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AnsTRACT. \Ve have analysed Kalu2a Klein type five dimensional cosmological
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cosmic matter and vacuum energy density parameters are equivalent, in the
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1. IKTRODCCTIOK

Strings plays a significant role in the study of early universe. It is believed that
cosmic strings give rise to density perturbations which leads to the formation of
galaxies Zcldovich (1980), these strings posses stress enerand are coupled to the
gravitational field. The detailed accounts of various features of cosmic strings are
discussed by Vilenkin (1981), Gott(1985), and Garfinkle (1985). The general rela­
tivistic formalism of cosmic strings are given by Letelier (1979) and Stachel (1980).
The rclativistic strings can also be used i) to describe the large scale anisotrpy
[Kaiser et. al. (1986), Traschen et. al. (1986), I3randenberger et. al. (1986)] of
the universe, ii) to explain the observed two point corrclation function for cluster of
galaxies Turok (1985) (Abel clusters), and iii)to describe extended objects in general
relativity Letelier (1979), Tian (1986), Garfinkle (1985), Garriga et. al. (1987). The
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Kaluza-Klein theories presents an attractive way to unify all guage interaction with
gravity Duff et. al. (1986). One of the problem facing these theories if to explain
why the extra-dimensional space is do small, since otherwise it would be obdserved.
Some aythors explain entproduction Alvarez et. al. (1983), Barr et. al. (1984) and
inflation Abbott et. al. (1984), Shafi et. al. (1983) as a result contraction of the
extra space.Mann and Vincent (1985) have investigated the cosmological character
of 5 dimensional (KK type) solution of Einstein's equation nd shown that the vac­
cum solution of these equations gives rise to an effective radiation density connected
with the existence of extradimension. Now in the present work the five dimensional
model, which if just ordinary Kaluza-Klein theory aimed to unify electromagnetism
and gravity, the strings lie along the fifth dimension; as no more extra dimensions
are included, this should be taken as a toy model. Thus the resulting space is a
four dimensional spacetime and an extra compatified dimension. The model of the
cloud ordered strings i. e. a ," cloud" formed by a distribution of geometric strings
lying along the same direction, has already been used in cosmology. The fact that
all strings lie along fifth dimension might be produced by the same process that
brought about the compactification of that dimension.
The cosmological constant problem can be expressed as the discrepancies between
negligible values A has for the present universe and the values 1050 times larger ex­
pected by the Glashow Salam Weinberg model or by Grand Unified Theory (GUT)
where it should be 10107 times larger. The cosmological term A is then small at the
present epoch simply because the universe is too old. The problem in this approach
is to determine the right depending of A on Rand t . A current of thought holds
the view that the cosmological term is not really constant, but its value decreases as
the universe expands. Some of the discussions on cosmological problem and on cos­
mology with time varying cosmological constant, Ratra and Peebles (1988) , Dolgov
(1983, 1990, 1997) and Sahni and Staro Binsky (2000) pointedout that in absence
of any interaction with a matter or radiation the cosmological constant remains
constant. However in presence of interaction with a matter or radiation a solution
of Eienstein's equations and the assume equations of covariant conservation of trace
energy with a time varying A can be found. [Rajeev (1983), Maia et. al. (1994),
Moffat (1996), Hoyle et. al. (1997), John et. al (1997)] have derived analytical
decay laws in other theories of gravitation from modified version of Eienstein's ac­
tion. In most such papers, however no exact solution for A is obtained; the intend
is nearly to demonstrate that the decay of the effective coal term is possible in the
principle. A number of authors have constructed a model of more phenomenological
character in which specific decay laws are postulated for A within general relativity.
This law provides reasonable solutions to the cosmological puzzles presently known.
One of the motivations for introducing A term is to reconcile the age parameter and
the density parameter of the universe with recent observational data.

Vishwakarma(2001) has studied the magnitude-redshift relation for the type Ia
supernovae data and the angular size-redshift relation for the updated compact
radio sources data Gurvits (1999) by considering four variable A-models:A '" R-2 ,

A '" H- 2 , A '" p and A '" C 2 . Recently Ray and Mukhopadhyay (2004) have solved
Einstein's equations for specific dynamical models of the cosmological term A in the
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form: A ~ (~) 2, A ~ (~) and A ~ p and shown that the models are equivalent in

the framework of fiat R\V space time. In this context, the aim of the present work is
based on recent available observational information. In this paper the implication

2

of cosmological model with cosmological term of three different forms: ~\ = Ct (~)

A = ,3 (~) and A = (p, where Ct, ,3 and ( are free parameters, are analyzed within

the framework of higher dimensional space time. The paper is organized as follows.
The Einstein's field equations and their general solutions for different A-dependent
models are presented in Sections 2 and 3 respectively. The equivalence of different
forms of dynamical cosmological term A are discussed in Section 4.

2. FIELD EQCATJO"lS A"ID SOLUTJO"lS

\Ve consider Kaluza-Klein type the line element

(1)

where R and A. are the functions of t alone.
The energy momentum tensor for bulk viscous string dust is taken as

(2)

with

(3)

and

(4)

T/ = pv;V'i - AXiXi

where p is rest energy density of the cloud of strings with particles attached to
them, p = PP + A with PP being the rest energy density of particles, A the tension
density of the cloud of strings. The vector vi describes the cloud four velocity and
;1:

i represents a direction of anisotropy, i. e. direction of strings.
The Einstein's field equations

(5) G; = -Tf + A(t)

where 0; is the Einstein's tensor and we choose the unit such as c = 1, 871G = 1
and A(t) is the variable cosmological term. For the metric (1), equation (5) leads
to

(6)

(7)

(8)

3RY 3k4
-2 + -4. = P + A(t)R K

2R R2 2RA A
R + R2 + RA. + A. = A(t)
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(9)

where the dot denotes derivative with respect to time t.
Similarly, the expansion factor e amd the shear scalar CJ are given by

R A
() = 3- +­

R A

(10)

Equations (6) to (8) are three equations of five unknowns R, A, p, A, A. To get a
determinate solution, we assume a supplementary condition

(11) A = KRn

(12)

where K, n are real constants.
Then the equations (6)-(8) together with equation (11) leads to

R2

3(1 + n) R2 = p(t) + A(t)

(13)
R R2

3- + 32 = A(t) + A(t)
R R

R 2 R2

(14) (n + 2) R + (n' + n + 1) R2 = A(t)

The above equations are to be solved for p(t), A(t), R(t) and A(t). The solution of the
system (12)-(14) can be obtained for different cases and they are solved only when
we impose the condition on one of the variables which can be seen in the following
cases. In each case the solution is completely determined subject to the conditions
specified at t = to as R(to) = Ro and R(to) = Ro. .'{ow we make the dependent
variables as dimensionless as follows x = Ro(t - to)/Ro, R(x) = R(t)/Ro, p(x) =

2 _ . 2 ;- 2 . . riR - I R(t)
(~~) p(t), A(;r) = (~~) A(t) and A(;r) = (~~) A(t). Thus dx = R (;r) = R

o
d2 R -"() R(t)Ro . . . . .

and --2 = R x = . . So that the lIlltml conchtlOns at t = to corresponds
ri;r (RoF

to at ;r = 0 reduce to R(O) = 1 and riR I = R' (0) = 1. Hence, without loss
dx x=o

of generality, by suppressing the overline symbol, the above equations (12) to (14)
reduce to

R' (x)2
(15) 3(1 + n)------w- = p(x) + A(x),

R' (x)2
(16) 3 + 3------w- = A(X) + A(x),

R"(;r) 2. R(;r)2
(17) (2+n)--+(n +n+l)-2-. =A(;r),R R
subject to initial conditions R(O) = 1, R'(O) = 1.
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3. DIFFEREKT FORVfS OF A

3.1. Model for A=constant. Solving equation (17) for R(x) subject to the given
initial conditions, wc gct

71,+2

(18) = (c1cosClx+c2sinClx)n2+2n+3 , A<O

where Cl2 = 11\1(n2 +2n+:J) . - (n
2
+:Jn+5) , d . _ -(n

2
+n>+1)

(n+2)" ,(;1 - 2(n+2) an C2 - 2(n+2)

The energy density p and string tension density ..\, from equation (15) and (16)
arc givcn by

(19)
. 2

3(I+n)A (r:2c~sn:r:-cl~1I1rt.r:) -A, A<O
n 2 + 2n + 3 (;2 S1Il ClX + C1 cos ClX

(20)
. 2

3(1- n
2)A (C2 COSClX - C1 S1IlClX)

(n + 2) (n 2 + 2n + 3) C2 sin rn; + Cl cos rn;

n-l
---!\

n+2' , A<O

The expansion e and the shear scalar (J', from equation (9) and (10)are given by

e __ (n +, 3)(n + 2)Cl (C1 ectX
- C2 e- ctX

) •
A>O

n 2 + 2n + 3 CICaJ! + C2C-a:r .

(21 )

(22)

(n + 3)(n + 2)rt (c2 cosn:r: - Cl sinrn;)
, A < 0

n 2 + 2n + 3 C2 sinClx + C1 COSClX

3.2. Model for A ~ ~'. If wc considcr A = /j~, whcrc /j is a constant. Thcn
cquation (17) subjcct to thc givcn initial conditions, lcads to

II

(23) R = (X + 1)X+T [c:Jx + C1]X+T
2

where X = r~+~:'-+31, C;J = 1 and C1 = (X + 1)-1.
The energy density p and string tension density ..\, from equation (15) and (16)

are given by

(24) 3 + 3n + (j X [ 1 ]
p = (X + 1)2 (x + C1)2
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(25)
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A = ,3X - 3X + 3 [ 1 ]
(X + 1)2 (:1: + (4)2

The expansion e and the shear scalar CJ, from equation (9) and (10)are given by

(26)

(27)

e_n+3[ 1 ]
- X + 1 (x + (1)

2 3(1 - n)2 [ 1 ]
CJ = 8(X + 1)2 (x + (1)2

The deceleration parameter qis given by

(28)

(29)

- RR TI.
2 + n + 1 ..[)--1-

q = R"2 = [) ( )",J -r- n + 2. .6- n+2

-3X [ 1 ]
A(:1:) = (X + 1)2 (x + (1)2

2 . 2
3.3. Model for A ~ (IJ:) . If we use A = Cl ( ~) = ClH 2

, where Cl is a constant

and H is hubble parameter H = ~. Then equation (17) subject to the given initial
conditions, leads to

(30)
2

wherem = n +~):21-rx, C5 = 1 and C6 = (m + 1)-1.

The energy density p and string tension density A, from equation (15) and (16)
are given by

(31) 3(1 + n)(t [ 1 ]
p= (m+l)2 (X+C6)2

A = 3 - n - 3Tn [ 1 ]
(32) (m+l)2 (X+C6)2

The expansion e and the shear scalar CJ, from equation (9) and (10)are given by

(33) e_ n + 3 [ 1 ]
- m + 1 (x + (6)

(34) 2 3(1 - n)2 [ 1 ]
(J = 8(m + 1)2 (x + (6)2

The deceleration parameter qis given by

-RR n 2 + n + 1 - n
(35) q = R2 = n + 2

(36) Cl [ 1 ]A(x) = ( )2 ( )2Tn+l :1:+C6
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3.4. Model for A ~ p. If we set A = ~(p, where ~( is a free parameter. Then
equation (14) subject to the given initial conditions, leads to

II

(37) n = (Y + 1)V+Thx + cs]V+T

where Y = (n2+n~i~~~;'~-2:;(1+nh, C7 = 1 and C8 = (Y + 1)-1.

The energy density p and string tension density A, from equation (15) and (16)
are given by

(38)

(39)

3(1 + n) [ 1 ]p=
(1 + j)(Y + IF (x + csF

3 [1 - Y - it~] [ 1 ]
A = ----"--(,.-Y-+-l,.-F,..---=- (;I: + c8F

The expansion e and the shear scalar CT, from equation (9) and (10)are given by

(40)

(41)

e_n+3[ 1 ]
- Y + 1 (x + cs)

2 3(I-n)2 [ 1 ]
CT = 8(Y + IF (;I: + c8F

The deceleration parameter qis given by

(42)

(43)

(n 2 + n + 1)(1 + j) - 3(1 + TI)(
q=

(l+j)(n+2)

/\(") _ 3(1 + n}y [ 1 ]
..1 - (1 + ~()(Y + IF (x + csF

4. EQLlVALE"ICE OF THREE FOILvlS OF A

]\ow, let us find out the interrelations between (t, /i and r and hence the equiv­

alence of the different forms of the dynamical cosmological terms A ~ (n;,') ,
2

A ~ (~) ,and A ~ p.

",From equation (19), after differentiating it and the dividing by n, we get

(44)

where H is the Hubble parameter.

1,;sing equation (41) in equation (21) and also from the definition of the cosmic
matter-density parameter 0(= p/3(1 + n)H2

), we get

.eX
(45) !lm .3 = 1 + ( )31+n

where Om3 is the cosmic matter energy density parameter for the {i-related dynamic
A-model.
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9 C;Jse-lI, ~=5

8 C;Jse-IV,
1'=0.5
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4

3

2
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o 2 3 4

x

6 7 8 9 10

(46)

Fig.1: The behaviourofR(x) for n=0.5 in different cases.

Using equation (43) in equation (28) and also from the definition of the cosmic
vacuum-energy density parameter OA = Aj3(1 + n)H2 , we have

o _ _ fJX
A{3 - 3(1 + n) ,

where, in the similar fashion, OA{3 is the cosmic vacuum-energy density parameter
for the fJ-related dynamic A-model.

l,From equation (45) and equation (46), we obtain

(47)

(49)

which is the relation between the cosmic matter- and vacuum-energy density pa­
rameters. Similarly from equation (30), equation (31) and equation (36) we obtain

a
(48) Oma=1- 3(1+n)'

o _ a
tw - 3(1 + n)

where Oma and OAa are respectively the cosmic matter and vacuum energy density
parameters for the a-related dynamic A-model.
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Fig.2: The behavipour ofdensity for n=O.o in different cases

Adding equation (47) and equation (48), we get

(50)

which is again the relation between the cosmic matter- and vacuum-energy density
parameters for a flat (k = 0) universe.

In the same manner from equation (37), equation (38) and equation (43) the
cosmic matter and vacuum energy density parameter rlm'Y and rlA'Y respectively for
the model A ,....., p also satisfy the relation

(51)

where

(52)

Thus, from the relations (47), (50) and (51) without any loss of generality we can
set

(53)

(54)
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~__Case-IV, y
~__=0.5

~--Case-I, 1\ =0.5
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=0.5 Case-II,
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Fig.3: The behaviour of;\(><) for~~:;L!8!1!rrr3r~t cases

8 9 10

where Om and OA are respectively the cosmic matter and vacuum energy density
parameters which in absence of any curvature satisfy the general relation

(55) 0 = Om + OA = 1.

Now from equation (49) and equation (55) we obtain

(56) 0: = 3(1 + n)OA.

Also dividing equation (45) by equation (46) and using equation (53) and equation
(54) j3 is obtained as

j3 _ n + 2 _ (1 _ 1 ) 3(1 + n)OA
(57) - n2 + n + 2 n2 + n + 2 OA + Om

Similarly from equation (52), equation (53) and equation (54)

OA
(58) ,= Om'

Hence from equation (55) we get

(59) 0= (1 + ,)Om = 1,

which is an other relation of total cosmic energy density in the case of flat universe.

It can easily be shown that the particular solution of A '" (~) 2 model for dust
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Fig.4;The behaviour ofI\(x) for for n=0.5 in different cases.

and radiation cases become identical with their corresponding counterparts for the
other models in term of the dependency of R, p and A on time t when expressed
in terms of Dm and DA . Therefore, these results imply that in view of Dm and DA

there are no distinctive features so that one can differentiate between the different

forms of dynamic cosmological model viz.A '" (~) 2, A '" (~) and A '" p. Thus,

starting from anyone of our A-models, since they are equivalent, we can arrive at
the other relations.

Now from equation (56), after using equation (46) and equation (54), one can
obtain

(60) a = n
2
+ n + 1 (3

(3 - (n + 2) .

Also from equation (56), after using equation (58) and equation (59), we get

(61) a=3(1+nh .
1+/,

Thus from equation (60) and equation (61), we find that the parameters involve in
three dynamical relations are connected by

(62) a = n
2 + n + 1 (3 = 3(1 + nh

(3 - (n + 2) 1 + /' .
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It is observed from above equation that the three forms A = (t ( ~) 2, A = /J ~
and A = iP are equivalent and the three parameters n, /J and r are connected
by the relation (62), which indicates that it is possible to find out the identical
physical features of others if anyone of the phenomenological A relation is known
and hence these relations are not independent of each other. In cosmology there are
many ways to specify the distance between two points, because in the expanding
universe, the distance between comoving objects are constantly changing and earth­
bound observers look back in time as they look out in distance. In the following

( !in'.)
2

sections we discussed some cosmological distances for the case A ~

5. DlSCUSSlOI\

In this paper we have analyzed string dust cosmological models with particle
attached to them by considering three different forms of variable A in context of
KK type higher dimensional space time. The equivalence of those forms is shown
in terms of solutions thus obtained.\Ve have also established the relation between
(t, /J and r, the three parameters of the three forms of A which ultimately yields
Om +01\ = 1, the relation between cosmic matter and the vacuum energy density pa­
rameters for flat universe. In the perticular cases the behaviour of R(x), A(x), A(X)
and A(x) versus x are expressed in graphical form in fig. 1-4. It can be seen that,
in all cases, the nature of R(x) is an increasing function with x where as the nature
of p(:r) and A(:r) are decreasing functions of :r. I3ut the nature of A(:r) is not same
in all the cases, i.e., A(:r) is constant in the first case as per the assumption, it is an
increasing function in case -II and case-III but it is a decreasing function in case ­
IV.

It has already been shown that the three phenomenological A- models presented
here are equivalent, then causal connection of the universe as indicated by the
above model equally implies that the other models of the universe are also causally
connected in the framework of higher dimensional space-time in the presence of
string.
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