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Immersed Hyperdynamical System

1. INTRODUCTION

Theory of hypergroups and immersed hypergroups have brought many results in
mathematics [1, 2, 5, 6]
In this paper are going to consider hyperdynamical systems [5, 6] which are im-
mersed, and we will prove the following results for them:
(1) If (M,D,H) and (N, E,I) are two immersed hyperdynamical systems, then
(M x N,F,H x I), where F = {g(*® : M x N — M x N : (a,b) € H x I} is an
immersed hyperdynamical system.
(2) If R is an equivalence relation compatible with (M, D, H), where (M, D, H) is an
immersed hyperdynamical system, and if f*: M/R — M/R, then (M/R,{f*},H)
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is an immersed hyperdynamical system.

(3) If (M, D, H) is an immersed hyperdynamical system, and ¢ : H — RF is a
smooth one to one immersion, where ¢)(H) has the join operation ¢ (ab) = ¥ (a)i(b),
then (M, D, (H)) is an immersed hyperdynamical system.

(4) If (M, D, H) is an immersed hyperdynamical system, and U is any open subset
of H with a join operation x on U x U defined by a*y b = ab(\U, then (M, D, H)
is an immersed hyperdynamical system.

(5) If (H, o) is an immersed hypergroup and {A(z)} is a family of pairwise disjoint
nonempty open subsets of a differentiable manifold M, and (M, D, H) is an im-
mersed hyperdynamical system, then (M, D, Kp) is an immersed hyperdynamical

system, where Ky = {J, ¢y A(x).

2. IMMERSED HYPERDYNAMICAL SYSTEMS

Let M be a manifold, H be an immersed hypergroup [2], and
D ={h*: M — M : h* is a diffeomorphism, where a € H}.

Then we have the next definition:

Definition 2.1. (M, D, H) is an immersed hyperdynamical system, if (M, D, H)
is a hyperdynamical system and h : H x M — M defined by (a,m) — h%(m) is a
smooth map.

Example 2.1. Let H be the set of 2-dimensional subspaces of (R?,+) as a Grass-
mann manifold [3]. For a,b € H, we define ab = {c: ¢ is a 2-dimensional subspace
of a + b}. Then H with this join operation and the above differentiable structure
is an immersed hypergroup. Let D = {h(®? : h(ed) . R2 — R? is defined by
(r,y) = (a+z,b+y), (a,b) € H}. Then (R% D, H) is a hyperdynamical system.
The mapping h : H x R?> — R?, defined by h((a,b), (z,y)) = (a + z,b+y), is a
smooth map. Hence (R?, D, H) is an immersed hyperdynamical system.
Theorem 2.1. Let (M, D, H) and (N, E, I) be two immersed hyperdynamical sys-
tems, where D = {h® : a € H}, E = {f* : b € I}. Moreover, let F = {g(®?) .
M x N — M x N : (a,b) € H x I defined by (m,n) — (h*(m), f*(n))}. Then
(M x N,F,H x I) is an immersed hyperdynamical system.

Proof. We know that H and I are immersed hypergroups. We show that H x I
is an immersed hypergroup. Since H and I are smooth manifolds, then H x I is a

smooth manifold. We only show that for given (a1, a2), (b1,b2) € H X I, a1bi X asbs
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is an immersed submanifold of H x I.

Since i1 : a1by — H and is : asby — I are immersion, then the map i : a1by X agby —
H x I defined by i(c1,c2) = (i1(c1),42(c2)) is an immersion. Because it is a one to
one map and di(cy,c2) = (di1(c1), dia(cz)) is also a one to one map.

Now we show that (M x N, F, H x I) is a hyperdynamical system.

Definition of F implies for given (a,b) € H x I, there exists h(*®) € F.

If g gled ¢ F) then g(*® o gD (m, n) = ((h* o h(m), h* o h¥(n)).

So gl@t) o gled) (m, n) € glaetd) (m, n).

We show that h: H x I x M x N — M x N, defined by (a,b,m,n) — h(@® (m,n)
is a smooth map.

Since (M, D, H) is an immersed hyperdynamical system, then there exists a smooth
map hy : H x M — M, defined by (a,m) — h*(m).

Since (N, E, I) is an immersed hyperdynamical system, then there exists a smooth
map hy : I x N — N, defined by (b,n) — fb(n). Let h be a map from H x I x M x N
to M x N, defined by (a,b,m,n) — (h*(m), f®(n)), then it is a smooth map, be-
cause hy X hg and the mapping from H X I x M x N to H x M x I x N defined by

(a,b,m,n) — (a,m,b,n) are smooth maps.

3. QUOTIENT IMMERSED HYPERDYNAMICAL SYSTEMS

Let M be a differentiable manifold and R C M x M be an equivalence relation

on M. Moreover, let M/R be the set of the equivalence classes of M with respect to
R. Let P: M — M/R be the natural projection m +— [m].
We define the quotient topology on M/R, i.e., U C M/R is open if and only if
P~Y(U) is open in M. Thus P : M — M/R is continuous map. Moreover, for any
continuous map F : M — N, there exists a unique continuous map F : M/R — N
such that F = F o P.

Hence we have the following commutative diagram;

N

Bl

B[S
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In general, M /R may not be a manifold. We now assume that M/R has a differen-
tiable structure such that P : M — M/R is a submersion. Since P is a continuous
map, for all open set U in M/R, P~1(U) is an open set in M. P is also an open
map, because it is a submersion [4].

Moreover, if the map F' from M into a differentiable manifold N is differentiable,
then the map F : M/R — N is also differentiable, and the differentiable structure
on M/R is unique [4].

M /R is called the quotient manifold of M with respect to R, if it is allows a differ-
entiable structure such that P : M — M/R is a submersion [4].

The equivalence relation R on M is called an equivalence relation compatible with
(M, D, H) [5] if (m,n) € R then h*(m) = h®(n) for all a € H.

Theorem 3.1. Let R be an equivalence relation compatible with (M, D, H), where
(M, D, H) is an immersed hyperdynamical system. Moreover, let f*: M/R — M/R
be defined by f%([m]) = [h%(m)], where a € H. Then (M/R,D = {f*}, H) is an
immersed hyperdynamical system.

Proof. The compatibility of R implies that D contains well defined mappings. For
all @ € H, there is f* € D.

If f¢ fb € D, then (f%o f)([m]) = [(h® o h®)(m)], where [m] € M/R. So we have
(f o f*)([m]) € f([m]). Thus (M/R, D, H) is a hyperdynamical system.

Since (M, D, H) is an immersed hyperdynamical system, there exists a smooth map
h:H x M — M, defined by (a,m) — h®(m). The mapping h : H x M/R — M/R,
defined by (a, [m]) — h*([m]) is a smooth map. Because I x P and Poh are smooth

maps and the following diagram is commutative;

Poh
Hx M M/R
I xP —
h
Hx M/R

Thus (M/R, D, H) is an immersed hyperdynamical system.
Theorem 3.2. Let (M, D, H) be an immersed hyperdynamical system, and let
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Y : H — R* be a smooth one to one immersion, where ¥(H) has the join opera-
tion ¥ (a)y(b) = ¥ (ab). Then (M, D, (H)) is an immersed hyperdynamical system.
Proof. ¢(H) is a hypergroup, because ¥(a)(H) = p(aH) = Y(Ha) = (H)Y(a) =
Y(H), for all a € H.

Pla){v(b)d(c)} = P(a)p(be) = ¥(abe) = P(ab)ip(c) = {1b(a)P(b)}i(c), for all
a,b,ce H.

Moreover ¥ (H) with the smooth structure created by v as a diffeomorphism, is a
smooth manifold.

Let ¢ (a) and ¥(b) € ¥(H) be given. Then there exists an immersion i : ab — H.
So the mapping ¥ o : ab — R¥ is an immersion. Hence 1 (ab) = ¢ o i(ab) is an
immersed sub-manifold of R*.

Thus ¥(H) is an immersed hypergroup.

Now we show that (M, D,v¢(H)) is a hyperdynamical system.

For all b € ¥(H), there exists a h® € D, since (M, D, H) is a hyperdynamical sys-
tem, then for all @ € H, there is h* € D. Since a € H, then t(a) € ¢(H). Since
b€ ¢(H), then b =1(a), and = (b) = a € H.

Hence h*~'® € H. Thus h® € ¢(H).

We know that if h% h® € D, then h® o h® € h%, for all a,b € H. Now if
Y(a) and ¥(b) € (H), then h¥(®) o p¥(®) ¢ p¥(@)v(0) — pvlab),

Hence (M, D, (H)) is a hyperdynamical system.

Since (M, D, H) is a immersed hyperdynamical system, then there exists a smooth
map h: H x M — M, defined by (a,m) — h%(m).

We define the map h : (H) x M — M, by (¢(a),m) — h¥(@ (m).

Since h and 9 are smooth maps then & is smooth. So (M, D, (H)) is an immersed
hyperdynamical system.

Theorem 3.3 Let (M, D, H) be an immersed hyperdynamical system. Moreover,
let U be any open subset of H with the join operation xy on U x U defined by
axy b=ab(U. Then (M, D,U) is an immersed hyperdynamical system.

Proof. U with the atlas Ay = {smooth charts (V,0) of H: V C U} is a smooth
manifold. Moreover, it is hypergroup [5].

If a,b € H, then ¢ : ab — H is an immersion. So iy : ab(\U — U is also an
immersion. Thus U is an immersed hypergroup.

Since (M, D, H) is a hyperdynamical system, then, for all a,b € U C H there exists
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h* € D, and h® o h® € ho.

Since (M, D, H) is an immersed hyperdynamical system, then the map h : H x M —
M, defined by (a,m) — h®(m) is smooth. Thus h : U x M — M, defined by
(a,m) — h*(m) is smooth and the proof is complete.

Suppose (H, o) is a hypergroupoid [1] and assume that {A(z)} is a family of pair-
wise disjoint nonempty sets and Ky = (J,cy A(z). We define g(a) = z if and only
ifae A(x).

Now in K g we have the hyperoperation a ()b = Uzeg(a)og(b) A(z), where a,b € Kg.
We know that (H, o) is a hypergroup if and only if (K, () is a hypergroup [1].
Theorem 3.4. Let (H,o) be an immersed hypergroup and let {A(x)} be a family
of pairwise disjoint nonempty open subsets of a differentiable manifold M. More-
over, let (M, D, H) be an immersed hyperdynamical system. Then (M, D, Ky) is
an immersed hyperdynamical system.

Proof. Let a,b € Ky be given. Then a ® b is also a union of open subsets of M.
So it is an open submanifold of Kg. Thus it is an immersed submanifold of K.
If a,b € Kp, then there exists h* € D, and h® o h® € h**. So (M, D, H) is hyper-
dynamical system.

Since (M, D, H) is an immersed hyperdynamical system, then there exists a smooth
map h: H x M — M, defined by (a,m) — h%(m).

So the map h : Ky x M — M, defined by iL(a, m) = h*(m) is a smooth map. Thus

(M, D, Kpg) is an immersed hyperdynamical system.
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