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ABSTRACT. An almost sure central limit theorem for the product of the partial
sums of i.i.d. positive random variables is shown, which is an extension of
Gonchigdanzan and Rempala [5]. Moreover, a more general almost sure central
limit theorem for a triangular array is proved.
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1. INTRODUCTION AND MAIN RESULT

It is well known that the products of independent identically distributed (i.i.d),
positive, square integrable random variables (r.v.) are asymptotically log-normal.
This fact is an immediate consequence of the classical central limit theorem (CLT).
This point, up to the knowledge of the author, was first argued by Arnold and
Villasefior [1], who considered the limiting properties of the sums of records. In
their paper Arnold and Villasenor obtained the following version of the CLT for a

sequence of i.i.d. exponential r.v.’s (X,,),>1 with the mean equal to one:
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where Si = Z?Zl Xj, 1 <k <n,and ® is a standard normal r.v. Rempata and
Wesotowski [9] have noted that this limit behavior of a product of partial sums has
a universal character and holds for any sequence of square integrable, positive i.i.d.

random variables. Namely, they have proved the following.

Theorem RW Let (X,,),>1 be a sequence of ii.d. positive square integrable
random variables with EX; = u, VarX; = 02 > 0 and the coefficient of variation

~v = o/p. Then

n 1 n
(Hk_l Sk) /(yv/n) ’ \/5{).

e
nlym™
Recently, Gonchigdanzan and Rempata [5] discussed an almost sure limit theorem
for the product of the partial sums of i.i.d. positive random variables as follows.

Theorem GR Let (X,,),>1 be a sequence of i.i.d. positive square integrable ran-
dom variables with EX; = 1 > 0, VarX; = ¢2. Denote v = o/u the coefficient of

variation. Then for any real z,

N n 1/(vv/n)
. 1 1 Hk*l Sk
E — ==k=1 = < = .S.
J\}EI})o log N~ nI << nlym =7 Flw), as

where F(+) is the distribution function of the r.v. eV2®,

In the present paper, we are interested in the following which is an extension of
Theorem GR.

Theorem 1. Let (X,,)n,>1 be a sequence of i.i.d. positive square integrable random
variables with EX; = p > 0, VarX; = o2. Denote v = o/u the coefficient of
variation. Then for every bounded Lipschitz 1 function f on the real line or the

indicator function of a Borel set A C R with A(QA) = 0, we have

1.1 li lNd 1n15’“—m dd
(L) i o> S > ok - [ t@are) o

n=1

Here D, = >_}'_, dy, and dy, satisfies the following assumptions: kdy = O(1) and

dipk® is eventually non-increasing for some 0 < a < 1 and that for some p >0

(1.2) =0 (k(lolg)’;WJ .
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In particular,

. 1 N Hn: S 1/(vv/n) oS}
ngnooD—anzzdnf ((W) = [m f(x)dF(z) a.s.

where F(-) is the same with one in Theorem GR.

Remark 1. Let d, = 1/k and Dy, =logk in Theorem 1 and

1 &, Sk 1 &y Sk
fl— log— | =1 log— <z]|,
V21 ; ku YV2n kZ:l kp

then we have
o0

N n
. 1 1 1 Sk /
lim —— —I | — log— <z | = z)d®(z), a.s.V x.
N—oo logan::l’n <7\/2n§ gk,u - > f( ) ( )

— 00

That is to say that

1 N " S 1/(vv/n) oo
ngnoo og N nz EI (n'u") = /700 f(z)dF(x), a.s.Vx

=1

which is Theorem GR.

2. PRELIMINARY AND PROOF OF MAIN RESULTS

2.1. Assumptions and auxiliary results. In order to prove Theorem 1 we first
establish the almost sure central limit theorem (ASCLT) for the triangular array
(Xkn)i<k<nn>1- It is well known that for i.i.d. r.v’s ASCLT holds under the same
assumptions as the CLT, thus the investigation of a general ASCLT seems somewhat
more challenging. We refer to the survey papers [2, 3, 4, 6, 7, 8]. In the sequel,
for every n > 1, let (Xj n)1<k<n be a sequence of independent random variables
with partial sums S, = Zle Xin, (1 <k <n). Now we state our conditions as

follows:

Conditions (C)

(C1) Assume that for some numerical sequences a,, > 0 and b,, we have

(2.1) Swn _y Lo

an

with some (possibly degenerate) distribution function H.
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(C3) For 1 < k <[ < n, there exists a random variable Ay, ;, which dependents
on {X;x,X;;,1 <i<k1<j<lI} such that Sy is independent on S;; — Ay,
and

(2.2) E ('A“') < O(k/1)P

ap
for some positive constants C, 3.
(C3) Assume that

(2.3) kdy = O(1) and dik“is eventually non-increasing for some 0 < @ < 1

and that for some p > 0

(2.4 =0 (1)

Theorem 2. Under the conditions (C), then for any bounded Lipschitz 1 function
f on the real line or the indicator function of a Borel set A C R with A(0A) = 0,

we have

. 1 al Sk.k >
(2.5) 1\/1£nooDN def< o —bk> :/ f(x)dH(z), a.s.
k=1 -

Remark 2. In fact, if the triangular array (X n)i1<k<nn>1 becomes a sequence of
random variables (X,)n>1 with partial sums S, = > _p_, Xi, our condition (Cs) is
weaker than (7) and (8) in Hérmann [6]. In some sense Theorem 2 is an extensive

result of Theorem 1 in Hérmann [6].
2.2. Proof of Theorem 2. Without loss of generality we may assume |f| < 1.

Lemma 1. (See Lemma 1 in [6] ) Let (Dy) be a summation procedure, then the

condition (C3) implies that Dy = o(N¥) for any € > 0.

Lemma 2. Let { Xk n}1<k<n be a sequence of independent random variables with
partial sums Sy, = Zle Xin, (1 <k < n). Assume that condition (Cs) is
satisfied. Further let b, = 0 and f be a bounded Lipschitz 1 function. Then there

exists constant c, such that

(2.6) ‘C’ov (f(skk)f<s”>)‘ <c(k/1)P 1<k<I).

Qg a
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Proof. By using |f| <1 and the independence of Sy ; and S;; — Ak,
con(s (Fe)-1 (%)
=[eon(s ()1 (5) - (5 2)]

< QE‘f(Su) f(SuAk,z)‘

aj aj

h2).

From (2.2), we complete the proof of the lemma.

ap

A
gconst-E(k’l

O

Remark 3. It is obvious to see that if we replace 8 by any 0 < 3 < 3, Lemma
2 also holds. Thus we may assume, without loss of generality, that 3 in the last

lemma is the same as in (2.3).

Next we will use the following notations,

@1 = g(2) —rr(2), e g (R SN

— Ay,
p kl)l

)-ei(

Lemma 3. Assume that condition (C3) of Theorem 2 is satisfied and b, = 0, and
define & and &y as in (2.7). If {dp,k > 1} are arbitrary positive weights, then we
have for any k <m <n and p € N,

E‘Zdz & — ki) ) <E (Z":d%l)pﬂ’
I=m

where E, = const - 47(p/B)P/2.
Proof. Let Q(I) = Q(k,1) = & — &1, then

0 ~a](22) - 2s(52)  [5(B5000) gy (S Susy

aj

<4p- 1]E’f(S”> Ef(Szl) [f(Sl,l—Ak,l)_Ef(sl,l;lAk,l)”

a
<9. 4P~ 1E‘f<s”> f(Sz,z ;Ak,z>‘

<c-4P7L(k/D)P,
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where the last inequality is due to the proof of Lemma 2. Thus by the Holder’s

inequality, we get

n P n n
E‘l_zdl(& — &) < 3 e X dueed EIQU)P - B
<c-4P~1E8 Z Z di, ---dlpl;'@/p~--l;ﬁ/p
li=m lp=m

=c- 4p*1kﬁ( zn: dllfﬁ/P)p
I=m

<c a3 jd%l)p (> 1—25—1)p .
l=m l=m

For m > 2, it is easy to see that
mﬁ(Zr(?ﬂ/p)fl)p/Q Smﬂ(/m l*(2ﬁ/p)71dl>p/2
m—1

l=m
() G = ()"

and similarly, we get for m =1 and p > 203,

(S )= 0 )= ()"

This completes the proof of our result. |

The crucial step of the proof of Theorem 2 is the following moment inequality,

which stems from Hormann [6], but for completeness we give the simple proof.

Lemma 4. Let {Xy ,}1<k<n be a sequence of independent random variables with
partial sums Sin = Ele Xin, (1 <k <mn). Assume that conditions (Cs), (Cs)
are satisfied. Further let b, =0 and f be a bounded Lipschitz 1 function. Then for
every p € N we have

P p/2

<o ¥ aa(h)’)

1<k<I<N

N

(5 -5r()

k=1

(28) E

where Cp, > 0 is a constant which depends on the parameter p and B is from (2.6).
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Proof. At first, we set C), = (4’y)7”2 and

n l
Vi = dil™? <Z dkka) , (1<m<n).
l=m k=1

For obtaining our result, it is enough to show that the following claim,

7 if the number v is chosen large enough, then
n
P
(2.9) 11«:\ 3 dkgk‘ < Cp(Vinn)P?, forall 1 <m <n,
k=m

where & is defined as in (2.7).
We will use the induction on p to show (2.9). By Lemma 2, we have
n 2
IE’ 3 dkgk‘ <2 Y adiEGal<2e Y dudi(k/)? < 2V .
k=m m<k<Il<n m<k<I<n
Hence if we choose 7 so large that (47)* > 2¢, then (2.9) holds for p = 2.

Assume now that (2.9) is true for p—1 > 2. From kdj, = O(1) it follows that there
is a positive constant A such that Z;Zl dik? > AlP. Then we get for V,, <7 as

the proof of Lemma 3,

n n k
> d| < @/A) Y ek (S di?) < 2740122
k=m k=m =1

In the case of V,,,,, < 7y, we have shown (2.9) is valid.

We now want to show that if for any given X >+ and the inequality (2.9) holds
for V., < X, then it will also hold for V,,, ,, < 3X/2 and this will show that (2.9)

holds for any value of V,, 5, i.e. complete the induction step.
Assume V,,, , < 3X/2 and set

Si+S =Y d&i+ > dibs, Toi= Y difur, (m<w<n).

k=m k=w+1 k=w+1

From Lemma 1, for a fixed m and n we choose w in such a way that

Vit1n
Vm,w < Xa Vw-i—l,n <X and %17 =)A€ [1/27 1]

From the mean value theorem we get

(2.10) |5 = TJ| < jISa = To|(1Sol " + T2 ™") (5= 1).
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Since condition (C3) and Remarks 3, there exists a constant B > 0 such that for

alll > 1,

l
B Z dpk? > 1184,
k=1

This also shows that

> ld} < BV, foralll <m <n.

l=m

By Lemma 3, we get for all j > 1,
E|Sy — T}’ < Fj(Vw+1,n)j/2a

where F; = Bj/QEj and F; is the constant in Lemma 3.

From the induction hypothesis in the case of 1 < j7 < p—1 and from the validity
of (2.9) for V,,, , < X in the case of j = p, we have

(2.11) E[S1) < Cj(Vinw)'/?, (1<5<p)
and
(2~12) E|52|j < Cj(Vw+1,n)j/2 < Cj)‘j/Q(Vm7w)j/27 (1 <Jj< p).

By Minkowski’s inequality, we have
(2.13) E|Tl <2 CN 2 (Vi )'/?, (1 <5 <p).
Furthermore, from the Holder’s inequality the following result is easy,

E[S1]7]S2 — Ty a7~/

IA

(E|S;[P)7/P(E| Sy — To|?)/?(E|S,[P)P—i—1)/p
C}(}pfl)/pFI}/p)\(pfj)/2(mew)p/g.

N

(2.14)

The last inequality remains valid, with an extra factor 2°77~! on the right hand
side, if |So|P~7~1 on the left hand side is replaced by |T|P~7~t. Since S; and Tp
are independent, we get

p—1

E[Sy + So|P <E[S1]P +E[Saf” + Y GI(EIS1[S5™7 — TZ ™| + E|S1)E|T,[P~7),

J=1
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where G{, denotes the combination, i.e., Gg) = p![j!(p—5)"]~*. Substituting (2.10) —
(2.14) (using also the analogue of (2.14) with |T5[P=7~1) in the above inequality and

get
p—1
E|S1 + Sa|? SCp(Vm,w)p/z (1 F P2 4 C;l/prl/p Z 2 IGI (p — j))\(pﬂ)ﬂ
j=1
p—1
+ O Y TGN RGC, ).
j=1
Note that
C;l/pFI}/p < const - p*/?(4) 7P
and

CiCpij/Cp < (4y)F, 1<j<p-1),
thus, by A <1, we have

p—1
C};l/prl/p Z prng)(p — HAP=D/2 < const - p3/2y7P

j=1
and
p—1
Cp_l Z 2p_jGZ,)\(p_j)/20ij,j < const -y7P.
j=1
Since A > 1/2 we have shown that for a large v the relation E|S; + S3|P < Cp(1 +
NP2 (Vi )P/ = Cp (Vi n)P/? is true, ie., for Vi, < 3X/2, (2.9) is valid. O

Lemma 5. (See Lemma 5 in [6]) Assume the condition (Cs) of Theorem 2 is
satisfied. Then for any a > 0 and any n < p, we have
ke D?
> di(3) = 0(gpey )
1<k<I<N (log D)
Proof of Theorem 2. Without loss of generality, from Lemma 4 and Lemma 5,

we have, for any € > 0, and p € N,
N
P(| > dite| > eDw) < clp,2)(log Dn) ™%, for N = No.
k=1

By (Cs), we have Dyy1/Dy — 1, thus we can choose p > 4/n and (N;) such that
Dy, ~ exp{+/j}. Applying Borel-Cantelli lemma, we get

N

lim D' di&e =0 as..
j—oo J
k=1



58 Y. MIAO

For N; < N < Nj;q, we have

N N;
DM digel < DRkl +2(Dn,,, /Dy, — 1) as..
k=1 k=1

The convergence of the subsequence implies that whole sequence converges a.s.,
since Dy,,,/Dn; — 1. This complete the proof of the theorem. For indicator
functions, by routine approximation arguments, it is esay to see (cf. Lacey and
Philipp [7]). |

2.3. Proof of Theorem 1. At first, we check the conditions (C). Let ¥; = S;/(iu).
Observing

Ly wen-—Ly (51)= Lyx, -l
Wk = W2k = \ip ek &N vaR TR
from Lemma 1 in [9] we know that

1 S C
—
/ka k.k

then taking ar = v2k and by, = 0, (Cy) in conditions (C) is satisfied. From the

proof of Theorem 2, the aim of the condition (Cs) is to prove Lemma 2. However,

P,

from the proof of Theorem 3 in [5], we know our Lemma 2 holds.

Therefore we see that (2.5) is equivalent to

N 1 k oo
(2.15) Nninoopjgl > dinf <W >y 1)) = / f(z)d®(z), a.s.
k=1 i=1 >

By the law of the iterated logarithm we have for £k — oo

1/2
= () ) e

1
Since for |z| < 1 we have log(1l + z) = z — R(z) with lir% R(Zx) =35 thus
T— x

=0 (im - 1)2>

i=1

k k
> log¥i—) (Yi-1)
i=1 i=1

k .
loglogt
=0 (Z gig> = O ((loglogk)logk) a.s.

i=1
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Note that in order to prove (1.1) it is sufficient to show that

1 1 & 1 &
(2.16) ng’nooDiNkZ:ldk f(mglogyi) —f<W;(Yi—1)> =0 a.s.

However, by the property of f and (C3), it is easy to see that

1 1 & 1 &
] f(vm;bgia —f(ym;(n—lo

1 N
Sm;dk

N
1 Dy, (loglog k) log k
O — a.s.
<DN kz::l k(log Dy,)? Vk

From Lemma 1, we know that Dy = o(N¢) for any € > 0. Thus the following series

k
1
77 %ZlogYi Y
i=1

is convergent,
i\’: D, (loglogk)logk
k(1
k=1

og Dy.)? Vk
and (2.16) holds by the following fact

1 Dy, (loglog k) log k
> -

Dy = k(log Dy )» Vk
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