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Abstract. An almost sure central limit theorem for the product of the partial

sums of i.i.d. positive random variables is shown, which is an extension of

Gonchigdanzan and RempaÃla [5]. Moreover, a more general almost sure central

limit theorem for a triangular array is proved.
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1. INTRODUCTION AND MAIN RESULT

It is well known that the products of independent identically distributed (i.i.d),

positive, square integrable random variables (r.v.) are asymptotically log-normal.

This fact is an immediate consequence of the classical central limit theorem (CLT).

This point, up to the knowledge of the author, was first argued by Arnold and

Villaseñor [1], who considered the limiting properties of the sums of records. In

their paper Arnold and Villaseñor obtained the following version of the CLT for a

sequence of i.i.d. exponential r.v.’s (Xn)n≥1 with the mean equal to one:
∑n

k=1 log Sk − n log n + n√
2n

L−→ Φ, as n →∞,
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where Sk =
∑k

j=1 Xj , 1 ≤ k ≤ n, and Φ is a standard normal r.v. RempaÃla and

WesoÃlowski [9] have noted that this limit behavior of a product of partial sums has

a universal character and holds for any sequence of square integrable, positive i.i.d.

random variables. Namely, they have proved the following.

Theorem RW Let (Xn)n≥1 be a sequence of i.i.d. positive square integrable

random variables with EX1 = µ, V arX1 = σ2 > 0 and the coefficient of variation

γ = σ/µ. Then
(∏n

k=1 Sk

n!µn

)1/(γ
√

n)
L−→ e

√
2Φ.

Recently, Gonchigdanzan and RempaÃla [5] discussed an almost sure limit theorem

for the product of the partial sums of i.i.d. positive random variables as follows.

Theorem GR Let (Xn)n≥1 be a sequence of i.i.d. positive square integrable ran-

dom variables with EX1 = µ > 0, V arX1 = σ2. Denote γ = σ/µ the coefficient of

variation. Then for any real x,

lim
N→∞

1
log N

N∑
n=1

1
n

I

((∏n
k=1 Sk

n!µn

)1/(γ
√

n)

≤ x

)
= F (x), a.s.

where F (·) is the distribution function of the r.v. e
√

2Φ.

In the present paper, we are interested in the following which is an extension of

Theorem GR.

Theorem 1. Let (Xn)n≥1 be a sequence of i.i.d. positive square integrable random

variables with EX1 = µ > 0, V arX1 = σ2. Denote γ = σ/µ the coefficient of

variation. Then for every bounded Lipschitz 1 function f on the real line or the

indicator function of a Borel set A ⊂ R with λ(∂A) = 0, we have

(1.1) lim
N→∞

1
DN

N∑
n=1

dnf

(
1

γ
√

2n

n∑

k=1

log
Sk

kµ

)
=

∫ ∞

−∞
f(x)dΦ(x) a.s.

Here Dn =
∑n

k=1 dk and dk satisfies the following assumptions: kdk = O(1) and

dkkα is eventually non-increasing for some 0 < α < 1 and that for some ρ > 0

(1.2) dk = O

(
Dk

k(log Dk)ρ

)
.
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In particular,

lim
N→∞

1
DN

N∑
n=1

dnf

((∏n
k=1 Sk

n!µn

)1/(γ
√

n)
)

=
∫ ∞

−∞
f(x)dF (x) a.s.

where F (·) is the same with one in Theorem GR.

Remark 1. Let dk = 1/k and Dk = log k in Theorem 1 and

f

(
1

γ
√

2n

n∑

k=1

log
Sk

kµ

)
= I

(
1

γ
√

2n

n∑

k=1

log
Sk

kµ
≤ x

)
,

then we have

lim
N→∞

1
log N

N∑
n=1

1
n

I

(
1

γ
√

2n

n∑

k=1

log
Sk

kµ
≤ x

)
=

∫ ∞

−∞
f(x)dΦ(x), a.s. ∀ x.

That is to say that

lim
N→∞

1
log N

N∑
n=1

1
n

I

((∏n
k=1 Sk

n!µn

)1/(γ
√

n)
)

=
∫ ∞

−∞
f(x)dF (x), a.s. ∀ x

which is Theorem GR.

2. Preliminary and proof of main results

2.1. Assumptions and auxiliary results. In order to prove Theorem 1 we first

establish the almost sure central limit theorem (ASCLT) for the triangular array

(Xk,n)1≤k≤n,n≥1. It is well known that for i.i.d. r.v’s ASCLT holds under the same

assumptions as the CLT, thus the investigation of a general ASCLT seems somewhat

more challenging. We refer to the survey papers [2, 3, 4, 6, 7, 8]. In the sequel,

for every n ≥ 1, let (Xk,n)1≤k≤n be a sequence of independent random variables

with partial sums Sk,n =
∑k

i=1 Xi,n, (1 ≤ k ≤ n). Now we state our conditions as

follows:

Conditions (C)

(C1) Assume that for some numerical sequences an > 0 and bn we have

(2.1)
Sn,n

an
− bn

L−→ H,

with some (possibly degenerate) distribution function H.
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(C2) For 1 ≤ k ≤ l ≤ n, there exists a random variable ∆k,l, which dependents

on {Xi,k, Xj,l, 1 ≤ i ≤ k, 1 ≤ j ≤ l}, such that Sk,k is independent on Sl,l − ∆k,l

and

(2.2) E
( |∆k,l|

al

)
≤ C(k/l)β

for some positive constants C, β.

(C3) Assume that

(2.3) kdk = O(1) and dkkαis eventually non-increasing for some 0 < α < 1

and that for some ρ > 0

(2.4) dk = O

(
Dk

k(log Dk)ρ

)
.

Theorem 2. Under the conditions (C), then for any bounded Lipschitz 1 function

f on the real line or the indicator function of a Borel set A ⊂ R with λ(∂A) = 0,

we have

(2.5) lim
N→∞

D−1
N

N∑

k=1

dkf

(
Sk,k

ak
− bk

)
=

∫ ∞

−∞
f(x)dH(x), a.s.

Remark 2. In fact, if the triangular array (Xk,n)1≤k≤n,n≥1 becomes a sequence of

random variables (Xn)n≥1 with partial sums Sn =
∑n

k=1 Xk, our condition (C2) is

weaker than (7) and (8) in Hörmann [6]. In some sense Theorem 2 is an extensive

result of Theorem 1 in Hörmann [6].

2.2. Proof of Theorem 2. Without loss of generality we may assume |f | ≤ 1.

Lemma 1. (See Lemma 1 in [6] ) Let (DN ) be a summation procedure, then the

condition (C3) implies that DN = o(Nε) for any ε > 0.

Lemma 2. Let {Xk,n}1≤k≤n be a sequence of independent random variables with

partial sums Sk,n =
∑k

i=1 Xi,n, (1 ≤ k ≤ n). Assume that condition (C2) is

satisfied. Further let bn = 0 and f be a bounded Lipschitz 1 function. Then there

exists constant c, such that

(2.6)
∣∣∣∣Cov

(
f
(Sk,k

ak

)
, f

(Sl,l

al

))∣∣∣∣ ≤ c(k/l)β (1 ≤ k ≤ l).
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Proof. By using |f | ≤ 1 and the independence of Sk,k and Sl,l −∆k,l,

∣∣∣Cov
(
f
(Sk,k

ak

)
, f

(Sl,l

al

))∣∣∣

=
∣∣∣Cov

(
f
(Sk,k

ak

)
, f

(Sl,l

al

)
− f

(Sl,l −∆k,l

al

))∣∣∣

≤ 2E
∣∣∣∣f

(Sl,l

al

)
− f

(Sl,l −∆k,l

al

)∣∣∣∣

≤ const · E
(∣∣∣∣

∆k,l

al

∣∣∣∣ ∧ 2
)

.

From (2.2), we complete the proof of the lemma.

¤

Remark 3. It is obvious to see that if we replace β by any 0 < β
′

< β, Lemma

2 also holds. Thus we may assume, without loss of generality, that β in the last

lemma is the same as in (2.3).

Next we will use the following notations,

(2.7) ξl := f
(Sl,l

al

)
− Ef

(Sl,l

al

)
, ξk,l := f

(Sl,l −∆k,l

al

)
− Ef

(Sl,l −∆k,l

al

)
.

Lemma 3. Assume that condition (C2) of Theorem 2 is satisfied and bn = 0, and

define ξl and ξk,l as in (2.7). If {dk, k ≥ 1} are arbitrary positive weights, then we

have for any k ≤ m ≤ n and p ∈ N,

E
∣∣∣

n∑

l=m

dl(ξl − ξk,l)
∣∣∣
p

≤ Ep

( n∑

l=m

d2
l l

)p/2

,

where Ep = const · 4p(p/β)p/2.

Proof. Let Q(l) = Q(k, l) = ξl − ξk,l, then

E|Q(l)|p =E
∣∣∣f

(Sl,l

al

)
− Ef

(Sl,l

al

)
−

[
f
(Sl,l −∆k,l

al

)
− Ef

(Sl,l −∆k,l

al

)]∣∣∣
p

≤4p−1E
∣∣∣f

(Sl,l

al

)
− Ef

(Sl,l

al

)
−

[
f
(Sl,l −∆k,l

al

)
− Ef

(Sl,l −∆k,l

al

)]∣∣∣

≤2 · 4p−1E
∣∣∣f

(Sl,l

al

)
− f

(Sl,l −∆k,l

al

)∣∣∣

≤c · 4p−1(k/l)β ,
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where the last inequality is due to the proof of Lemma 2. Thus by the Hölder’s

inequality, we get

E
∣∣∣

n∑

l=m

dl(ξl − ξk,l)
∣∣∣
p

≤
n∑

l1=m

· · ·
n∑

lp=m

dl1 · · · dlp(E|Q(l1)|p · · ·E|Q(lp)|p)1/p

≤c · 4p−1kβ
n∑

l1=m

· · ·
n∑

lp=m

dl1 · · · dlp l
−β/p
1 · · · l−β/p

p

=c · 4p−1kβ
( n∑

l=m

dll
−β/p

)p

≤c · 4p−1mβ
( n∑

l=m

d2
l l

)p/2( n∑

l=m

l−2β−1
)p/2

.

For m ≥ 2, it is easy to see that

mβ
( n∑

l=m

l−(2β/p)−1
)p/2

≤mβ
( ∫ ∞

m−1

l−(2β/p)−1dl
)p/2

≤
( m

m− 1

)β( p

2β

)p/2

≤
( p

β

)p/2

,

and similarly, we get for m = 1 and p ≥ 2β,

( n∑

l=1

l−(2β/p)−1
)p/2

≤
(
1 +

p

2β

)p/2

≤
( p

β

)p/2

.

This completes the proof of our result. ¤

The crucial step of the proof of Theorem 2 is the following moment inequality,

which stems from Hörmann [6], but for completeness we give the simple proof.

Lemma 4. Let {Xk,n}1≤k≤n be a sequence of independent random variables with

partial sums Sk,n =
∑k

i=1 Xi,n, (1 ≤ k ≤ n). Assume that conditions (C2), (C3)

are satisfied. Further let bn = 0 and f be a bounded Lipschitz 1 function. Then for

every p ∈ N we have

(2.8) E

∣∣∣∣∣
N∑

k=1

dk

(
f
(Sk,k

ak

)
− Ef

(Sk,k

ak

))∣∣∣∣∣

p

≤ Cp


 ∑

1≤k≤l≤N

dkdl

(k

l

)β




p/2

,

where Cp > 0 is a constant which depends on the parameter p and β is from (2.6).
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Proof. At first, we set Cp = (4γ)p2
and

Vm,n :=
n∑

l=m

dll
−β

(
l∑

k=1

dkkβ

)
, (1 ≤ m ≤ n).

For obtaining our result, it is enough to show that the following claim,

”if the number γ is chosen large enough, then

(2.9) E
∣∣∣

n∑

k=m

dkξk

∣∣∣
p

≤ Cp(Vm,n)p/2, for all 1 ≤ m ≤ n,

where ξk is defined as in (2.7).”

We will use the induction on p to show (2.9). By Lemma 2, we have

E
∣∣∣

n∑

k=m

dkξk

∣∣∣
2

≤ 2
∑

m≤k≤l≤n

dkdl|Eξkξl| ≤ 2c
∑

m≤k≤l≤n

dkdl(k/l)β ≤ 2cVm,n.

Hence if we choose γ so large that (4γ)4 ≥ 2c, then (2.9) holds for p = 2.

Assume now that (2.9) is true for p−1 ≥ 2. From kdk = O(1) it follows that there

is a positive constant A such that
∑l

k=1 dkkβ ≥ Alβ . Then we get for Vm,n ≤ γ as

the proof of Lemma 3,

∣∣∣
n∑

k=m

dkξk

∣∣∣ ≤ (2/A)
n∑

k=m

dkk−β
( k∑

l=1

dll
β
)
≤ (2/A)γ1/2V 1/2

m,n.

In the case of Vm,n ≤ γ, we have shown (2.9) is valid.

We now want to show that if for any given X ≥ γ and the inequality (2.9) holds

for Vm,n ≤ X, then it will also hold for Vm,n ≤ 3X/2 and this will show that (2.9)

holds for any value of Vm,n, i.e. complete the induction step.

Assume Vm,n ≤ 3X/2 and set

S1 + S2 :=
w∑

k=m

dkξk +
n∑

k=w+1

dkξk, T2 :=
n∑

k=w+1

dkξw,k, (m ≤ w ≤ n).

From Lemma 1, for a fixed m and n we choose w in such a way that

Vm,w ≤ X, Vw+1,n ≤ X and
Vw+1,n

Vm,w
= λ ∈ [1/2, 1].

From the mean value theorem we get

(2.10) |Sj
2 − T j

2 | ≤ j|S2 − T2|(|S2|j−1 + |T2|j−1) (j ≥ 1).
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Since condition (C2) and Remarks 3, there exists a constant B > 0 such that for

all l ≥ 1,

B
l∑

k=1

dkkβ ≥ l1+βdl.

This also shows that

n∑

l=m

ld2
l ≤ BVm,n, for all 1 ≤ m ≤ n.

By Lemma 3, we get for all j ≥ 1,

E|S2 − T2|j ≤ Fj(Vw+1,n)j/2,

where Fj = Bj/2Ej and Ej is the constant in Lemma 3.

From the induction hypothesis in the case of 1 ≤ j ≤ p− 1 and from the validity

of (2.9) for Vm,n ≤ X in the case of j = p, we have

E|S1|j ≤ Cj(Vm,w)j/2, (1 ≤ j ≤ p)(2.11)

and

E|S2|j ≤ Cj(Vw+1,n)j/2 ≤ Cjλ
j/2(Vm,w)j/2, (1 ≤ j ≤ p).(2.12)

By Minkowski’s inequality, we have

(2.13) E|T2|j ≤ 2jCjλ
j/2(Vm,w)j/2, (1 ≤ j ≤ p).

Furthermore, from the Hölder’s inequality the following result is easy,

E|S1|j |S2 − T2||S2|p−j−1 ≤ (E|S1|p)j/p(E|S2 − T2|p)1/p(E|S2|p)(p−j−1)/p

≤ C(p−1)/p
p F 1/p

p λ(p−j)/2(Vm,w)p/2.(2.14)

The last inequality remains valid, with an extra factor 2p−j−1 on the right hand

side, if |S2|p−j−1 on the left hand side is replaced by |T2|p−j−1. Since S1 and T2

are independent, we get

E|S1 + S2|p ≤ E|S1|p + E|S2|p +
p−1∑

j=1

Gj
p(E|S1|j |Sp−j

2 − T p−j
2 |+ E|S1|jE|T2|p−j),
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where Gj
p denotes the combination, i.e., Gj

p = p![j!(p− j)!]−1. Substituting (2.10)−
(2.14) (using also the analogue of (2.14) with |T2|p−j−1) in the above inequality and

get

E|S1 + S2|p ≤Cp(Vm,w)p/2
(
1 + λp/2 + C−1/p

p F 1/p
p

p−1∑

j=1

2p−jGj
p(p− j)λ(p−j)/2

+ C−1
p

p−1∑

j=1

2p−jGj
pλ

(p−j)/2CjCp−j

)
.

Note that

C−1/p
p F 1/p

p ≤ const · p1/2(4γ)−p

and

CjCp−j/Cp ≤ (4γ)−p, (1 ≤ j ≤ p− 1),

thus, by λ ≤ 1, we have

C−1/p
p F 1/p

p

p−1∑

j=1

2p−jGj
p(p− j)λ(p−j)/2 ≤ const · p3/2γ−p

and

C−1
p

p−1∑

j=1

2p−jGj
pλ

(p−j)/2CjCp−j ≤ const · γ−p.

Since λ ≥ 1/2 we have shown that for a large γ the relation E|S1 + S2|p ≤ Cp(1 +

λ)p/2(Vm,w)p/2 = Cp(Vm,n)p/2 is true, i.e., for Vm,n ≤ 3X/2, (2.9) is valid. ¤

Lemma 5. (See Lemma 5 in [6]) Assume the condition (C3) of Theorem 2 is

satisfied. Then for any α > 0 and any η < ρ, we have
∑

1≤k≤l≤N

dkdl

(k

l

)α

= O
( D2

N

(log DN )η

)
.

Proof of Theorem 2. Without loss of generality, from Lemma 4 and Lemma 5,

we have, for any ε > 0, and p ∈ N,

P
(∣∣∣

N∑

k=1

dkξk

∣∣∣ > εDN

)
≤ c(p, ε)(log DN )−pη/2, for N ≥ N0.

By (C3), we have DN+1/DN → 1, thus we can choose p > 4/η and (Nj) such that

DNj
∼ exp{√j}. Applying Borel-Cantelli lemma, we get

lim
j→∞

D−1
Nj

Nj∑

k=1

dkξk = 0 a.s..
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For Nj ≤ N ≤ Nj+1, we have

D−1
N |

N∑

k=1

dkξk| ≤ D−1
Nj
|

Nj∑

k=1

dkξk|+ 2(DNj+1/DNj − 1) a.s..

The convergence of the subsequence implies that whole sequence converges a.s.,

since DNj+1/DNj → 1. This complete the proof of the theorem. For indicator

functions, by routine approximation arguments, it is esay to see (cf. Lacey and

Philipp [7]). ¤

2.3. Proof of Theorem 1. At first, we check the conditions (C). Let Yi = Si/(iµ).

Observing

1
γ
√

2k

k∑

i=1

(Yi − 1) =
1

γ
√

2k

k∑

i=1

(
Si

iµ
− 1

)
=:

1√
2k

k∑

i=1

Xi,k =
1√
2k

Sk,k,

from Lemma 1 in [9] we know that

1√
2k

Sk,k
L−→ Φ,

then taking ak =
√

2k and bk = 0, (C1) in conditions (C) is satisfied. From the

proof of Theorem 2, the aim of the condition (C2) is to prove Lemma 2. However,

from the proof of Theorem 3 in [5], we know our Lemma 2 holds.

Therefore we see that (2.5) is equivalent to

(2.15) lim
N→∞

D−1
N

N∑

k=1

dkf

(
1

γ
√

2k

k∑

i=1

(Yi − 1)

)
=

∫ ∞

−∞
f(x)dΦ(x), a.s.

By the law of the iterated logarithm we have for k →∞

|Yk − 1| = O

((
log log k

k

)1/2
)

a.s.

Since for |x| < 1 we have log(1 + x) = x−R(x) with lim
x→0

R(x)
x2

=
1
2
, thus

∣∣∣∣∣
k∑

i=1

log Yi −
k∑

i=1

(Yi − 1)

∣∣∣∣∣ =O

(
k∑

i=1

(Yi − 1)2
)

=O

(
k∑

i=1

log log i

i

)
= O ((log log k) log k) a.s.
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Note that in order to prove (1.1) it is sufficient to show that

(2.16) lim
N→∞

1
DN

N∑

k=1

dk

∣∣∣∣∣f
(

1
γ
√

2k

k∑

i=1

log Yi

)
− f

(
1

γ
√

2k

k∑

i=1

(Yi − 1)

)∣∣∣∣∣ = 0 a.s.

However, by the property of f and (C3), it is easy to see that

1
DN

N∑

k=1

dk

∣∣∣∣∣f
(

1
γ
√

2k

k∑

i=1

log Yi

)
− f

(
1

γ
√

2k

k∑

i=1

(Yi − 1)

)∣∣∣∣∣

≤ 1
DN

N∑

k=1

dk

∣∣∣∣∣
1

γ
√

2k

k∑

i=1

log Yi − (Yi − 1)

∣∣∣∣∣

= O

(
1

DN

N∑

k=1

Dk

k(log Dk)ρ

(log log k) log k√
k

)
a.s.

From Lemma 1, we know that DN = o(Nε) for any ε > 0. Thus the following series

is convergent,
N∑

k=1

Dk

k(log Dk)ρ

(log log k) log k√
k

and (2.16) holds by the following fact

1
DN

N∑

k=1

Dk

k(log Dk)ρ

(log log k) log k√
k

→ 0.
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