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ABSTRACT. For an invariant measure p in a topological dynamic system, no-
tions of F-p-pairwise sensitivity and F-p-sensitivity are introduced and in-
vestigated, where F is a Furstenberg family. It is shown that F-p-pairwise
sensitivity is equivalent to F-p-sensitivity, when F is a filterdual and is exten-
sively compatible to the 2-fold product system. Moreover, it turns out that if
(X, B, i, f) is a measure-preserving system of weakly mixing and the support
of puis X, then there exists a positive ¢ such that (X, f) has an (M (c), M«(0))-
scrambled set with full induced outer measure by p. M, (c) denotes the family
of all subsets of Z4 whose lower density is not less than ¢, and M, (0) denotes

the family of all subsets of Z4 whose lower density is non-zero.
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1. INTRODUCTION

Throughout this paper a topological dynamical system is a pair (X, f) (TDS for
short), where X is a compact metric space with a metric d and f is a continuous
surjective map from X to itself. Let B be the o-algebra of Borel subsets of X. We

use M (X, f) to denote the collection of all f-invariant Borel probability measures.
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Let Z4 be the set of non-negative integers, and let P be the collection of all
subsets of Zy. A subset F of P is called a Furstenberg family [1] if it is hereditary
upwards, i.e. Fy C Fy and Fy € F imply F» € F. Let Fi,r be the family of all
infinite subsets of Z, . It is easy to see that Fy,y is a Furstenberg family.

The sensitivity ([4][8]) is widely understood to be one of central ideas of chaos. In
recent years, the sensitivity has attracted much attention ([2][5][16]). People have
tried to give various definitions of sensitivity according to their understanding, for
instance, family F-sensitivity ([1][13]); pairwise sensitivity [3]; measure-theoretical
sensitivity [6].

Now we recall some notions of sensitivity.

A TDS (X, f) is weakly F-sensitive ([1][13]) if there is a positive e~ a weakly
F—sensitive constant— such that for every nonempty open subset U of X there exist

x and y of U such that

{neZy:d(f"(x), f"(y) >et € F,

where F is a Furstenberg family.

A TDS (X, f) is F-sensitive [13] if there is a positive e— a F—sensitive constant—
such that for every x € X and every open neighborhood U of x there exists y € U
such that

{neZy:d(f"(x), f"(y) > e}t € F,

where F is a Furstenberg family.

Let (X, f) be a TDS, u € M(X, f) and B% be the collection of Borel sets of X
with positive measures.

A TDS (X, f) is pairwise sensitive for p or p-pairwise sensitive [3] if there is
e > 0— a p-pairwise sensitive constant— such that for pu x p —a.e. (z,y) € X x X
one can find n > 0 with d(f"(x), f"(y)) > «.

A TDS (X, f) is p-sensitive [6] if there is € > 0- a p-sensitive constant— such
that for any A € B} one can find z,y € A and n > 0 with

d(f™(x), [ (y)) > e.
In [3] it is proved that any measure-preserving system of weakly mixing is p-
pairwise sensitive. Moreover, it turns out that p-sensitivity is equivalent to u-

pairwise sensitivity in [6].
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Following these ideas which come from ([3][6][13]), we have:

Definition 1.1 Let (X, f) be a TDS and p € M(X, f). Suppose that F is a
Furstenberg family. A TDS (X, f) is said to be F-u-sensitive if there is € > 0-an
F-p-sensitive constant—such that for any A € B;Q there exist z,y € A with

{neZy:d(f"(z),f"(y) >et e F.

Definition 1.2 Let (X, f) be a TDS and p € M(X, f). Suppose that F is a
Furstenberg family. A TDS (X, f) is said to be F-u-pairwise sensitive if there is
¢ > 0—an F-p-pairwise sensitive constant—such that for p x p-a.e. (z,y) € X x X
with

{neZy:d(f"(x), ["(y) >} € F.

Now we recall the notion of (Fy, F2)-scrambled set [11].

Let (X, f) be a TDS. Suppose that F; and F» are two Furstenberg families. A
point pair (x,y) is said to be an (F1, Fz)-scrambled pair, if there is € > 0 such that
{n € Zy :d(f"(z), f"(y) > e} € Fy and {n € Z; : d(f"(z), ["(y)) < ¢} € F>
for any § > 0. A (Finys, Fins)-scrambled pair is usually Li-Yorke scrambled pair.
An (M (1), M(1))-scrambled pair is usually distributively scrambled pair [9], where
M (1) denotes the family of all subsets of Z, whose upper density is 1.

A subset K of X is said to be (Fy, Fa)-scrambled set, if (z,y) is an (Fy, Fa)-
scrambled pair for any two distinct points x,y of K. A TDS (X, f) is said to be
(F1, Fa)-chaotic, if it contains an uncountable (Fp,Fs)-scrambled set. In [11], a
TDS is constructed which is (M*(1), M *(ﬁ)—chaotic but not distributively chaotic
[9], where M*(a) denotes the family of all subsets of Z; whose upper density is not
less than a.

In this article we investigate the F-u-sensitivity, F-u-pairwise sensitivity and the
measure of (Fy, Fz)-scrambled sets. This article is organized as follows. In section 2,
some basic notions related to Furstenberg families are introduced. In section 3, we
study F-p-sensitivity and F-p-pairwise sensitivity. It is shown that F-p-pairwise
sensitivity is equivalent to JF-u-sensitivity, when F is a filterdual and is extensively
compatible to the 2-fold product system (see Corollary 3.8 ). Finally, the existence
of scrambled sets with full measure is discussed. It is proved that if (X, B, p, f) is a
measure-preserving system of weakly mixing, and the support of p is X, then there
exists a positive ¢ such that (X, f) has an (M,(c), M,(0))-scrambled set with full
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induced outer measure by p. M. (c) denotes the family of all subsets of Z, whose
lower density is not less than ¢, and M, (0) denotes the family of all subsets of Z

whose lower density is non-zero ( see Theorem 4.6).

2. PRELIMINARIES

In this section, we introduce some basic notions related to Furstenberg families
( for details see [1] ).
For a Furstenberg family F, its dual family is

kF={FeP:FNF #£0VYF € F}={FeP:Z, — FE F}.

Clearly, if F is a Furstenberg family then so is kF. It is easy to see that kP = 0,
k@ = P. Clearly, k(kF) = F and F; C F» implies kFo C kF;. It is easy to see that
kFing is the family of all cofinite subsets of Z .

A Furstenberg family F is proper if it is a proper subset of P. It is easy to see
that a Furstenberg family F is proper if and only if Z, € F and (€F.

For Furstenberg families 77 and Fy, let Fy - Fo = {FA N Fy : Fy € F1, Fy € Fa}.
A Furstenberg family F is filter if it is proper and F D F - F. A Furstenberg family
F is filterdual if kF is filter. Moreover, A Furstenberg family F is filterdual if and
only if F has Ramsey property, i.e. if F1 U Fy € F, then Fy € F or Fp € F.

Any subset A of P can generate a Furstenberg family [A] = {F € P: F D A for
some A € A}. Tt is the smallest Furstenberg family which cotains A. It is easy to
see that A = () if and only if [A] = 0, and ) € A if and only if [A] = P. So [A4] is a
proper Furstenberg family if and only if A # () and ) & A. A Furstenberg family F
is countably generated ([1][14]) if there exists a countable subset A of P such that
[A] = F. Clearly, kF;,s is a countably generated proper family.

Let J C Z4. The upper density of J is

d(J) = limsup /040, 1, m = 1)

n— o0 n

where f denotes the cardinality of the set. The lower density of J is
Jn{0,1,--- ,n—1
d(J) = liming B/ 0O L s n = 1)
n—oo n

If d(J) = d(J), then we say J has density d(J).
Let (X, f) be a TDS and U,V C X. We define the meeting time set

NUV)={n€Zy: f"(U)NV #£0}.
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Especially, N(z,V)={n € Zy : f*(z) € V} for z € X.

Let AC X and z € X. If N(x,A) € F, z is called an F-attaching point of A.
The set of all F-attaching points of A is called the set of F-attaching of A, denoted
by F(A). Clearly,

FAO=J N ra= Usrrwm.

FeF neF FekF neF

Let (X, f) bea TDS and F C Z;. A pair (z,y) € X x X is called F-proximal if
liminf d(7" (@), 1" (4) = 0.
We denote the set of all F-proximal pairs by Pp.

We shall use following some relations on X.

Ve={(z,y) 1 d(z,y) <e},  Ve={(z,y) :d(z,y) <e}
Let F be a Furstenberg family. A pair (z,y) € X x X is called F-proximal if

(z,y) € F(V.) for any £ > 0. We denote the set of all F—proximal pairs by Pr.
Note ([10]):

Pr = MisoUper Muep(f x £)7"(Ve)
Ni=1 Nrerr Uner(f x 17" (V1
= ﬂ;i'il f(V%)
= Nrerr Pr

)

-

3. MEASURE-THEORETICAL SENSITIVITY VIA FURSTENBERG FAMILIES

In this section, we research the concepts of F-u-sensitivity and F-p-pairwise
sensitivity via Furstenberg families.

By concepts of F-u-sensitivity and weakly F-sensitivity, it is clear that following
proposition holds.

Proposition 3.1 Let (X, f) be a TDS, u € M (X, f) and supp(u) = X. Suppose
that F is a Furstenberg family. If (X, f) is F-u-sensitive , then (X, f) is weakly

F-sensitive.
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Definition 3.2 Let (X, f) be a TDS. A Furstenberg family F is extensively
compatible to the system (X, f) if the set of F-attaching of U is a Borel set of X
for each open set U of X .

Proposition 3.3 Let (X, f) be a TDS. A Furstenberg family F is extensively
compatible to the system (X, f) if and only if the set of kF-attaching of B is a
Borel set of X for each closed set B of X .

Proof. Suppose that B is a closed subset of X. Then

z € kF(B) N(z,B) € kF
Z. ~N(z, X ~ B) € kF
N(z,X ~ B)EF

2E€F(X ~ B)

re o

Hence, kF(B) = X ~ F(X ~ B). Since F(X ~ B) is a Borel set of X, so is
kF(B).

Remark In [14], the notion of a Furstenberg family F is compatible to a system
(X, f) is introduced. A Furstenberg family F is compatible to a system (X, f) if
the set of F-attaching of U is a Gs set of X for each open set U of X. Clearly, if a
Furstenberg family F is compatible to a system (X, f), then the Furstenberg family
F is extensively compatible to the system (X, f).

Proposition 3.4 Let (X, f) be a TDS, p € M(X, f) and supp(u) = X. Suppose
that F is a filterdual. If (X, f) is F-u-pairwise sensitive, then (X, f) is F-sensitive.

Proof. Assume that (X, f) is F-p-pairwise sensitive, then there is € > 0 such
that for p x p-ae. (z,y) € X x X with {n € Z, : d(f"(z), ["(y)) > €} € F.
Since supp(p) = X, then for every z of X and every neighborhood U of z, we
have p x pw(U x U) > 0. Thus there exist y,2 € U x U such that {n € Z; :
d(f(y), f7(2)) > €} € F,

if either of y, z is x, then the proposition is true.

if neither of y,z is x. Since F is filterdual, by the triangle inequality, then at
least one of {n € Z; : d(f™(z), [*(y)) >¢/2} € F and {n € Z; : d(f™(x), f"(2)) >
e/2} € F is true. Thus (X, f) is F-sensitive.

Let (X, f) be a TDS and u € M(X, f). Suppose that Furstenberg family F is
extensively compatible to the system (X x X, f x f).
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For x € X and € > 0, let
E.(x)={y € X : (2,y) € kF(V.)},
and consider the map ®,, . : X — R defined by
®, . (z) = p(E:(x)) for any x € X.

It is clear that ®,, . is measurable and according to Fubini’s Theorem,

o X u(k}-(vg)) = /X @p,s(z)dﬂ($)~ (*)

Proposition 3.5 Let (X, f) be a TDS and p € M (X, f). Suppose that Fursten-
berg family F is extensively compatible to the system (X x X, f x f). Then
(X, f) is F-p-pairwise sensitive with F-pu-pairwise sensitive constant ¢ if and only
if®, (x)=0,u—ae zeX.

Proof. By (%), u x u(kF(Ve.)) = [y Puc(x)du(z). So (X, f) is F-p-pairwise
sensitive < pu x p(kF(V.) =0& @, (x) =0, p—a.e. x € X.

Proposition 3.6 Let (X, f) be a TDS and u € M (X, f). Suppose that F is a
Furstenberg family. If (X, f) is F-u-pairwise sensitive, then (X, f) is F-u- sensitive.

Proof. Suppose that (X, f) is F-u-pairwise sensitive, then there is € > 0 such
that for p x p-a.e. (z,y) € X x X with

{neZy:d(f"(x), f"(y) >e} € F.

Since pu x (A x A) > 0 for every A € BY, there exists (z,y) € A x A such that
{ne€Zy d(f"(z), f"(y)) >e} € F. So (X, f) is F-p-sensitive.

Theorem 3.7 Let (X, f) be a TDS and p € M (X, f). Suppose that F; and Fp
are Furstenberg families, F; is extensively compatible to the system (X x X, f x f)
and kFy - kF1 C kFe. If (X, f) is Fa-u-sensitive, then (X, f) is Fi-p-pairwise
sensitive.

Proof. Assume that (X, f) is Fa-p-sensitive. Then there is € > 0 such that for
any A € BY; there exist z,y € A with {n € Z; : d(f"(x), f"(y)) > e} € Fo. Next
we shall show that (X, f) is Fi-p-pairwise sensitive with Fi-u-pairwise sensitive
constant €/2. By Proposition 3.5 assume the contrary that there exists x € X
with @, . /o(x) > 0. That is pu(A) > 0, where A = E.j5(v) = {y € X : (z,y) €
kF1(V.y2)} and V.o = {(x,y) : d(z,y) < £/2}. Then for any y,z € A we have
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(z,y) € kF1(Vp2), (x,2) € kF1(V,)2). Assume that

Fy={ne€Zy:d(f"(x), ["(y)) < e/2} € kF,

Fy = (n € Zy : d(f" (@), f'(2)) < £/2} € kL.

Since kFy - kFy C kFo, then Fy N Fy € kFy. So {n € Zy : d(f"(y), f"(z)) < e} €
kFy. Thus {n € Zs : d(f"(y), f*(2)) > €} & Fa, which contradicts the assumption
that (X, f) is Fa-p-sensitive with € being an Fa-p-sensitive constant. Therefore
(X, f) is Fi-p-pairwise sensitive.

Corollary 3.8 Let (X, f) be a TDS and p € M (X, f). Suppose that F is a
filterdual, and is extensively compatible to the system (X x X, f x f). Then (X, f)
is F-p-sensitive if and only if it is F-pu-pairwise sensitive.

Let (X, B, u, f) be a measure-preserving system and F be a Furstenberg family.
A measure-preserving system (X, B, u, f) is F-ergodic [7] if any A € Bf and any
F € kF we have pu(U;cp f7(A)) = 1. A measure-preserving system (X, B, i, f) is
F-mixing [7] if (X x X, B x B, x pu, f x f) is F-ergodic.

Proposition 3.9 Let (X, f) be a TDS, p € M(X, f) and supp(u) = X. Suppose
that F is a Furstenberg family, and kF is a countably generated proper family.
If f: (X,B,u) — (X,B,u) is F-mixing, then there exists ¢ > 0 such that for
X p-ae.(z,y) € X x X with {n € Zy : d(f™(x), f"(y)) > e} € F, i.e., (X,f) is
F-p-pairwise sensitive.

Proof. Choose £ > 0 such that X x X — V. # 0, where V. = {(z,y) : d(x,y) <
e}. We note that

FXxX-Vo= ) UUxH "X xx-Vo).
FekF neF
As f is F-mixing, then we have 1 x (U, cr(f x f)7"(X x X = V.)) =1 for any
F € kF. Let A be a countable generated set of kF. Hence

px p(FXx X =V =pxp([) JFEXxH"XxX-V)) =1
FeAneF

Proposition 3.10 Let (X, f) be a TDS , p € M(X, f) and supp(p) = X. If
f:(X,B,n) — (X, B, ) is weakly mixing, then there exist € > 0 and ¢ > 0 such
that for p x p-a.e. (z,y) € X x X with d({n € Z; : d(f"(z), f*(y)) > €}) = ¢,
where d(J) denotes the lower density of the set J.
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Proof. Choose ¢ > 0 such that £ = X x X — V. # (), where V. = {(z,y) :
d(z,y) < e}. Since f : (X,B,u) — (X,B,u) is weakly mixing, then f x f :
(XXX, BxB,upxp) — (X xX,BxB, uxu) is ergodic. By Birkhoff Ergodic Theorem
we have %ngol(XE(fxf)i(x,y)) — fre LY (uxp) for ux pu—ae. (r,y) € X x X.
Since f* = [xp(z,y)dp x p=px p(E) =c> 0 for ux p—ae. (z,y) € X x X,
then d({n € Z4 : d(f"(z), f"(y)) > e}) =cfor px p—a.e. (z,y) € X x X.

Definition 3.11 Let (X,Bx,u1) and (Y, By, u2) be two measure-preserving
systems. A transformation ¢ : (X,Bx,u1) — (Y,By,us) is positive-measure-
preserving, if ¢(A) € By for any A € B .

Proposition 3.12 Let (X, f) be a TDS and u; € M(X, f). And let (Y,g)
be a TDS and uy € M(Y,g). Suppose that ¢ : (X, f) — (Y,g) is a factor map,
and ¢ : (X,Bx,p1) — (Y, By, u2) is a positive-measure-preserving transformation.
If (Y, g) is F-us-sensitive, then (X, f) is F-ui-sensitive, where F is a Furstenberg
family.

Proof. Suppose that € > 0 is F-us-sensitive constant. Since factor map ¢ is
continuous, then there exists § > 0 such that dy(z,y) > 0 when da(¢(z), d(y)) >
e. Since ¢ is positive-measure-preserving, then ¢(A) = B € By for any A €
BY. Since (Y,g) is F-uo-sensitive, then there are y;,y2 € B such that {n € Z :
da(9™(y1), " (y2)) > e} € F. Put x1,22 € A such that ¢(z1) = y1, d(x2) = y2, then
{ne€Zy :di(f"(x1), f"(x2)) > 0} € F, this implies (X, f) is F-pq-sensitive.

4. MEASURE OF (Fi, F2)-SCRAMBLED SETS

This section deals with the measure of (F, Fa)-scrambled sets of some measure-
preserving systems.

Suppose that (X,S, ) is a measure space. For any set A C X let u*(A) =
inf{u(B) : B € §,B D A}, then p* is an outer measure on X, and the restriction
of u* on S coincides with . The p* is said to be an induced outer measure by p.

Suppose that (X, S, i) is a probability space. D C S is said to be a regular base
of the measure p, if for any ¢ > 0 and any B € S, there exists F' € D such that
F D> Band u(F —B) <e.

We need the following lemmas that come from [12] and [15] respectively.
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Lemma 4.1 [12] Suppose that u is Borel probability measure on a metric space
X, ie (X,B,u) is a probability space, where B is the Borel o-algebra. Then the
topology of the metric space X (i.e. the collection of all open subsets of X) is a
regular base of the measure pu.

If a metric space X is separable, then the cardinality of its topology is not greater
than the cardinality of the continuum. Therefore, each Borel probability space on
a separable metric space has a regular base whose cardinality is not greater than
the cardinality of the continuum.

Lemma 4.2 [15] Suppose that (X, S, p) is a measure space with a regular base D
whose cardinality is not greater than the cardinality of the continuum. Suppose that
a = {R,} er is a countable family of relations of the full measure on (X, S, 1) (i.e.
for each v € T, there exists some s, > 1 such that R, C X*v and p*'(R,,) = 1,
where p° is the product measure of s, measures ;4 and X*v is the product space
of s, spaces X). Let p* be the outer measure induced by p. Then there exists an
a-dependent set K of the full outer measure (i.e. K C X satisfies that p*(K) =1
such that for each v € I' and any s, distinct points x1, 22, , 7, in K, we have
(1,22, -+ ,75,) € Ry).

Proposition 4.3 Let (X, f) be a TDS, p € M(X, f) and supp(u) = X. If
[ (X,B,p) — (X, B, ) is weakly mixing, then p x pu(Pas, (0)) = 1. Pas, (o) denotes
the set of all M, (0)-proximal pairs, and M, (0) denotes the family of all subsets of
Z whose lower density is non-zero.

Proof. For any k > 0 let V1 = {(z,y) : d(z,y) < £}. Since f : (X,B,u) —
(X, B, 1) is weakly mixing, then fx f: (X x X, BxB,uxpu) — (X x X, BxB, ux 1)
is ergodic. By Birkhoff Ergodic Theorem we have % ?;J(Xvl (f x )iz, y)) —
fre LY (uxp) for px pu—ae(x,y) € X x X. Since f* = f;(vl(x,y)d,u X =
px p(Ve) >0for pxp—ae. (z,y) € X x X. Thus di{n € Z : d(kf”(x), () <
> 0for pxp—ae(z,y € X x X, ie. px n(M.(0)(V1)) = 1. Hence
px 1(Par, o)) = g x p(gey Ma(0)(Vy)) = 1.

Proposition 4.4 Let (X, f) be a TDS, u € M (X, f) and supp(u) = X. Suppose
that F is a Furstenberg family and kF is a countably generated proper family. If
f+(X,B,p) — (X, B, p) is F-mixing, then the set of all (F, F)-scrambled pairs is

a full measure set of X x X.
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Proof. Suppose that kF is a countably generated proper family by A, where A

is a countable set. Then
Pr=() ) Uxnr"vp=N N  UExH"0)
k=1 FekF ncF k=1 Femathcal An€F

Since f : (X,B,u) — (X,B,u) is F-mixing, then we have p x pu(U;cp(f x
f)_i(V%)) =1 for any F' € kF. So pu x u(Pg) = 1. By Proposition 3.9 there is
e > 0 such that u x u(F(X x X —V,)) = 1. Hence the proposition holds.

Proposition 4.5 Let (X, f) be a TDS, u € M (X, f) and supp(u) = X. Suppose
that F is a Furstenberg family and £F is a countably generated proper family. Let
w* be an outer measure induced by p. If f: (X, B, u) — (X, B, p) is F-mixing, then
(X, f) has an (F, F)-scrambled set K C X with p*(K) = 1.

Proof. As X is a compact metric space, then (X,B,u) has a regular base
D whose cardinality is not greater than the cardinality of the continuum. Let
Ro = {(z,y) : (z,y) is an (F,F) — scrambled pair}, R, = X™ when n > 3. By
Proposition 4.4, u?(R2) = 1. Clearly, u"(R,) = 1 for any n > 3. By Lemma 4.2,
there exists an (F, F)-scrambled set K C X such that p*(K) = 1.

By Proposition 3.10, Proposition 4.3 and Lemma 4.2 we have also:

Theorem 4.6 Let (X, f) be a TDS, p € M(X, f) and supp(p) = X. Suppose
that p* is an outer measure induced by p. If f : (X, B, u) — (X, B, i) is weakly mix-
ing, then there exists a positive ¢ such that (X, f) has an (M, (c), M.(0))-scrambled
set K C X with p*(K) = 1. M,(c) denotes the family of all subsets of Z, whose
lower density is not less than ¢, and M, (0) denotes the family of all subsets of Z
whose lower density is non-zero.
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