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1. Introduction

We consider the following infinite-horizon dynamic optimization problem.

Problem Σ∞ : Jo(x0) = sup

{ ∞∑
t=0

βtht(xt, xt+1)

}

s.t. x0 ∈ X0, (xt, xt+1) ∈ Dt, t = 0, 1, . . . .

In this formulation, which follows [30], Xt ⊆ Rdt , called state space, is the set to

which the vector xt belongs; as each xt is allowed to take a continuum of values in

Rdt , Problem Σ∞ is a continuous-state problem. At each time t = 0, 1, . . ., a decision

maker has to choose the next state xt+1, subject to the constraint (xt, xt+1) ∈ Dt,

where Dt ⊆ Xt×Xt+1 is a correspondence that models the transition from one stage

to the following one. The functions ht : Dt → R, t = 0, 1, . . ., model the transition

rewards, which depend only on the current state and on the next one, chosen by

the decision maker. The scalar β ∈ (0, 1) is a fixed positive discount factor. Using

an economic terminology, each βtht(xt, xt+1) can be interpreted as the actualized

value of the t-th transition reward. For a stochastic version of Problem Σ∞, see

[40]. For simplicity of notations and without loss of generality, in the following we

assume that dt, Xt, ht and Dt do not depend on the time t, so we write merely d,

X, h and D, respectively. Problem Σ∞ is concave when X and D are convex and

the function h is concave on D.

Under mild hypotheses on the correspondence and the reward functions (and, in

a stochastic framework, on the random variables), Problem Σ∞ can be solved, in

principle, by Dynamic Programming (DP) [5]. In some cases, a closed-form solution

can be obtained by DP. Typically, however, closed-form solutions are not available,

so one has to develop methodologies of approximate solution. Two widely-used

approaches are value function approximation and policy function approximation

[10, 34].

In the basic version of value function approximation, the current and next state

vectors are discretized, then DP is applied to the simplified model (so, the DP

equation has to be solved only for a finite number of state values), and finally an

approximation is obtained for points not belonging to the discretization set.

Another way to solve Problem Σ∞ consists in expressing the state at stage t + 1

as an unknown function of the state xt at the previous stage and then searching
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for a function, called policy function or simply policy, that does not violate the

correspondence and maximizes the total reward. This approach is called policy

function approximation. This entails a functional optimization problem, i.e., an

optimization problem that is stated in an infinite-dimensional space [17]. Indeed,

in this problem the unknown is a function belonging to a certain set of admissible

functions, whose choice has to be guided by structural properties of the problem.

The function’s arguments are the components of the state vector. Since an analytical

solution to this functional optimization task can be found only in particular cases

and, even when it can be found, it may not be computable efficiently, one has to

devise methodologies of approximate solution.

In this paper, first we investigate, for value and policy function approximations,

the ways in which the error propagates from one stage to the next one. Then

we derive structural properties of Problem Σ∞, allowing to restrict a priori the ap-

proximation to families of functions characterized by certain smoothness properties.

Finally, we compare the two approximation approaches and point out the respective

pros and cons.

The paper is organized as follows. Section 2 describes an instance of Prob-

lem Σ∞. Sections 3 and 4 investigate the error propagation in value and policy

function approximation, respectively. Section 5 investigates smoothness properties

of such functions. Section 6 compares value and policy function approximation and

highlights the respective pros and cons. Section 7 considers possible extensions. To

make the paper self-contained, we include an Appendix in which a technical result

exploited in the paper is proven.

2. An example of Problem Σ∞

As we shall se later on, a basic assumption to obtain some of the results in

this paper is the concavity of the transition reward. Although this might appear

restrictive, it is quite common in applications. For the one-dimensional case, various

examples of concave instances of Problem Σ∞ can be found in [14]. In the following,

we illustrate a multidimensional concave problem from [42], known as “multisector

optimal growth model”, and we cast it in the framework of Problem Σ∞. Examples

of applications to which our approach applies can be found in [21, 23].
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Given a pure consumption good y ∈ R (where “pure” means that it is not used

as an input in a production process), let T (x, p), where x, p ∈ Rd, be the maximum

amount of y that can be produced in a unit time interval from the capital goods

x(i), i = 1, . . . , d, under the constraint that an amount p(i) of each capital good is

produced during the same time interval. Under appropriate assumptions, it can be

proven that T (x, p) is concave (but not strictly concave) [42]. Let u(c) be a concave

nondecreasing utility function associated with the consumption of an amount c of

the pure consumption good. The target consists in maximizing

Jo(x0) = sup

{ ∞∑
t=0

βt u(T (xt, pt))

}

s.t. x0 ∈ X, (xt, pt) ∈ dom(T ), xt+1 = pt + (1− µ)xt, t = 0, 1, . . . .

Here, dom(T ) is the domain of the function T (not all combinations of xt and pt

are allowed, depending on the production functions that implicitly define T and

its domain [42]), and µ ∈ [0, 1] is the rate of depreciation of the capital, which is

assumed to be the same for all the xi. By removing pt through the constraints

above, the utility per stage can be expressed as a function of xt and xt+1, thus

obtaining

Jo(x0) = sup

{ ∞∑
t=0

βtu(T (xt, xt+1 − (1− µ)xt))

}

s. t. x0 ∈ X, (xt, xt+1) ∈ D, t = 0, 1, . . . ,

where the correspondence D is given by

D
4
= {(x, z) ∈ R2d : x, z ∈ Rd and (x, z − (1− µ)x) ∈ dom(T )} .

By basic results on concavity-preserving operations [12, Section 3.2], it follows that

u(T (xt, xt+1 − (1− µ)xt)) is concave. So, the multisector optimal growth model is

a concave instance of Problem Σ∞.

3. Error propagation in value functions approximation

Let the following assumption hold.
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Assumption 3.1. The transition reward h is bounded and continuous on D and

for every x ∈ X the set D(x)
4
= {y : (x, y) ∈ D} is nonempty.

Let B(X) be the space of bounded functions on X and T : B(X) → B(X)

Bellman’s operator, defined for every f ∈ B(X) as [14, p. 176]

(Tf)(x) := sup
y∈D(x)

[h(x, y) + βf(y)] .

In terms of Bellman’s operator, the solution to Problem Σ∞ satisfies the station-

ary Bellman’s equation [14, Theorem 2.1, p. 38]

(1) Jo(x) = (TJo)(x) .

Endowed with the supremum norm, B(X) is a Banach space and for β ∈ (0, 1)

T is a contraction operator thereon [14, Corollary 9.1, p. 178]. In this case, Jo

is the unique fixed point of T and can be determined by the iterated application

of Bellman’s operator, starting from an initial guess. This procedure is called the

Dynamic Programming (DP) algorithm.

In practice, a solution in closed form to Problem Σ∞ can be derived via DP

only in particular cases. Usually, one must resort to approximation approaches. In

the basic version of Approximate Dynamic Programming (ADP) [10, 34], the state

space is discretized and DP is applied only in correspondence of a finite number of

state values. For points in the state space not belonging to the discretization set, a

suitable value function approximation is determined.

We shall need the following notations and definitions. For Ω ⊆ Rd, by C(Ω) and

‖ · ‖∞(Ω) we denote the set of continuous functions on Ω and their supremum norm,

respectively. The same notation is used for continuous vector-valued functions g :

Ω → Rm, for which

‖g‖∞(Ω)
4
= sup

ω∈Ω

√√√√
m∑

j=1

|gj(ω)|2 .

For a positive integer s, Cs(Ω) is the set of functions on Ω with partial derivatives

that are continuous up to the order s. Given a Lebesgue-measurable set Ω ⊆ Rd

and 1 ≤ p ≤ ∞, by Lp(Ω) we denote the correspondent Lebesgue space, where
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integration is performed with respect to the Lebesgue measure, and by ‖ · ‖Lp(Ω)

the classical Lp(Ω)-norm.

In order to perform an analysis of the approximation error, in particular to

investigate how it propagates through the iterations of ADP, it is necessary to

measure it by an appropriate norm. To this end, it is mandatory to take into account

that at each step the original DP algorithm requires to perform one maximization.

The presence of the maximization step makes Lp-norms with p 6= ∞ unsuitable for

the error-propagation analysis. This is due to the fact that for p 6= ∞ and f1, f2 ∈
B(X), a small value of ‖f1 − f2‖Lp(X) does not necessarily imply a small value of

‖Tf1 − Tf2‖Lp(X) (unless X is bounded and additional smoothness assumptions

on f1 and f2 are made). Instead, for the supremum norm one has the following

estimate [14, Corollary 9.1]; for completeness, we give its proof.

Proposition 3.2. [14, Corollary 9.1] If Assumption 3.1 holds and f1, f2 are

bounded and continuous on X, then

‖Tf1 − Tf2‖∞(X) ≤ β ‖ f1 − f2 ‖∞(X).

Proof. By the definition of Bellman’s operator we get

(Tf1)(x)− (Tf2)(x)

= sup
y∈D(x)

[h(x, y) + βf1(y)]− sup
y∈D(x)

[h(x, y) + βf2(y)]

≤ sup
y∈D(x)

[h(x, y) + βf2(y)] + β sup
x∈X

| f1(x)− f2(x) |

− sup
y∈D(x)

[h(x, y) + βf2(y)]

= β sup
x∈X

| f1(x)− f2(x) |

A similar upper bound on (Tf2)(x)− (Tf1)(x) is obtained by reversing the roles of

f1 and f2. ¥

The next proposition estimates the error propagation when a family

FJ ⊂ {f : X → R bounded and continuous }
of functions is used at each iteration of ADP (for simplicity, we assume that at all

the iterations the same family FJ of approximators is used). In order to focus on
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the approximation capabilities of the family of approximators FJ , in the following

analysis we neglect the effect of the finite number of samples of the functions to

be approximated. Supposing that each iteration of ADP has ideally at its disposal

an infinite number of samples allows us to use directly the supremum norm in the

analysis1.

Proposition 3.3. Let Assumption 3.1 hold. Let M > 0 be such that ‖h‖∞(D) ≤ M ,

FJ a family of bounded and continuous functions on X, and ε > 0 such that there

exists f ∈ FJ satisfying ‖Jo−f‖∞(X) ≤ ε . Then for every positive integer N , after

N iterations of ADP starting with J̃o
N = 0 and such that J̃o

t ∈ FJ , t = N −1, . . . , 0,

the worst-case approximation error of ADP satisfies

‖Jo − J̃o
0‖∞(X) ≤

1− (2β)N

1− 2β
ε + (2β)N M

1− β
.

Proof. Jo is bounded and continuous as it is the unique fixed point of Bellman’s

operator on the space B(X). By the formulation of Problem Σ∞ and the hypothesis

‖h‖∞(D) ≤ M , we get ‖Jo‖∞(X) ≤ M
1−β . Let ηN = M

1−β . Using a backward

induction argument, for t = N − 1, . . . , 0 assume that at the iteration t+1 of ADP,

J̃o
t+1 ∈ FJ is such that ‖ Jo−J̃o

t+1 ‖∞(X) ≤ ηt+1 for some ηt+1 > 0. Let Ĵo
t = T J̃o

t+1;

recalling that Jo is the unique fixed point of T , Proposition 3.2 gives

‖ Jo − Ĵo
t ‖∞(X) = ‖TJo − T J̃o

t+1 ‖∞(X) ≤ β ‖ Jo − J̃o
t+1 ‖∞(X) ≤ βηt+1 .

Before moving to the next iteration of ADP, one has to find an approximation

J̃o
t ∈ FJ for Jo. Such an approximation has to be obtained from Ĵo

t (which in general

does not belong to FJ), because Jo is unknown. On a neighborhood of radius βηt+1

of Ĵo
t , there may exist a function It, different from Jo, that can be approximated

by J̃o
t ∈ FJ with an error less than or equal to ε, too. So, ‖ Jo − It ‖∞(X) ≤

‖ Jo − Ĵo
t ‖∞(X) + ‖ Ĵo

t − It ‖∞(X) ≤ 2βηt+1, from which we get

‖ Jo − J̃o
t ‖∞(X) ≤ 2βηt+1 + ε

4
= ηt .

As ηN = M
1−β , after N iterations of ADP we obtain

1A refined analysis which takes into account the effect of a finite number of samples may be

done by using tools from Statistical Learning Theory [41] and exploiting structural properties of

the functions to be approximated.
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‖ Jo − J̃o
0 ‖∞(X) ≤ η0 = ε + 2β η1 = ε + 2β ε + 4β2 η2 = . . . = ε(N)

=
N−1∑
t=0

(2β)tε + (2β)N M

1− β

=
1− (2β)N

1− 2β
ε + (2β)N M

1− β
.

¥

By straightforward computations, if 0 < β < 1
2 and 0 < ε < 1−2β

1−β M , then the

optimal upper bound from Proposition 3.3 is obtained in the limit N → ∞, for

which one has ε∞ = limN→∞ ε(N) = ε
1−2β .

4. Error propagation in policy functions approximation

An optimal policy function go for Problem Σ∞ can be obtained as a byproduct

of DP:

(2) go(x) ∈ argmaxy∈D(x)[h(x, y) + βJo(y)] .

In writing (2), we are supposing that for every x ∈ X, maxy∈D(x)[h(x, y) +

βJo(y)] exists. To investigate when this is the case, let us introduce the following

assumption. Recall that for Ω ⊆ Rd and f : Ω → R, f is upper semicontinuous on

Ω if for every x ∈ Ω and every sequence {xi} such that xi ∈ Ω and limi→∞ xi = x,

one has f(x) ≥ lim supi→∞ f(xi).

Assumption 4.1. The following hold:

(i) D is closed and for every x ∈ X the set D(x) is nonempty;

(ii) h is bounded and upper semicontinuous on D;

(iii) there exist c1, c2 ≥ 0 such that for every (x, y) ∈ D one has ‖y‖ ≤ c1 + c2‖x‖;
(iv) h(xt, xt+1) ≤ Lx0,t, where

∑∞
t=0 Lx0,tβ

t < ∞ and {xt}∞t=0 is any sequence of

states such that xt+1 ∈ D(xt).

Under Assumption 4.1, there exists an optimal policy function with initial state

x0 [14, Proposition 4.7, p. 78]. The next assumption guarantees that, if Problem Σ∞
admits an optimal policy function, then such a function is unique [14, Proposition

4.5, p. 76], so the symbol “∈” in (2) can by replaced by equality.
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Assumption 4.2. Problem Σ∞ is concave (i.e., X and D are convex and the

function h is concave on D). Moreover, one of the following conditions holds:

(i) for every x ∈ X, h(x, ·) is strictly concave on D(x);

(ii) for every every 0 < θ < 1 and every (x, y), (x′, y′) ∈ D such that x 6= x′, one

has h(θx + (1− θ)x′, θy + (1− θ)y′) > θh(x, y) + (1− θ)h(x′, y′).

So, if both Assumptions 4.1 and 4.2 hold, then there exists a unique optimal

policy function for Problem Σ∞.

The next proposition estimates the error propagation when a family

Fg = {f : X → X bounded and continuous, f(x) ∈ D(x) ∀x ∈ X }
of functions is employed to solve Problem Σ∞ by policy approximation. For any

policy f ∈ Fg, let

J̃o
f (x̃0) =

{ ∞∑
t=0

βth(x̃t, x̃t+1)

}

s.t. x̃0 ∈ X0, x̃t+1 = f(x̃t), t = 0, 1, . . . .

Proposition 4.3. Let Problem Σ∞ admit an optimal policy go, h and go be bounded

and Lipschitz continuous, with Lipschitz constants bounded from above by Lh and

Lgo , resp., and M > 0 such that ‖h‖∞(D) ≤ M . Let ε > 0 and Fg be a family

of bounded and continuous functions such that there exists f ∈ Fg satisfying ‖go −
f‖∞(X) ≤ ε. Then for every positive integer N

‖Jo − J̃o
f ‖∞(X) ≤ Lh

N−1∑
t=0

βt
√

θ2
t + θ2

t+1 +
βN

1− β
M ,

where θ0 = 0 and θt+1 = Lgoθt + ε, t = 0, 1, . . .

Proof. For any initial state x̃0 = x0, we compare the behavior of the two dynamical

systems

xt+1 = go(xt)

and

x̃t+1 = f(x̃t) ,

where f ∈ Fg and ‖go − f‖∞(X) ≤ ε. By the Lipschitz continuity of h we get
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(3) ‖Jo − J̃o
f ‖∞(X) ≤

N−1∑
t=0

Lhβt
√
‖xt − x̃t‖2 + ‖xt+1 − x̃t+1‖2 +

βN

1− β
M ,

where the series starting from t = N has been bounded from above by
∑∞

t=N βtM =
βN

1−β M .

The Lipschitz continuity of go and the triangle inequality give

‖xt+1 − x̃t+1‖ = ‖go(xt)− f(x̃t)‖ = ‖go(xt)− go(x̃t) + go(x̃t)− f(x̃t)‖
≤ ‖go(xt)− go(x̃t)‖+ ‖go(x̃t)− f(x̃t)‖
≤ Lgo‖xt − x̃t‖+ ‖go(x̃t)− f(x̃t)‖ .(4)

Let θ̃t
4
= ‖xt − x̃t‖. Then θ̃0 = 0 and equation (4) provides θ̃t+1 ≤ Lgo θ̃t + ε. The

proof is completed by using (3) and noting that θt ≥ θ̃t for each nonnegative integer

t. ¥

5. Structural properties of the value and optimal policy functions

Structural properties of the value and optimal policy functions are very useful

in order to find a suitable approximating family. Some of these properties can be

obtained proving that they are preserved by one iteration of the DP algorithm, then

they can be extended to a finite and sometimes countable number of iterations [37].

5.1. A short survey of known structural properties. For certain families of

problems, explicit solutions are available. The typical example is the LQ problem,

i.e. when the correspondence D in Problem Σ∞ is defined through a linear dynamic

system and the transition reward is quadratic. In this case, the value function Jo

is quadratic [8, Chapter 4] and the optimal policy function go is linear in the state

vector. For some reward functions, another simple case for which explicit solutions

are available is Gale’s cake-eating problem [18, 14].

• If the transition reward h satisfies a certain condition of strict concavity

and at least one potentially optimal path [14, p. 41] exists for each initial

state, then Jo is strictly concave [14, p. 73].

• Under some conditions the value function is monotone. More precisely, if

D(x) is monotonic and for every y ∈ X the transition reward h(·, y) is

nondecreasing, then Jo is nondecreasing, too [14, p. 77].
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• Some conditions guarantee monotonicity of the optimal policy go. In [14,

p. 85], it is proved that for one-dimensional systems, monotonicity of go

is related to super-modularity of the transition reward. Moreover, un-

der assumptions of interiority and continuity of the optimal policy, its lo-

cal behaviour is related to the local super-modularity or sub-modularity

of the transition reward [14, p. 86]. The relationship between super-

modularity (or sub-modularity) and monotonicity of go holds not only for

one-dimensional systems but also, in a stochastic setting, for Markov deci-

sion processes with a countable state space [35, Theorem 4.7.4].

• For a concave Problem Σ∞, it is possible to prove differentiability of Jo

when the pre-image of a point under the optimal policy is an interior point

and for every y ∈ X the transition reward h(·, y) is differentiable in the first

argument (Benveniste-Scheinkman’s envelope theorem; see [6] and [14, p.

90]).

• Under strong concavity of the transition reward, differentiability of go was

proven in [31]. Among other conditions, this result requires a condition of

uniform interiority of go.

• In [14, p. 174] it is shown that twice local differentiability of Jo is related

to local differentiability of go. More precisely, under the hypotheses of

Benveniste-Scheinkman’s envelope theorem, if go is locally differentiable,

then twice local differentiability of Jo readily follows from the chain rule.

• Higher-order differentiability of go was obtained locally in [14, p. 159] by

the analysis of the stability of the discrete time Euler-Lagrange equation

[14, p. 114]. Among the hypotheses there is the existence of an interior

fixed point of the optimal policy.

• In [30], Lipschitz continuity of go is proved under strong concavity hypothe-

ses and an upper bound on the Lipschitz constant is given, too. For a special

choice of the correspondence D, this result does not require interiority of

go.
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• For every policy function belonging to certain families of functions, there

exists an instance of Problem Σ∞ for which such a function is the optimal

policy for that problem (see [14, p. 183] and [32]).2

5.2. A global smoothness result. For an open set Ω ⊆ Rd, a positive integer m,

and 1 ≤ p ≤ ∞, Wm
p (Ω) is the Sobolev space of functions whose weak partial deriva-

tives up to the order m are in Lp(Ω). The d-dimensional Fourier transform is defined

as the unique continuous operator from L2(Rd) to L2(Rd) such that, when restricted

to f ∈ L1(Rd) ∩ L2(Rd), one has f(x) 7→ f̂(s) = (2π)−d/2
∫
Rd ei〈x,s〉 f(x) dx. For

r > 0, the Bessel potential of order r on Rd, denoted by Gr(x), is the inverse Fourier

transform of the function

Ĝr(s) = (2π)−
d
2 (1 + ‖s‖2)−r/2 .

For r > 0 and 1 ≤ p ≤ ∞, Br
p(Rd) is the Bessel potential space whose elements are

functions u such that u = f ∗ Gr, where f ∈ Lp(Rd) and ‖u‖Br
p(Rd)

4
= ‖f‖Lp(Rd)

[39, p. 134]. For f, g : Rd → R, f ∗ g is the convolution of f and g, i.e.,

(f ∗g)(x) =
∫
Rd f(y)g(x−y)dy. For a set Ω ⊆ Rd, we denote by int(Ω) its topological

interior. If Ω1 ⊂ Ω ⊆ Rd and f is a function on Ω, we denote by f |Ω1 its restriction

to Ω1 (similarly, f is an extension to Ω of f |Ω1).

We shall prove, for the value and optimal policy functions, global smoothness

properties expressed via Bessel potentials. Norms in Bessel potential spaces cor-

respond to a concept of smoothness defined in terms of smoothing operators of

the form of convolutions with Bessel potentials and are related to Sobolev norms,

which correspond to a concept of smoothness defined in terms of Lp norms of par-

tial derivatives [39, Chapter 5]. Approximation properties of functions belonging to

Bessel potential spaces are investigated, e.g., in [19, 22].

We use the following notations for partial derivatives. ∇ denotes the gradient

when it is applied to a scalar function and the Jacobian when it is applied to a vector

function. Let d1 and d2 be positive integers and x ∈ Rd1 , y ∈ Rd2 independent

variables. For a composition function f(g(x, y), h(x, y)), by ∇1f(g(x, y), h(x, y)) we

denote the vector of partial derivatives of f with respect to its first vector argument

2These are “quite large” families of functions and it can be shown that there exist instances

of Problem Σ∞ for which the dynamic system xt+1 = go(xt) obtained by iterating the optimal

policy exhibits chaotic behaviour [14, p. 183] and [32].
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g and by ∇xf(g(x, y), h(x, y)) the full gradient of f with respect to x. We use the

notation ∇2 for the Hessian. For example, the Hessian of f(x, y) is

∇2f(x, y) =

(
∇2

1,1f(x, y) ∇2
1,2f(x, y)

∇2
2,1f(x, y) ∇2

2,2f(x, y)

)
.

Assumption 5.1. The following hold:

(i) X ⊂ Rd is compact, convex and has nonempty interior;

(ii) D ⊆ X ×X is compact, convex and has nonempty interior;

(iii) for each x ∈ X, the set D(x) is nonempty;

(iv) h is continuous and concave.

Proposition 5.2. Let Assumption 5.1 be satisfied, D = X × X, h ∈ C2(D), and

∇2h(x, y) be non-singular for every (x, y) ∈ D. Then the following hold.

(i) The optimal policy function go is Lipschitz continuous on X and for every 1 <

p < ∞ there exists a function ḡo,p ∈ B1
p(Rd) such that go = ḡo,p|X .

(ii) The value function Jo is continuous and has Lipschitz continuous partial deriva-

tives, and for every 1 ≤ p < ∞ there exists a function J̄o,p ∈ B2
p(Rd) such that

Jo = J̄o,p|X .

Proof. (i) The Lipschitz continuity of the optimal policy function go follows by

[30, Theorem 5.2], which also gives its uniqueness. Then by [25, Theorem 6.12,

p. 46], go belongs to the Sobolev space W1
∞(int(X)). As X is bounded, for every

1 ≤ p < ∞ the inclusion W1
∞(int(X)) ⊂ W1

p (int(X)) holds, so go ∈ W1
p (int(X)).

Since X is bounded and convex, by Sobolev’s extension theorem [39, Theorem

5, p. 181 and Example 2, p. 189] go can be extended for every 1 ≤ p ≤ ∞ to

the whole Rd to a function ḡo,p ∈ W1
p (Rd). By the equivalence between Sobolev

spaces and Bessel potential spaces [39, Theorem 3, p. 135], for 1 < p < ∞ one has

ḡo,p ∈ B1
p(Rd), which, when restricted to X, proves the statement.

(ii) The value function Jo is continuous on X by a direct application of [40,

Theorem 4.3, p. 72 and Theorem 4.6, p. 79]. As go is the optimal policy, we have

Jo(x) = h(x, go(x)) + β Jo(go(x)). Then, by Benveniste-Scheinkman’s envelope

theorem [14, Corollary 4.1, p. 90] for x ∈ int(X) we get ∇Jo(x) = ∇1h(x, go(x)).

So, as h ∈ C2(D) and go is Lipschitz continuous, Jo has Lipschitz continuous partial

derivatives on int(X). Thus, Jo ∈ W2
∞(int(X)) and for 1 < p < ∞ the proof

proceeds as in (i). For p = 1, one can proceed analogously, recalling that for d = 1
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the equivalence betweenW2
1 (Rd) and B2

1(Rd) still holds (see the Appendix), whereas

for d > 1 one has the inclusion W2
1 (Rd) ⊂ B2

1(Rd) (see the Appendix).

¥

5.3. A local smoothness result. Sometimes it is not necessary to have a good

approximation of Jo on the whole X. For example, for the multidimensional case,

in [14, Theorem 8.2, p. 159] conditions were given for the existence of an open set

Ω ⊂ Rd such that go(Ω) ⊂ Ω; so, when x ∈ Ω, the maximization step in ADP can

be performed assuming that the next state y is in Ω. So, also local results on the

smoothness of the value and optimal policy functions are of interest.

Assumption 5.3. The transition reward h ∈ C2(int (D)).

Assumption 5.4. There exists an open set Ω ⊂ X such that

(i) an optimal policy go exists over Ω and is continuous therein;

(ii) the map g0 is uniformly interior, i.e., there exists A1 > 0 such that ‖y−go(x)‖ <

A1 and x ∈ Ω ⇒ y ∈ D(x) ∩ Ω ;

(iii) the value function Jo is finite on Ω.

Assumption 5.5. For the same set Ω and the same constant A1 as in Assumption

5.4, the following hold:

(i) there exists A2 > 0 such that, for every a, b ∈ Rd,

‖y − go(x)‖ < A1 and x ∈ Ω ⇒ (a, b)′∇2h(x, y)(a, b) ≤ −A2‖a‖2 ;

(ii) there exist A3, A4 ≥ 0 such that, for every a ∈ Rd

‖y − go(x)‖ < A1 and x ∈ Ω ⇒ a′∇2
1,1h(x, y)a ≥ −A3‖a‖2 and ‖∇2

1,2h(x, y)‖ ≤ A4 .

Moreover, ∇2h(x, y) is uniformly continuous over the set {(x, y) : x ∈ Ω and ‖y −
go(x)‖ < A1}.

A bounded set Ω ∈ Rd has C1 boundary if its boundary can be C1-embedded in

Rd (see [15, p. 34] for a formal definition). For a set Ω ⊆ Rd, we denote by cl(Ω)

its closure in the Euclidean topology.

Proposition 5.6. Let Assumptions 5.1 and 5.3 hold, Ω ⊂ X be an open set that

satisfies Assumptions 5.4 and 5.5. Let Ω1 ⊂ Ω be open, with C1 boundary, and such

that cl(Ω1) ⊂ Ω. Then the following hold.
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(i) For every 1 < p < ∞ there exists a function ḡo,p ∈ B1
p(Rd) such that go|Ω1 =

ḡo,p|Ω1 .

(ii) For every 1 ≤ p < ∞ there exists a function J̄o,p ∈ B2
p(Rd) such that Jo|Ω1 =

J̄o,p|Ω1 .

Proof. (i) Since the hypotheses of [31, Theorem 1] are satisfied, go ∈ C1(Ω). Then

for every 1 ≤ p ≤ ∞, go ∈ W1
p (Ω1). As in the proof of Proposition 5.2 (i), for

1 < p < ∞ we conclude by applying Sobolev’s extension theorem (which can be

applied here thanks to the smoothness of the boundary of Ω1; see [39, Example 1,

p. 189]) and the equivalence between Sobolev spaces and Bessel potential spaces.

(ii) Jo ∈ C2(Ω) by [31, Theorem 1]. Then for 1 < p < ∞ we proceed as in (i), and

we extend the result to the case p = 1 as in the proof of Proposition 5.2 (ii). ¥

Remark 5.7. The literature provides other local results that guarantee higher-

order differentiability of the value and optimal policy functions for Problem Σ∞.

Here we recall one of them. Let m ≥ 2 be a positive integer. In [14, Theorem 8.2, p.

159] it was proved that if the transition reward h is concave and of class Cm(D) and

some other technical assumptions hold, then there exists an open neighbourhood Ω

of an interior fixed point3 x∗ of go such that the optimal policy function go is of class

Cm−1(Ω). Thus, proceeding as in [14, p. 174], by Benveniste-Scheinkman’s envelope

theorem and the chain rule one can conclude that the (concave) value function is

of class Cm(Ω). Then, applying the same proof technique used in Proposition 5.6,

one can prove that for a suitable open set Ω1 ⊂ Ω and for 1 < p < ∞ there exists

J̄o,p ∈ Bm
p (Rd) such that Jo|Ω1 = J̄o,p|Ω1 . If m is even, this holds also for p = 1

(see the Appendix). A similar statement holds for the optimal policy go.

5.4. Comparison with smoothness results for the finite-horizon case. It is

interesting to compare the smoothness results derived for Problem Σ∞ with those

for its following finite-horizon version, stated for a positive integer N .

3The existence of such an interior fixed point x∗ can be checked using [14, Proposition 7.3, p.

133].
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Problem ΣN : Jo(x0) = sup

{
N−1∑
t=0

βtht(xt, xt+1) + βNhN (xN )

}

s.t. xt ∈ Xt, (xt, xt+1) ∈ Dt, t = 0, 1, . . . , N − 1 .

The function hN : XN → R is a final reward, which depends only on the final

state xN . As done for Problem Σ∞, for simplicity of notations and without loss of

generality, in the following we assume that dt, Xt, ht and Dt do not depend on the

time t, so we shall use the notations d, X, h and D. Let us consider the following

subproblems, where the function Jo
t : X → R is called t-th value function:

Jo
N (xN ) = h(xN )

Jo
t (xt) = sup

{
N−1∑

k=t

βk−th(xk, xk+1) + βN−thN (xN )

}
(5)

s.t. xt ∈ X, xk, xk+1 ∈ D, k = t, . . . , N − 1

t = N − 1, . . . , 0 .

The subproblems (5) can be solved recursively by using Bellman’s operator. Indeed,

Jo
t (xt) = (TJo

t+1)(xt), t = N − 1, . . . , 0.

Similarly, the optimal policy functions are given by

go
t (x) ∈ argmaxy∈D(x)[h(x, y) + βJo

t+1(y)] , t = N − 1, . . . , 0 .

For Problem ΣN , global smoothness results for the t-th value and optimal pol-

icy functions are available (see next Proposition 5.10), which are stronger than

those derived here for the value and optimal policy functions in Problem Σ∞. In-

deed, Proposition 5.2 gives a global smoothness result, which however is limited to

Lipschitz continuity of the optimal policy function and Lipschitz continuity of the

partial derivatives of the value function. On the other hand, the smoothness results

for Problem Σ∞ that can be obtained following Remark 5.7 have a larger degree of

smoothness than Proposition 5.2, but are of local nature.

We shall need the following technical lemma. Given a partitioned real matrix
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M =

(
A B

C D

)

such that D is non-singular, Schur’s complement M/D of D in M is defined [44, p.

18] as the matrix

M/D = A−BD−1C .

For a symmetric real matrix, we denote by λmax its maximum eigenvalue.

Lemma 5.8. Let M =

(
A B

BT D

)
be a partitioned symmetric negative-semidefinite

matrix such that D is non-singular. Then λmax(M/D) ≤ λmax(M).

Proof. It readily follows by [44, Theorem 2.13, p. 69] and the example given in

[44, p. 70]. ¥

The next proposition gives conditions under which the t-th value and optimal

policy functions of Problem ΣN can be extended on the whole Rd to functions in

the Bessel potential spaces Bm
p (Rd) and Bm−1

p (Rd), respectively.

For X ⊆ Rd convex and α ∈ R, a function f : X → R is α-concave on X

if f(x) + 1
2 α‖x‖2 is concave on X [30]. If f is of class C2(X), then a sufficient

condition for its α-concavity is

sup
x∈X

λmax(∇2f(x)) ≤ −α ,

where λmax(∇2f(x)) is the maximum eigenvalue of the Hessian ∇2f(x).

Assumption 5.9. Let m ≥ 2 be integer. Then the following hold:

(i) there exist optimal policies go
N−1, . . . , g

o
0 that are continuous and interior on X,

i.e., for every xt ∈ X, go
t (xt) ∈ int(D(xt));

(ii) hN ∈ Cm(X) is concave, h ∈ Cm(D), and there exists α > 0 such that h is

α-concave.

Proposition 5.10. Let Assumptions 5.1 and 5.9 hold. Then for every integer

t = 0, . . . , N and every 1 < p < ∞ the following hold.

(i) Jo
t ∈ Cm(X) and there exists J̄o,p

t ∈ Bm
p (Rd) such that Jo

t = J̄o,p
t |X ; when m

is even, it holds also for p = 1.
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(ii) go
t ∈ Cm−1(X) and there exists ḡo,p

t ∈ Bm−1
p (Rd) such that go

t = ḡo,p
t |X ; when

m ≥ 3 is odd, it holds also for p = 1.

Proof. (i) Taking the hint from the proof of [31, Theorem 1], let us first show by

backward induction that Jo
t ∈ Cm(X) and go

t ∈ Cm−1(X), t = 0, . . . , N . Since Jo
N =

hN , one has that Jo
N ∈ Cm(X) and is concave by hypothesis. Now, fix t and suppose

that Jo
t+1 ∈ Cm(X) and is concave. Since by hypothesis the optimal policy go

t is

interior, the first-order optimality condition ∇2h(xt, g
o
t (xt)) + β∇Jo

t+1(g
o
t (xt)) = 0

holds. By the implicit function theorem we get

(6) ∇go
t (xt) = −[∇2

2,2

(
h(xt, g

o
t (xt))

)
+ β∇2Jo

t+1(g
o
t (xt))

]−1∇2
2,1h(xt, g

o
t (xt)) ,

where the matrix ∇2
2,2

(
h(xt, g

o
t (xt))

)
+ β∇2Jo

t+1(g
o
t (xt)) is non-singular by the α-

concavity of h, the concavity of Jo
t+1, and their twice differentiability. By differen-

tiating the two members of (6) up to derivatives of h of order m, it follows4 that

go
t ∈ Cm−1(X) ⊂ Wm−1

p (int(X)) for every p ≥ 1.

By differentiating the equality Jo
t (xt) = h(xt, g

o
t (xt)) + βJo

t+1(g
o
t (xt)), we obtain

∇Jo
t (xt) = ∇1h(xt, g

o
t (xt)) + [∇2h(xt, g

o
t (xt)) + β∇Jo

t+1(g
o
t (xt))]′∇go

t (xt).

So by the first-order optimality condition we get

(7) ∇Jo
t (xt) = ∇1h(xt, g

o
t (xt)) .

By differentiating the two members of (7) up to derivatives of h of order m, it

follows that Jo
t ∈ Cm(X) ⊂ Wm

p (int(X)) for every p ≥ 1.

In order to conclude the backward induction step, it remains to show that Jo
t is

concave. By differentiating (7) and using (6), the Hessian of Jo
t has the expression

∇2Jo
t (xt) = ∇2

2,2h(xt, g
o
t (xt))+

−∇2
1,2h(xt, g

o
t (xt))

[∇2
2,2h(xt, g

o
t (xt)) + β∇2Jo

t+1(xt, g
o
t (xt))

]−1∇2
2,1h(xt, g

o
t (xt)) ,

4One can show that all the partial derivatives up to the order m − 1 of the components of

go are bounded on X. Indeed, if A(y) is a symmetric nonsingular matrix dependent on a vector

parameter y, an expression for the partial derivatives of its inverse A−1(y) can be obtained by

differentiating the identity A(y)A−1(y) = I. Then the absolute values of the partial derivatives of

A−1(y) can be uniformly bounded from above via uniform bounds on the eigenvalues of A−1(y).
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which is the Schur’s complement of
[∇2

2,2h(xt, g
o
t (xt))+β∇2Jo

t+1(xt, g
o
t (xt))

]
in the

matrix
(
∇2

2,2h(xt, g
o
t (xt)) ∇2

1,2h(xt, g
o
t (xt))

∇2
2,1h(xt, g

o
t (xt)) ∇2

2,2h(xt, g
o
t (xt)) + β∇2Jo

t+1(xt, g
o
t (xt))

)
.

Such a matrix is negative-semidefinite by the concavity and twice differentiability

of h and Jo
t+1. Then, by Lemma 5.4 Jo

t is concave.

The remaining of the proof proceeds as the proof of Proposition 5.2 (i) for 1 <

p < ∞ and the proof of Proposition 5.2 (ii) for p = 1, recalling that for d = 1 the

equivalence betweenWm
1 (Rd) and Bm

1 (Rd) still holds for m even (see the Appendix),

whereas for d > 1 and m even, one has the inclusion Wm
1 (Rd) ⊂ Bm

1 (Rd) (see the

Appendix).

(ii) As proved in (i), go
t ∈ Cm−1(X) ⊂ Wm−1

p (int(X)) for every p ≥ 1. Then one

proceeds as at the end of the proof of (i). ¥

Remark 5.11. Inspection of the proof of Proposition 5.10 shows that its arguments

allow to obtain an a-priori (i.e., independent on the specific form of Jo
t+1 and go

t )

bounds on the eigenvalues of
[∇2

2,2

(
h(xt, g

o
t (xt))

)
+β∇2Jo

t+1(g
o
t (xt))

]
, hence on the

absolute values of the partial derivatives (up to the order m− 1) of the components

of go
t . A-priori upper bounds on the absolute values of the partial derivatives of Jo

t

up to the order m can be obtained, too.

Remark 5.12. A result very similar to Proposition 5.10 is given in [21, 23]. How-

ever, its proof is slightly different since it does not use Schur’s complement.

6. Value or policy function approximation?

On the basis of the analysis of the previous sections, the following pros and cons

of the two approaches can be emphasized.

6.1. Pros of value-function approximation.

• It is based (although in an approximate form) on Bellman’s principle of

optimality, which a priori excludes some solutions from the search.

• Usually, the degree of smoothness of the value function is higher than the

degree of smoothness of the optimal policy. This is in favor of value-function
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approximation, since typically a higher smoothness makes the approxima-

tion task easier.

6.2. Pros of policy-function approximation.

• Optimal policy function approximation can be applied to general functional

optimization problems [28, 45, 20], independently on the possibility of divid-

ing the decisional process into stages. So, it is a more general methodology

than ADP.

• The main advantage is that it does not require to maximize an approxi-

mation of the value function; this, instead, has to be done in ADP. Unless

suitable smoothness properties are known a priori, in value-function approx-

imation this maximization step requires an approximation in the supremum

norm (otherwise, one looses the control on the error propagation from one

iteration to the next one). In policy function approximation, instead, in

principle the error analysis can be done also in terms of Lp-norms with

p 6= ∞. Measuring the approximation error in Lp-norms is important, e.g.,

for the following reasons. (i) In the literature about nonlinear approxi-

mation theory, several upper bounds on the worst-case approximation error

have been derived in Lp norms with p 6= ∞ (see [4, 13, 16, 19, 26, 27, 29, 33]

and the references therein). (ii) When approximating families containing

parameters to be optimized are used (e.g., feedforward neural networks),

typically the values of such parameters are determined by nonlinear pro-

gramming algorithms (e.g., [1, 3, 7, 24, 43]). The use, e.g., of the L2 norm

instead of the supremum norm, allows the application of gradient-descent

methods.

The following is a straightforward example of an approximation bound

in L1-norm. For Problem ΣN with one stage (i.e., N = 1), Lipschitz con-

tinuous transition reward h, and Lipschitz continuous final reward h1, one
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has

‖Jo − J̃o‖L1(X) ≤
∫

X

( ‖h(x0, g
o(x0))− h(x0, g̃

o(x0))‖

+ ‖h1(go(x0))− h1(g̃o(x0))‖
)
dx0

≤
∫

X

(
Lh‖go(x0)− g̃o(x0)‖+ Lh1‖go(x0)− g̃o(x0)‖

)
dx0

= (Lh + Lh1)‖go − g̃o‖L1(X) .

Then, an approximation upper bound on ‖go− g̃o‖L1(X) implies an approx-

imation upper bound on ‖Jo − J̃o‖L1(X). However, the extension of this

example to multistage problems is not immediate.

• For Problem Σ∞ and 1
2 ≤ β < 1, the upper bound given by Proposition 3.3

suffers from sort of “curse of time horizon” [21], i.e. it grows exponentially

fast with N , unless 0 < β < 1
2 . This drawback can be mitigated by resorting

to the “multistage lookahead” technique [10, Section 6.1.2], at the cost of

an additional computational burden per iteration [21].

7. Extensions

Let us consider an alternative formulation of Problem Σ∞, typically adopted in

optimal control theory. In that field, the transition rewards are usually expressed in

terms of the current state xt and the currently applied control ut, i.e., in the form

h(xt, ut). Accordingly, instead of the correspondence D, one considers a dynamical

system modeled by a state equation xt+1 = f(xt, ut), where f : X × U → Rd is a

state transition function (i.e., the system dynamics) and U ⊆ Rs is the set to which

the control vector belongs (control space).

As discussed in [14, Section 5.4.3, pp. 101-103], in the deterministic case the

two formulations (i.e., the one in terms of correspondences and the one in terms of

dynamical systems) are equivalent (in the sense that it is always possible to move

from one to the other, by choosing a suitable dynamical system and a suitable

correspondence) but usually this equivalence does not preserve concavity of the

transition rewards. Indeed, if h is concave when it is expressed as a function of xt

and xt+1, it may not be concave when it is expressed as a function of xt and ut in

the dynamical system formulation. The same considerations apply when one moves

from the second formulation to the first one.
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However, a remarkable exception occurs for linear dynamical systems with convex

constraints on the pair (xt, ut): concavity of h is preserved in both senses, as it

can be easily proved by using the results of [12, Section 3.2.2] and [9, Proposition

2.3.6], respectively. So, in such a case our results can be applied also to dynamic

optimization problems formulated in terms of dynamical systems. Another possible

extension consists in restating our results directly in terms of the latter formulation

(i.e., without using the formulation in terms of correspondences as an intermediate

step).

Appendix

The following relationships between Sobolev spaces and Bessel potential spaces

hold in the cases p = 1 and p = ∞ and are stated without proof in [39, Remark 6.6,

p. 160]. For the case 1 < p < ∞, see [39, Theorem 3, p. 135].

Theorem 7.1. (i) Let d = 1, m even, and p = 1 or p = ∞; then Wm
p (R) = Bm

p (R).

(ii) Let d > 1, m even, and p = 1 or p = ∞; then Wm
p (Rd) ⊆ Bm

p (Rd) (the inclusion

is strict for both p = 1 and p = ∞).

For completeness, in the following we give a sketch of the proof of the inclusion

Wm
p (Rd) ⊆ Bm

p (Rd) in Theorem 7.1 (ii). By C∞0 (Rd) we denote the space of func-

tions on Rd that are infinitely times differentiable and have compact support.

Sketch of proof. (a) Let d = 1 and m = 2. We show that W2
1 (R) ⊆ B2

1(R).

Let u ∈ W2
1 (R); then, u and its weak derivatives d u

d x and d2 u
d x2 are in L1(R). Being

functions in L1(R) they admit a Fourier transform. As u and d u
d x are absolutely

continuous [15, Lemma 1.38, p. 32], one has
(̂

d2 u
d x2

)
(s) = −|s|2û(s). Consider the

function q ∈ B2
1(R) such that q =

√
2π

(
u− d2 u

d x2

)
∗G2. Since

(
u− d2 u

d x2

)
∈ L1(R),

G2 ∈ L1(R) by [39, Proposition 2, p. 132], and q ∈ L1(R) by [36, Theorem 8.14, p.

170], then by [36, Theorem 9.2 (c), p. 179] one has q̂(s) =
√

2π ̂(
u− d2 u

d x2

)
(s)Ĝ2(s) =

û(s). As u and q are in L1(R) and have the same Fourier transform, by [36,

Theorem 9.12, p. 185] they coincide as elements of L1(R). Note that this gives

also the following relationship between Bessel norm and Sobolev norm: ‖u‖B2
1(R) =

√
2π

∥∥∥u− d2 u
d x2

∥∥∥
L1(R)

, where the second term can be bounded from above in terms

of one of the equivalent norms of W2
1 (R).
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(b) Let d > 1 and m = 2. We show that W2
1 (Rd) ⊆ B2

1(Rd). In the following

we use the same notation for classical and weak partial derivatives. As C∞0 (Rd) is

dense in W2
1 (Rd) [2, Theorem 3.18, p. 54 and Corollary 3.19, p. 56], by Riemann-

Lebesgue’s lemma stated for the d-dimensional case [38, Theorem 0.1.2, p. 2] the

well-known relationship used in (a) among the Fourier transforms of a function

in C∞0 (Rd) and of its partial derivatives extends to the multidimensional case [38,

Theorem 0.14, p. 2]. Then, for u ∈ C∞0 (Rd), one obtains (2π)
d
2

(
u−∑d

i=1
∂2 u
∂ x2

i

)
∗

G2 = u. As C∞0 (Rd) is dense in W2
1 (Rd) and, for d-dimensional convolutions,

q = f ∗ g implies ‖q‖L1(Rd) ≤ ‖f‖L1(Rd)‖g‖L1(Rd) [2, Theorem 4.30, p. 90], we get

(2π)
d
2

(
u−∑d

i=1
∂2 u
∂ x2

i

)
∗ G2 = u for all u ∈ W2

1 (Rd). Finally one has ‖u‖B2
1(Rd) =

(2π)
d
2

∥∥∥u−∑d
i=1

∂2 u
∂ x2

i

∥∥∥
L1(Rd)

for all u ∈ W2
1 (Rd), where the second term can be

bounded from above in terms of one of the equivalent norms of W2
1 (Rd).

(c) Similarly, in the general case d ≥ 1 and m even, one gets Wm
1 (Rd) ⊆ Bm

1 (Rd)

and ‖u‖Bm
1 (Rd) = ‖v‖L1(Rd) for all u ∈ Wm

1 (Rd), where v is the inverse Fourier

transform of v̂ = (2π)
d
2 (1 + ‖s‖2)m

2 û (note that, as m is even, v can be expressed

as a weighted sum of the partial derivatives of u up to the order m).
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