e;ej = —eje; fori # j.

o [fV =R" real vector space with the quadratic form q: R" — R,
q(x1, T2, ..., Ty) = 23 + 25 + ... + 22 then the corresponding Clifford algebra
Cl(V,q) is denoted by Cl.,. In that case the product rule for the standard

basis e1, €3, ...,e, of R™ as follows:
2 _ _ . .
e; =1 and e;e; = —eje; fori # j.

o If V.= C™ complex vector space with the quadratic form q : C*" — C,
q(21, 22, ooy 2n) = 23 + 23 + ... + 22 then the corresponding Clifford algebra
Cl(V,q) is denoted by Cl,, and its known that Cl,, =2 Cl,, ® C.

The classification of the complex Clifford algebras is as follows (see [11]).

Proposition 2.4. If n = 2k then Cl, =2 C (2’“) and if n = 2k + 1 then Cl,, =
C (2 @ (2b).

There is a natural involution Cl,, — ClI,,, x — Z defined by

F=Y crmer, e = (-1, k=1
I

Now denote by Spin(n) the set of all elements x € CI9 which satisfy
Tr =1, Rz = R", T=u.

It is known that Spin(n) is a compact, connected, Lie group. The map \ :
Spin(n) — SO(n) by A(z)(v) = zvZ is a 2:1 homomorphism for n > 3 where
v € R™ (see [8]).

The vector space of complex n—spinors is A, = 2 for n = 2k, 2k + 1 and
the elements of A, are called complex spinors. Since C (Qk) >~ End(A,), Cl, &
End(A,,) if n is even; Cl,, &2 End(A,) ® End(A,,) if n is odd. Denote by &, the
so-called spin representation of the complex Clifford algebra Cl,,. In the case of an

even dimension, n = 2k, this is the isomorphism explained above

Kn : Clp, — End(Ay).
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If n is odd, then &, consists of the isomorphism Cl,, = End(A,,)® End(A,,) followed

by the projection onto the first component,
kn : Cly, — End(Ay,) ® End(Ay) — End(Ay).

The vector space of complex n—spinors is thus turned into a module over the com-
plex Clifford algebra Cl,,. Now we consider the subgroup Spin(n) C Cl, C Cl,.

We obtain a representation  of the group Spin(n) by restriction:
K = FnlSpin(n) : SPIN(N) — Aut(L,)

This representation is faithful.

A vector x € R* C Cl,, C Cl,, — End(/\,)) can be considered as an endomor-
phism of A,,. This called Clifford multiplication of vectors and spinors, this gives a
linear map u : R™ @g A, — A, by p (2 ® ) = Ky, (z) . Generally simply write
x -1 instead of p (z ® v). This Clifford multiplication extends to a homomorphism
w: ARY) @g A, — A,. Then vectors and multi-vectors can be multiplied by
spinors. The product is always a spinor, and this multiplication is equivariant for
the actions of the group Spin(n). In the case of n = 2k the element ey ...eqx be-
longs to the center of the algebra C12. As Spin(n) C CIY this element commutes

with all elements from Spin(n). Hence the endomorphism
f = ikn(el . ..egk) : Agk h— Agk

is an automorphism of the Spin(n) representation. Thus the spin representation

Aoy, decomposes into the eigensubspaces of f :
Do =03 @05, Dy ={v € Doy [ () = 49}

The spinors belonging to the subspaces AQik are called Weyl spinors. Moreover if
x € R?* and ¢* € A;tk, then the spinor z - 9 belongs to AJ,.. So the Clifford
multiplication induces homomorphisms p : R?* @ A;Ek — A,

It is also well known that there exists a positive definite Hermitian inner product

(,) on the spinor space A, with the invariance property

where x € R™, ¢, ¢ € A,. The spin representation  : Spin(n) — Aut(A,) is a

unitary representation with respect to this inner product.
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The complex Clifford algebra Cl,, contains the group
Spin®(n) = (Spin(n) x ) /Zy = Spin(n) xz, S*.

The elements of Spin®(n) are thus classes [g, z] of pairs (g, 2) € Spin(n) x S under

the equivalance relation (g, z) ~ (—g, —z). One can define several homomorphisms:
* \: Spin(n) — SO(n), Alg, 2]) = Mg),
e i: Spin(n) — Spinc(n), i(g) = [g, 1],
e j: S — Spinc(n), j(2) = [1, 2],
o [: Spinc(n) — S, I([g, 2]) = 22,
o p: Spin°(n) — SO(n) x S*, p([g, 2]) = (A(9), 2%).

Since Spin(n) is contained in the complex Clifford algebra Cl,,, the spin represen-
tation of the group Spin(n) extends to a Spin®(n)—representation. For an element
lg, 2] € Spin®(n) and any spinor ¥ € A,, we have k[g, 2] ¥ = zk (9) (¥).

Let (M, g) be an oriented Riemannian n—manifold. There is a unique
SO(n)—principal bundle @ on M which is induced by the metric g and orientation.
Under some conditions on M there is another principal bundle P over M with fiber

Spin(n) together with a bundle map A : P — Q. More precisely:

Definition 2.5. A spin structure on the principal bundle @ is a pair (P, A) where

(1) P is a Spin(n)-principal bundle over M,
(2) A: P— @ is a 2-fold covering for which the diagram

P x Spin(n) — P
Laxa Ia

@xS50(mn) — @

commutes. In diagram the rows contain the action of the respective group

on the corresponding principal bundle.

If a manifold M has a spin structure then M is called spin manifold. In analogy

with a spin structure, spin®-structure can be defined as follows:

Definition 2.6. A spin®—structure on @ is a pair (P, A) consisting of a

Spin®—principal bundle P over the space M and a map A : P — (Q such that the
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diagram
P x Spin¢(n) — P
Laxa Ia
Qx50(n) — Q

commutes.

If a manifold M has a spin® structure then M is called spin® manifold. It
is known that each spin structure on ) induces a spin® structure, so every spin
manifold is a spin® manifold (see [8, 11]).

The groups Spin(n) and S* are subgroups of Spin®(n) whose elements commute
with each other. If (P, A) is a spin®—structure then we get the following principal
bundles over M

e P/S!is a SO(n)—bundle isomorphic to Q, that is Q = P/S?,
e P, := P/Spin(n) is an S*—bundle over M.

Hence we have the fiber-product bundle QX P; over M and the projection P —
QxP; is a 2-fold covering map.
From the map [ : Spin(n) — S! = U(1) we get the associated complex line
bundle
L=Px;C.

This complex line bundle is called determinant line bundle. Note that L = P1 xy(1)
Cand TM = P x, R".
Consider the SO(n)—principal bundle @ on M and denoted by

TM = Q XSO(n) R"

the associated real n—dimensional vector bundle (that is the tangent bundle of M).

Let (P, A) be a spin®—structure on Q. If we consider the spin® representation
K : Spin(n) — U(Ay)
then we construct a new associated complex vector bundle
S=Px,./A,

This complex vector bundle is called the spinor bundle for a given spin®—structure

on Q. Since T'= Q X go(m) R" = P x\ R", the Clifford multiplication yx induces a
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bundle morphism of the associated bundles
w:T®S—Sorpu:A(T)®@S — S.

Let (M, g) be an oriented connected Riemannian manifold and @ be the SO(n)-
principal bundle of positively oriented orthonormal frames. The Levi-Civita con-
nection 7 over M determines an so(n)—valued 1-form Z : TQ — so(n) (see [8]).
Let A: TP, — iR be a connection 1—form on the principal bundle P, where Lie
algebra of the group S* is identified iR. The connections Z and A together define

a connection

ZxA:T(QxP) — so(n) & iR

in the fibre-product QxP;. This connection can be lift to a connection Z x A in
the spin® principal bundle via the 2-fold covering 7 : P — QxP; and following
diagram commutes:

T(P) Zx4 spinf(n) = spin(n) ® iR
ldﬂ' lp*
T(Qxp) 24 so(n) @ iR

where p, : spin®(n) — so(n) @ iR is the differential of the 2-fold covering p :

Spin¢(n) — SO(n) x S*. The spin(n) @ iR—valued connection 1-form Z x A

determines a covariant derivative
VAT (S) —T(T"M ®S)

in the spinor bundle. The covariant derivative V4 satisfies following properties

(1) V8 (Xy) = X (Vf}w) + (Vy X) 9 for every vector fields X,Y and ¢ €
res),

(2) X (¢,¢1) = <V§1/1,7,/J1> + <¢,V§w1> for every vector field X and v, ¢, €
T(9).

Now we can describe the curvature 2-form of the connection Z x A. Let Q7 :
TQ x TQ — so(n) be the curvature 2-form of the Levi-Civita connection with the
components

QZ = ZQijEija Qij : TQ X TQ — R.

i<j
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where the matrices E;; (i < j) defined by

0 ... 0 ... 0

The curvature 2-form Q4 of the connection 1-form A on P; is simply Q4 = dA. It
is known that the curvature 2-form Q4 can be considered as a 2-form on base space
M with values in iR (see [8]).

Let (M,g) be a Riemannian manifold with a fixed spin® structure and a con-
nection A in the U(1)—principal bundle P; and V4 be the associated covariant

derivative in spinor bundle S.

Definition 2.7. (Dirac operator) The composition
Dy:=poVA:T(S) —-T(I"M®8)=T(TM®S) — I'(S)
is called the Dirac operator.

With respect to a (local) orthonormal frame ey, ..., e, on the manifold M,
Datp = Zeivg
i=1

This operator is a first order differential operator and elliptic.
We know that if the dimension n is even, then the spinor bundle splits into
the sum S = ST @ S~. Since Clifford multiplication by vector interchanges these

summands, the Dirac operator decomposes into the sum of two operators, Dj :
[ (S*) — T (S7).

3. SEIBERG-WITTEN EQUATIONS IN 8-DIMENSION

3.1. Equations in 4-dimension. Let M be an oriented, compact 4-dimensional
Riemannian manifold. Its known that every compact, orientable 4-dimensional

manifold M is a Spin® manifold (see [8]). Fix a spin®—structure and a connection
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A in the U(1)—principal bundle P; associated to the spin®—structure. The Seiberg-

Witten monopole equations on M are
D=0, Qf=0(1)
for ¢ € T(S*), where o : T'(ST) — AZTM, o () = =13 (esejv,¥)e; A e
i<j
and QX is the self dual part of the curvature 2-form Q4. The self-dual part Qj

of Q4 can be expressed in terms of Hodge star operator by Q7 = %(QA + xQ4).

It is also possible to write QX in terms of the basis elements f1, fa, f3 of A2 (M)

3

by QF = 3 (fi,Q4) fi where fi = e1 Aes+e3Nea, fo =e1 Aez —ea Aey, f1 =
i=1

e1 N eg + es N ezg. Note that the quadratic map also can be given by the formula

3
o W)= ~1% (i v.0) i

3.2. Equations in 8-dimension. Note that the first equation D v = 0 is linear
and meaningful for any spin® manifolds. But the second one is non-linear and there
is no natural generalization to higher dimensions. Because self duality notion of
2-forms in Hodge sense is meaningful only for 4-manifolds. Our aim is to write
similar equations on 8-dimensional manifolds with topological Spin(7)—structure.
Because such manifolds are spin so spin®, this enables us to construct spinor bundle
and Dirac operator on it. On the other hand the fundamental 4-form ® on M gives
decomposition A2 @& A3, of 2-forms A% (M).

Let (M,g,®) be a Spin(7) manifold. Then M is spin and orientable so M
has a spin®—structure and denote it by (P,A). Let A be a connection 1-form
in the U(1)—principal bundle P; associated to the spin® structure (P, A). Since
M is a 8-dimensional manifold the spinor bundle S associated to (P,A) can be
split into the sum S = ST ® S~. So does Dirac operator and we will consider
the positive Dirac operator D} : I' (S*) — I'(S7). The 8-dimensional version
of first equation in Seiberg-Witten equations is DX@ZJ =0 for ¢p € T'(ST). For
second equation we need self-duality notion of a 2-form in 8-dimension. So we
want to make use of the decomposition of the space A? (M) = AZ @ A3,. Let
77+ A2 (M) — AZ be the orthogonal projection and for n € A% (M) the self-dual
part of 7 is, by definition, w7 (n). If 77 (n) = n then 7 is called self-dual 2—form.
This self-duality definition of a 2-form is consistent with the generally accepted

self-duality definition in 8-dimension of CDFN in [5]. Firstly we write a quadratic
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map o : ['(ST) — A2 by o (v)) = —Z({%fw))fl where f1,...,fr is a basis for
=k

A% associated to an orthonormal frame ey,...,es on M. Then the 8-dimensional

version of second equation in Seiberg-Witten equations is 77 (24) = o (¢). Hence

monopole like equations in 8-dimension are

Diy =0, 77 (Qa) =0 ().

where A is a iR—valued connection 1-form on Py and ¢ € I' (S™).

3.3. Some Local Discussions. In this case n = 8 then the vector space of complex
8—spinors is Ag = C16. Its known that Clg = End(Ag). A spin representation kg

of the complex Clifford algebra Clg can be given with the following matrices:

K8 : Clg — End(Ag)

0 K1> s (ea)

( (

s (e3) = ( o ) s <e4>=<
( (
(

= o
—
[an}

3

o
o

= o

o =

w
N—— ~—— " ~—

=

0 Ky
KR8 (66) =
K 5 0
0 Kg 0 K
KR8 (88) =
K¢ 0 K; 0

where K is 8 x 8 type identity matrix and the matrices K; as follows:

t: 0 00 00 00
0 — 00 00 00
00 ¢« 0 0O0 00
Ky = 00 0 - 00 00
00 00 ¢ 0 00
00 00 0 — 00
00 00 00 =< O
00 00 O 0 —2
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Ks =
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0 0 0O 0 0001
0 0 o O 0010
0 0 0o O 0100
0O 0 o0 O 1 000
K7 =
0 0 0 —-10000
0 0 -1 0 0O0O00O0
0o -1 0 0 00 O
-1 0 0 0 0 0O
000 O0O0O0O0 i
00 0O0O0O0OT 30
00 0O0O0OT ¢ 00
00003+ 0O00O0
Kg =
000 +¢ 0 O0O0O
00 ¢ 0O0O0O0OO
0« 00 O0O0O0OO
i 00 0 0 000
For i =2,...,8 these K; matrices are the images of the generators of Cl; under

an explicit isomorphism Cl; = End ((CS) & End ((CS) which is obtained from the
periodicity relation Cl,, 4o = Cl,, ®c C (see [8]).

This spinor representation kg : Clg — End(/Ag) decomposes Ag = Ag‘ G Ay
where AY = {1 = (¢1,...,¢16) € C'Opg = th1g = ... =1h16 = 0} 2 C® and Ay =
{1/) = (Y1,...,%16) €ECOQpy =4hpy = ... = o)y = 0} =~ C8. Now we can write Dirac
operator Dj : T (A;) — T (Ag), Djw = fjeivg‘iw, Y el (Agr) and A is a
i{R—valued connection 1—form. The iR—valueﬁ 1connection 1—form A locally can

8
be expressed as A = Y A;dx;, where A; : R® — iR smooth functions. Then
i=1
DA; .
QA =dA = ;Fwdl‘l A de, where Fij = axz — ?’);‘;
i<j
The covariant derivative V4 of a spinor ¢ € T’ (Ag‘) is computed according to

the formula

A, 1 1
VA = dyp + 5 wijeie + S A,

i<j

where w;; = g (Ve;, e;) are forms defining the Levi-Civita connection. Note that on

R?® all w;;s are vanish. Then the local expression of the covariant derivative Véw
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of 1 in the direction e; is

Vfiz/J = (d’l/J + ;Azb) (e;) = dip (e;) + %Aw (eq)

dipy diy (e;) L
dips dipa (ez’) 81/;?
Since dy (e;) = | (e;) = ] = 8. ! and
dipg dips (€;) %@ﬁf
A ) = 53 gy ) = L
o €i jaZ g (€ — 54,
= J J 2
we can write
L U1 U+ LA
81,[12 8#}2 1
Y 1 (> T+ 3 Ais
Vi = 8.1 +§Ai ) = ™ .2
e Vs Sbs 4 LAis

According to above data we can write Dirac operator D} : T (Ag‘) — T (Ag)
by
+ X A & A
Dyvy = ei- Vi = Y kg (ei) (VA1)
i=1 i=1
%’j + 3 A

(3
s | 14
K; 87? +.§Alw2

|
e

i=1

o
Gls + 2 Aiys

and the explicit form of the first equation DI@Z) =0is

1 1 1 1
<2A1 + 51) 1+ (2A2 + 32) 1+ <2A3 + 83) o — i (2A4 + 34) o
1 (1 1 1
— <2A5 + 85) Py +1 <2A6 + 36> Py + <2A7 + 57) s +1 <2Ag + 68> Pg =0
1 1 1 1
(2141 + 31) Yo — 1 (2A2 + 32) g — <2A3 + 5’3) Y1 —1 (2A4 + 84) Y1
1 1 1 1
— <2A5 + 85) P3 +1 <2A6 + 36) 3 + <2A7 + (97) Yr+1i (2A8 + 88> P =0



36 N. OZDEMIR AND N. DEGIRMENCI
1 1 1 1
<2A1 + 51) Y3+ (2A2 + az) 3 + <2A3 + 33) s + <2A5 + 85) o

1 1 1 1
+1 <2A4 + 34) Y+ <2A6 + 5’6) o + <2A7 + 37) Y6+ 1 <2A8 + 68) P =0

<;A1 + 31) P4 —1 (;Az + 32) Py — (;A3 + 53) Pz + <;A5 + 5'5) Y1

1 1 1 1
+i <2A4 + 54) Y3 +1 <2A6 + 56) 1+ (2A7 + 37) Y5+ (2As + 38) Y5 =0

1 1 1 1
<2A1 + 31) Y5+ <2A2 + 32) Y5 + <2A3 + 83) e — 1 <2A4 + 64) Ve

1 1 1 1
— <2A7 + 87) Py — <2A5 + 85) Pg + 14 <2A8 + 38> Py — 1@ <2A6 + 86> Pg =0

1 1 1 1
<2A1 + 51) e — 1 (2A2 + 62) e — <2A3 + 83) s — i (2A4 + 34) Ps

1 1 1 1
- <2A7 + 37) )3 — <2A5 + 35) Y7+ <2A8 + 38) 3 —1 <2A6 + 66) 7 =10

(341400 ) wr+ (342 +00) v+ (540400 ) v = (5474 00) v

1 1 1 1
+ (2A5 + 55) Yo+ (2A4 + 54) Pg+i (2As + 38) o —1i (2A6 + 36) P =0

(;x‘h + 31) g — 1 (;AQ + 32) g — (;A3 + 83) Y7 — (;A7 + 87> Y1

1 1 1 1
+ (2A5 + 85> s +1 (2A4 + 84> Pr 41 <2A8 + (98> P —1 <2A6 + 36> s =0

Now we deal with the second equation 77 (24) = o (¢0). Firstly let us consider

following basis fi, ..., fr for AZ associated to the orthonormal frame e;,--- ,eg of
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RS
f1 = dxiz +dr3s + drse + dars
Jo = dri3 —dxes + drsy — dwes
f3 = dxis+ dxes — duss — dwer
fi = dxi5 — daog — drsy + drys
fs = dxis+ dros + drsg + dayy
Jo = dri7 —dxes +drgs — dwae
fr = —drig —dxar + drge + days.

Since (fi, fi) = 4 the orthogonal projection w7 : A2 (Rg) — A2 can be writ-

8
ten as w7 (Q4) = Z S}:’f{‘)fl = 13 (Qa, f;) f; and the quadratic map o (¢)) =
i=1

Z T f1 ) f, = (fl ¥, 1) fi. Then the equation 77 (Q4) = o (¢p) turns to

the followmg set of equatlonb

(Qa, fi) = (fi -, ¢),

i=1,...7 . Hence the more explicit form of the equation 77 (24) = o (¢) is

Fio+ F34 + Iy + Frg = —4i (WS|2 - |¢3|2)
Fi3 — Foy + F57 — Fgg =
2 (Yaths — Y3iby + PYrihs — Y3ty + sty — Yathg + Psthy — hridg)

Fiy + Fog — Fsg — Fg7 =
2 (pahs + V3thy — Yribs — 3ty — Ygihy — Yathg + sty + hridg)

Fi5 — Fog — F37 + Fyg =

2 (otg — Y3ty + Ysthy — Yatg + Y315 — Usths + Psthg — sids)

Fig + Fos + I3 + Fyr =
2i (205 + V3thy — Ysthy — oty + Y35 + Ysths — Psthg — Phsids)



38 N. OZDEMIR AND N. DEGIRMENCI
Fi7 — Fog + F35 — Fyg =
2 (V113 — Ys3ihy + Yshy — h1g + Yeths — Ysthg + Yshg — Yeig)

Fig + For — F36 — Fy5 =
2i (=105 — Y3ty + Ysthy + Y1iPg + eths + Vst — Ysthg — Yetdg) -
Note that the last system is non-linear with respect to the pair (A, ¥). If we put

13 = 1pg then this non-linear system turns to the following linear homogenous
system:

Fig + F3q4 + F56 + Frs =

Fi3 — Fyy + Fs7 — Fs

Fiy + Fo3 — Fss — For

Fi5 — Fog — F37 + Fusg

Fi6 + Fa5 + F3s + Fur

Fi7 — Fyg + F35 — Fyg

Fig + For — F36 — Fy5 =

o O O O o o o

Non-trivial Solutions:

If we take A; = i (dx1x2) and Ag = 2i (:c% +:c§) , A3 = Ay = A5 = Ag = A7 =
As =0 and ¢ = ¢ = ¢~ (7458/3) and gy = ¢y = 95 = 9 = Y7 = s = 0 then
the pair (A, ¥) is a non-trivial solution for local equations. Although this solution
is non-trivial it is flat as Fi4 = 0 . It is also possible to give a non-flat solution for
these equations. Namely if we take A1 = ixs and Ay = ixg, Ay = A3 = A5 = Ag =
A7 = Ag = 0 and oy = e"3H)/% and ¢y = ¢y = g = 5 = o = o = Yog = 0
then the pair (A, ¥).is a non-trivial and non-flat.

From these solutions it is possible to generate infinitely many solutions to these
equations. If the pair (A, ) is a solution to the system Dy () = 0, 77 (24) =
o (¢) then the pair (A4 idf,e 1)) is also a solution to these equations where

6 : R® — R is a smooth function.
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