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Abstract. In Newman-Penrose formalism, the ten independent components

of the Weyl tensor can be expressed in terms of five complex scalars Ψr

(r = 0, 1, 2, 3, 4). By a suitable choice of the tetrad, we have expressed these

scalars in terms of the electric part Eij and magnetic part Hij of the Weyl

tensor. The results thus obtained are then applied to Gödel spacetime.
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1. INTRODUCTION

It is known that Riemann tensor can be separated into a ’trace-free’ and a ’Ricci

part’ and this separation is established by the Weyl tensor (in n dimension) as

Cijkl = Rijkl −
1

n− 2
(gikRjl + gjlRik − gjkRil − gilRjk)

+
1

(n− 1)(n− 2)
(gikgjl − gilgjk)R (1)
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so that in 4-dimension, the Weyl tensor is related to the Riemann and Ricci tensor

through the equation

Cijkl = Rijkl −
1
2
(gikRjl + gjlRik − gjkRil − gilRjk)

+
1
6
(gikgjl − gilgjk)R (2)

where R = gijRij . This tensor has all the symmetries of the Riemann tensor and

also has the property that gjlCijkl = 0 in contrast to gjlRijkl = Rik. The Riemann

tensor has 20 independent components, while the Weyl and Ricci tensors have 10

independent components each. For a unit time-like vector field ui such that uiu
i = 1

(physically, the the time-like vector field ui is often taken to be the 4-velocity of the

fluid), the electric and magnetic parts of the Weyl tensor are defined respectively,

as

Eik = Cijkl uj ul (3)

Hik = ∗Cijkl uj ul =
1
2
ηij

mnCmnkl uj ul (4)

The Newman-Penrose formalism[7](also known as spin-coefficient formalism)

is a tetrad formalism with specific choice of the basis vectors. Accordingly a complex

null tetrad Zi
µ = { li, ni,mi, m̄i } is chosen in Newman-Penrose formalism, where

li, ni are real null vectors and mi, m̄i are the complex null vectors. All the inner

products between the tetrad vectors vanish except lin
i = 1 = −mim̄

i. The metric

tensor gij , in terms of the tetrad vectors, can be written as

gij = linj + nilj − mim̄j − m̄imj (5)

In the NP-formalism, the ten independent components of the Weyl tensor are

projected on the null tetrad and thus represented by five (complex) scalars

Ψ0 = −C1313 = −Cpqrsl
pmqlrms

Ψ1 = −C1213 = −Cpqrsl
pnqlrms

Ψ2 = −C1342 = −Cpqrsl
pmqm̄rns (6)

Ψ3 = −C1242 = −Cpqrsl
pnqm̄rns

Ψ4 = −C2424 = −Cpqrsn
pm̄qnrm̄s
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The Weyl tensor can be classified on the basis of its eigenvalues is known as

Petrov classification, the same classification can be obtained on the basis of complex

scalars defined in (6)(various methods are discussed in Kramer et al [6]).

In this paper we have expressed complex scalars Ψ0,Ψ1, ..,Ψ4, in terms of Eij and

Hij . The results are then applied to Gödel spacetime.

It is hoped that the present form is useful in the classification of Weyl tensor in

terms of electric and magnetic parts.

2. Newman-Penrose Formalism and Electromagnetic Parts of Weyl

Tensor

We choose a null complex tetrad Zi
µ = { li, ni,mi, m̄i }. In this formalism the

4-velocity vector ui is given by

ui =
1√
2

(
li + ni

)
(7)

The 4-velocity vector defined above can be used to get electric part Eik and

magnetic part Hik of Weyl tensor for a given space-time.

It is known that both Eik and Hik are space-like, symmetric and traceless, i.e.,

Eik = Eki , Eik uk = 0 , Eikgik = Et
t = 0 (8 a)

Hik = Hki , Hik uk = 0 , Hikgik = Ht
t = 0 (8 b)

The Weyl tensor is said to be purely electric if Hik = 0 and purely magnetic if

Eik = 0 and in terms of Eik and Hik, the Weyl tensor can be decomposed as ([6])

Chijk = 2uhujEik + 2uiukEhj − 2uhukEij − 2uiujEhk

+ ghkEij + gijEhk − ghjEik − gikEhj

+ ηhi
pq uk up Hqj − ηhi

pq up uj Hqk + ηjk
pq ui up Hhq − ηjk

pq uh up Hiq (9)

Using (6) and (9) along with (7) it is possible to express complex scalars Ψ0,Ψ1, ..,Ψ4

in terms of electric and magnetic parts of Weyl tensor. Thus we get,

Ψ0 = −mimkEik +
lp + np

2
lhmimkηhi

pqHqk +
lp + np

2
miljmkηjk

pqHiq (10)
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Ψ1 = −nimkEik +
lp + np

2
lhnimkηhi

pqHqk −
lp + np

2
lhljmkηjk

pqHhq+

lp + np

2
niljmkηjk

pqHiq (11)

Ψ2 = linkEik −
lp + np

2
lhmim̄jηhi

pqHqj +
lp + np

2
mim̄jnkηjk

pqHiq (12)

Ψ3 = −lim̄kEik −
lp + np

2
lhnim̄jηhi

pqHqj −
lp + np

2
lhm̄jnkηjk

pqHhq+

lp + np

2
nim̄jnkηjk

pqHiq (13)

Ψ4 = −m̄im̄kEik +
lp + np

2
nhm̄im̄kηhi

pqHqk +
lp + np

2
m̄injm̄kηjk

pqHiq (14)

3. Gödel Spacetime

It is known that the Gödel universe is a solution of Einstein’s field equations (with

non-zero cosmological constant, the material content is assumed to be dust). This

solution is not the realistic model of the universe but due to some interesting features

it has attracted many researchers.In this model the matter in universe does not

expand but rotate. The geometrical and physical properties of Gödel solution, were

discussed in detail by Hawking and Ellis [5]. The Gödel solution is characterized

by the conditions that (see [7] and [2])

ai = θ = σij = ωi;j = 0 (15a)

ω =
1

a
√

2
= constant (15b)

For Gödel spacetime, a null tetrad can be chosen as

li =
1√
2

(1, 0, 0, 1) (16)

ni =
1√
2

(−1, 0, 0, 1) (17)

mi =
1√
2

(
0, 1,−i

√
2 e−qy, i

√
2
)

(18)

m̄i =
1√
2

(
0, 1, i

√
2 e−qy,−i

√
2
)

(19)
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Further, the Weyl tensor for Gödel spacetime is purely electric, i.e. Hik = 0( [1]).

Also, Hasmani and Katkar [4] have obtained tetrad components of electric part of

Weyl tensor for Gödel spacetime, for the null tetrad given above.The non-vanishing

components are given by,

E11 = E22 = −E12 = −E34 = −q2

6
(20)

Using these in the expressions of Ψ0,Ψ1, ..,Ψ4 given above in equations(10) − (14),

we get

Ψ0 = −E33 = 0

Ψ1 = −E23 = 0

Ψ2 = E12 =
q2

6
(21)

Ψ3 = E14 = 0

Ψ4 = E44 = 0

It can be seen from above expressions that only non-vanishing complex scalar is Ψ2,

this means that the metric Gödel spacetime is of Petrov type-D (see also [2]).

4. Conclusion

We have expressed complex scalars Ψ0,Ψ1, ..,Ψ4 of Newman-Penrose formalism in

terms of electric and magnetic parts of Weyl tensor for a general case. It is hoped

that these results will be useful to analyze gravitational fields in Petrov Classifi-

cation. We have applied the results to Gödel metric and we have shown that the

metric is of Petrov type-D. Further it is shown that the parameter q characterizing

the rotation enters in the expression of Ψ2, this can be regarded as the radiation is

due to rotation.
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