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ABSTRACT. In this paper, we consider non-linear perturbation for the third
order linear oscillator. Using the center manifold reduction , we reduced system
into second order differential equation. Then we study the Hopf bifurcation
of the system and stability of the periodic orbits. At the end we classify the
effect of 2-jet of parametric perturbation.

AMS Classification: 34C23
Keywords: Center manifold, Bifurcation, Stability, Periodic Solution

1. INTRODUCTION

Oscillatory systems are one of the most intensely studied systems in nonlinear
dynamics. It serves as a basic model for self-excited oscillations in physics, electron-
ics, biology, neurology and other disciplines [11,18,3,4,...]. Parametric perturbations
of oscillatory systems are one of the most studied parts of nonlinear dynamics; but
few of them concern on three dimensional oscillators. The differential equation

(1.1) i+w’E=0

is known as the three dimensional linear oscillator. It describes an object moving on
an ellipse in three dimensional space, so all the solutions are periodic. The natural
question is therefore ”do periodic solutions persists under (non-)linear parametric
perturbations?” This question, in its general form, has been well answered in recent
studies [6,7,8,9,10,30,20], as authors considered general perturbation of an oscilla-
tory system and presented methods guaranteeing existence of periodic solutions.
However, because of the characteristic of three dimensional space, many of these
methods are not applicable for the three dimensional linear oscillator. For example,
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normally non degeneracy conditions of the periodic manifold is not hold for this
equation,or, the symmetry conditions are too trivial. On the other hand, standard
methods like, Normal Forms, Averaging megthod,... do not reduce the system into
a simpler form. One of the earlier studies on the perturbed three dimensional lin-
ear oscillator was done by Mehri and Niksirat [20]. They considered the nonlinear

equation X = F(X,X,X),X € R?*! and showed that ,under some condition
,<there exists wy > 0 such that X (wp) = X(0). Then, they considered the nonlinear
third-order differential equation

(1.2) i+ Wt = pF(z, &, %),

and obtained some conditions based on homotopy methods for the existence of
a periodic solution [19]. After that, Rabiei and Afsharnejad in [22] considered
the equation (1.2) and prove that if the map F(z,%,#) is the sum of the partial

derivatives of a map f(x,%) with 38—;9%(0,0) # 0, then (1.2) is reduced to a two
dimensional system with an extra parameter which has infinitely many periodic
orbits. Also, they considered the case f(z,%) = ax® + bxi + ci? and imposed
conditions on a, b and ¢, such that the system has infinitely many homoclinic orbits
and periodic solutions. Then by [23], they extend the concept of [22] for non-

autonomous third order differential equation

(1.3) i+ W't = pF(x,&,%,1).

They showed that for
F(z,%,%,t) = Hy(z,%,t, )& + Hy(x,&,t,€)% + He(z, T, t,€),
H(z,%,te) = f(x,%) + eg(x, £, 1),

the equation (1.3) is reduced to a two dimensional equation which has infinitely
many periodic solutions and nontrivial bounded invariant sets. Then they turned
to the polynomial perturbations, specially the case that

F(z,#,%) = Az + Ao + Azi + Agxd + Asii + Agxd + Arx® 4 Agi? + Agi?

contains linear and quadratic terms (of forcing, damping, and velocity,...). behav-
ior of polynomial vector fields has been studied in [21,5]. But chaotic behavior
in autonomous systems requires a phase-space dimension to be equal or greater
than three; and nonlinearities in the model equation. For polynomial vector fields
the problem ”What are the most elementary functional forms of three-dimensional
dynamical system that do exhibit chaotic behavior?” has been attacked in several
recent publications and seems to be related not only to the number and degree of
nonlinear monomials but also to the total number of appearing terms. Zhang and
Heidel [29,16] have investigated the possibility of chaotic dynamic in system with
only quadratic nonlinearities. They found out that quadratic system with a total
of less than five terms on the right-hand side of the corresponding three order dif-
ferential equations can not exhibit chaotic behavior. Their work was motivated by
former studies of Sprott [26]. A further simplification was achieved in a resent study
[12] by transforming the Sprott models to explicit third-order ordinary differential
equations, so-called jerky dynamics, & = J(z, &,%). If F(z,,%) in equation (1.2) is
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an polynomial then we have an jerky dynamics. Bifurcations of this kind of vector
fields are important. Also we know that some kind of bifurcation cause chaotic
motion. In another study, Rabiei and Afsharnejad [25] considered that quadratic
terms which dose not contain derivative of any f(z, %), that is

i+ w?i = Az® + Bi® + C#2,
where in despite of the title, they investigated conditions guaranteeing lake of pe-
riodic solutions. Also,they studied the role of the iterative derivatives of the dis-

placement function on constitution of periodic solutions, the type of the stability
and global bifurcation of the system. After that, they showed that for

F(x,4,%,t) = Az® + Bi? + Ci? + ce(t)

the system has at least two periodic solutions. Now, in this paper we consider the
map F(z,%,%) with all linear and quadratic terms, that is to say

i+ w?i = Ayx 4 Asii + Asi + Agxd + Asid + Agai + Ara® + Agi? + Agi?,

! Then we can put

1t A Ay Ay A
z(t) = ;x(;)aal =5 2= 5 = =

Az
2
as = Asw, ag = Ag, a7 = 2 s = Ag, ag = Agw?,

so after dropping the bars, we obtain

(1.4)% + 4 = a1 + s + asit + asxi + asid + agxi + arx? + agi® + agi?

or system
T =y
y==z
2=—% 4 a1z + aok + a3t + asxd + asii + agxi + arx® + agi® + agi’.

The importance of the subject is not introducing new methods or concepts,but
it is another necessary step for classifying effects of the quadratic terms on three
dimensional linear oscillator which appears in many physical phenomena [3,4,24].
Furthermore, because of the complexity of the formula, computing of the formula is
a very long process such that we can say manual computation and simplification of
the formula are almost impossible. This makes us that throughout this manuscript,
all formulas derive by using computer softwares in order to avoid the manual com-
putation mistakes. Also for simplifying, the computation proceed has been omitted
in order to write the final form of the formulas. Our main goal here is to bring the
system to its standard form and provide conditions for the system to have a Hopf
bifurcation. Then we use the center manifold theorem and reduce this system to
the two dimension system and study the resonance situations for equation(1.2)under
the perturbations.

Therefore in section 2, we give those tools which we need for after sections. section
3, is devoted to consider the center manifold and conditions for Hopf bifurcation for

LWe can assume that A; = pA;, i=1,...,9
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our system. At the end in section 4, investigated different bifurcation in reduced
system.

2. PRELIMINARY

Consider the parameterized vector field & = f(x,u),z € R",u € RPwhere f
is aC",r > 1 function. Suppose this vector field has a fixed point at (z,u) =
(zo, o) 1-€.,f (zo, o) = 0. If for every p close to po(and for x close to xo)we have
new dynamical behavior,for example,fixed point are created or destroyed and time-
dependent behavior such as periodic ,quasiperiodic ,or even chaotic dynamic are
created. Then the point (xg, uo)is called a bifurcation point of the vector field.
since Hopf bifurcation can provide us with information about periodic solution of
the system @ = f(x, ). Therefore in this section we briefly explain this theorem.
Also center manifold theorem play an important rule in our paper. Hence we will
give the theorem.

Consider & = f(z,u),z € R", i € R. The Hopf bifurcation theorem describe
conditions that we can have periodic solutions for ;1 # 0. There are several versions
of this theorem [17,15,27,28] but we give the versions mentioned in (17).

Theorem 2.1. Suppose that & = f,(z),x € R",u € R has an equilibrium (zo, to)
at which the following properties are satisfied:

(H1)D, fu,(z0) has a simple pair of pure imaginary eigenvalues and no other eigen-
values with zero real parts.

then (H1) implies that there is a smooth curve of equilibria (x(u), p) with x(pe) =
zo. The eigenvalues \(p), \(11) of Dy fu,(x(1)) which are imaginary at p = po vary
smoothly with p. If, moreover,

(H2)
L (RA) lymso= d # 0,
i

then there is a unique three-dimensional center manifold passing through (zo, po) in
R™ x R and a smooth system of coordinates (preserving the planes u = const.)for
which the Taylor expansion of degree 3on the center manifold is given by :

( & ) _ < (dp + a(2® +y?)z — (W + cu+b(@® + y*))y )
9 )\ wtep+b®+y?)z+ (dp+a(z? +y?))y

If a # O,there is a surface of periodic solution in the center manifold which has
quadratic tangency with the eigenspace of A(po), A(po) agreeing to second order with
the paraboloid p = —(a/d)(z? + y?). If a < 0,then this periodic solutions are stable

Limit cycles,while ifa > 0,the periodic solutions are repelling.

In a two-dimensional system of the form

(o) =(2a7) )+ ()
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with f(0) = g(0) = 0andD f(0) = Dg(0) = 0,the formula for a is

1 1
a = E[fzzz + fayy + Goay + Gyyy] + m[fwy(fm + fyy
= 9oy(9az + 9yy) — fragoe + FyyGuyl;
where f,, denotes aa:gy (0,0),etc. Condition (H2) at above theorem can be inspect
by the following proposition.

Proposition 2.2. Let A(a) be a parameter-dependent real (n X n)-matriz which
has a simple pair of complex eigenvalues M1 » = o(a) tiw(a) , 0(0) =0, w(0) > 0.
then, we have

do

2200 = A

o (0) = Re < p, A'(0) >
where p,q € C" satisfy;

A(0)g = iw(0)g, AT(0)p = —iw(0)p, < p,q >= L.

For proof see [28].
Now we discus and state the center manifold theorem, which provides a means
for systematically reducing the dimension of the state spaces which need not to
be considered when analyzing bifurcations of a given type. In the case of the Hopf
bifurcation ,it enables a reduction to two dimensions without losing any information
concerning stability.

Theorem 2.3. Let f be a C" vector field on R™ vanishing at the origin(f(0) = 0).
LetA = Df(0). Divide the spectrum of A in to three parts o5, 0., 0, with

< 0ifX € o,
Re)\ = = OZfA S Oc,
> 0if) € oy.

Let the (generalized) eigenspaces of os,0. and o, be E°,E¢ and E“ respectively.
Then there exist C" stable and unstable invariant manifolds W* and W* tangent to
E* and E* at 0 and a C"~' center manifold W€ tangent to E¢ at 0. The manifolds
W, Weand W¢€are all invariant for the flow of f. The stable and unstable manifolds
are unique,but W€ need not be.

Since the center manifold is tangent to E¢ we can represented W¢(0) locally by
{(z,y,2) € R®* x R® x R* | y = hy(z),z = ha(x), h;(0) = Dh;(0,) = 0,i = 1,2}

We can replace above relation into essential differential equation and using invari-
ance of center manifold ,then obtain reduced system. For more details refer(17).

3. CENTER MANIFOLD FOR EQUATION(1.4)

The differential equation (1.4)has two equilibrium points, origin and ( —Z—;, 0,0).
First ,we consider equilibrium point (—£%,0,0).
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The matrix of linearized system (1.4) at (—%%,0,0) is

0 1 0

0 0 1

—a —f -—a
where —f8 = -1+ as — %, —a = a3z — % The characteristic equation of the
matrix is A*> + aA? + A +a; = 0.
In order to have Hopf bifurcation we need to have complex eigenvalue of the char-
acteristic equation.For this , substitute A = ¢w,in it. This shows the characteristic
equation has a pair of purely imaginary roots A\;» = Fiw,w > 0,if 2 = 3 = w?
ie
_a1a5 a3 _1—(1 + a1a4 ]-_a + a1a4 >0

a7

In this case the third elgenvalue is )\3 = _F Under transversality condition and
a1 # 0,we will have two dimensional center manifold. We reduced system on cen-
ter manifold and determined conditions of stability for the periodic solutions. For
this, We translated (—Z—;,0,0) to (0,0,0) and, in order to write the above matrix
in Jordan form; we use the following transformation

al(al—i—w ) 1 w(—a14w®)
T 2(a? +w6) 2w 2(a?+wb) T
o _ al( a14w?) Lw(al—l—wg)
Z{ - (a2+w9) 2w 2(a?+w") Y
a2+wb a?+wb

Here «, 8 are bifurcation parameters. Now we applied the translation & = « —
4 B = —w?. For avoiding the complexity, we set w = 1,3 = 0. We omitted the
bars so, obtain standard form:

(3.1 X = A(a)X + F(z,y,2,q)

WhereX = (w7y727a)T and F(a:’y7z7a) = (f(x7y7z7a)7g(x7y7z7a)7 h(x7 y? Z? a)70)T
where

f@yme) = ———((1—a)((@+y+2)( -y - za1)as

2(1+ a?)
— (@H+y+2)(z+y—zad)as + (—x+y+ za1)(z +y — za?)ag
+ (x+y+2)2ar+(—x+y+za1)as+ (x+y— za%)Qag
1
g9(z,y,2z,0) = m((1+a1)((az+y+z)(m—y—zal)a4
— a:—i—y—i—z(:U—i—y—za%)ag,+(—az+y+za1)(:ﬁ+y—za%

+ (@+y+2)2ar+ (—z+y+za1)%as + (x +y — za3)’ag

)ag

h(xayazaa) = 2(11T)((x+y+z)(x—y—za1)a4

+ (+y+2)(z+y—zad)as — (—x+y+za))(z +y — za?)ag
+ (z+y+2)2ar+ (—x+y+za1)as + (x +y— 2za?)ag
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and
(~1+a1) (~1+a1) (=1+a1)a}
a2(1+a‘%l; -1+ a2(1+a§; - 2<1+21%)Zl 0
a(l+a a(l+ar) a(—1+ai)a
Ala) = 1= 2(1+a11) _2(1+a11) ) 2(1+a1?) ) 0
o] (e}
e fEwn —a1 +a(-1+ Fal) 0
0 0 0 0
The linear part of the equation (3.1) At a =0 is
0 -1 0 O
1 0 0 0
0 0 —a O
0 0 0 0

Thus from center manifold theory,the stability and bifurcation of (—Z—;,0,0) near

a = —3t can be determined by studying a one-parameter family of first-order
ordinary differential equation on a center manifold,which can be represented as
a graph over the z,y,a variables,i.e, W¢(0) is equal to {(z,y,2,a) € R* | 2 =
K(z,y,a),K(0,0,0) = DK(0,0,0) =0, for z,y, « sufficiently small} where

K(z,y,a) = bx®+cy? +da® + exy + gra + hya + o(3);

First we study transversality condition in Hopf bifurcation theorem. Consider
A1,2 = o(a) £ iw(a)whito(0) = 0,w(«) > 0 are eigenvalues of A(«)in equation(3.1).
Differentiating from A(a) at a =0,

—1+4+a;y —1+a; _ (—1+a1)a%
2(1+a?) 2(1+a?) 2(14a?)
AI(O) = _ 1+4a, 1+a; (1+a1)af
2(1+a3)  2(1Fa}) 2(1+a3)
1 1 1
1+a? 1+a? —1+ 1+a?

Then by using proposition (2.2)we have
ay

I —_— ——
o' (0) = 1+ a?

therefore, we have transversality condition for a; # 0. The coefficient of center
manifold are:

b = —(a%a4 —4as + 2a1a5 — a%ag, — a%ag + 4a; — 2a1a7 + afa7 + 4ag + 2aqag
+ a%ag +4a9 — 2a1a9 + a%ag)/(al(l + a%)(4 + a%));

c = (afa4 + 4as + 2a,a5 + a%a5 — a%ag —4a7; — 2a1a7 — afa7 — 4ag + 2a;iag

— a’ag — dag — 2a1a9 — atag) /(a1 (1 + a?)(4 + a?)
e = 2(—2a4+ 2as+ ai(as — a7 + ag — ag))/(4 + 5a3 + af)

d = 0,g=(-14+a)/1+a>* h=1+a)/(1+a})?
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-0.0040.002 0 0.0020.0040.0050.00 -0.00150.00X0.0005 0 0.00050.0010.001

a 8]

FIGURE 1. In (a) a1 = 1,a2 = ay = a5 = ag = ag = ag = 0,a3 =
—1.9. In (b) a1 = 1,a2 = a4 = a5 = ag = ag = ag = 0,a3 = —1.01

Finally,substituting z = K(z,y, «) into (3.1), we obtain the reduced vector field:

(32) i = -y+(=1+a)(Azy + Bra + Bya — Cx* + Dy?) + O(3)
y = x+ (1+a)(—Azy — Bxa — Bya + Cx? — Dy?) + O(3)
where
4 = (as — a7 + ag — ag)
14 a?
1
B = . o~
2(1+a?)
o - (as —as — ag + ar + as + ag)
1+a?
D — (as +as —ag —ay — ag — ag)
1+a?

Let a, denote the Stability of the periodic solutions of the perturbed system (1.4).
By the formula in the Hopf theorem, the a, is equal to

(—alai + 3a1a§ — aia40g — a%a5a6 + 2a1a§ + a%a4a7 — ajasay
—2a1a? + aasas + 3a1asas + 2atagas — 2a1arag — 4arai — alasag
—1la1asag + 2atagag + 6ararag — 4aragag + 8a1a3)/(4(1 + a?)(4 + a?))
+(—6asas + asag + dasar + Sasas — 2agas + Tasay — 2agag)/(2(1 + a3)(4 + a?))
+(—2a2 + 6asar; — 4a2 + 2asas — 4arag + 2asag — 4azag)/ai (1 + a?)(4 + a?).
Figure 1 shows create (b) and damage (a) of periodic solution.

Similarly, in order the origin goes under Hopf bifurcation, we consider the lin-
earized the equation (3.1) at origin. The matrix of the linearization at origin has
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the form
0 1 0
0 0 1
—a; =6 —v

with —§ = —1+as, —y = az and with characteristic equation A +yA2+86X—a; = 0.
Similar to case (—g%,0, 0)for Hopf bifurcation for the system (1.4) at the origin, we

should have § = —% , 8 > 0. The same way the transformation implies following
standard form,
(3.3) X = ANX + F(z,y,2,7)

where X = (z,y,2,7)" and F(x,y,2,7) = (f(z,y,2,7),9(2,y,2,7), h(x,y,2,7),0)"
whit
1
flx,y,2,7) = m((l +a)((z+y—2)(xr—y—zar)ag
— (@4+y—2)(z+y+zad)as + (- +y+za1)(x +y + za))ag

+ (x+y—2)2%ar+ (—x +y+ za1)%as + (x+y+ za%)zag.

2(%4%%)((1 —a)((+y—2)(z -y —za1)aq

- (@+y-2)(@+y+zal)as + (—z +y+za1)(z + y + za3)ag
+ (x+y—2)2ar+ (—x +y+za1)%ag + (x +y + za?)’ay.

9(x,y,2,7)

((z+y—2)(z—y—za1)aq

1
h(z,y,z,7) M+ )
- (@+y—-2)(z+y+zad)as + (—z+y+ za1)(x +y + za})ag
+ (z4y—2)%ar+ (—x +y + za1)%as + (x + y + za?)ay.

and
_ﬂl"‘_ag _1 _ 20+4ay) _ y(+a)a] 0
2(1+ad) 1t B0ral).
1+ y(=1+a1) y(=1+a1) y(—1+a1)a? 0
Aly) = V2(1+a?) 2(1+;1%) 2(1+a3) )
T 1ta? TTra? aq +’y(—1+m) 0
0 0 0 0
Also, by proposition (2.2)
-1
"0)= —— 240
O =577

So there is a center manifold for equation (3.3) which can locally be represented at
origin as W*(0) = {(z,y,2,7) € R" | z = H(x,y,7), H(0,0,0) = DH(0,0,0) = 0,
for z,y,~ sufficiently small} where

H(z,y,y) = bz’ +cy® +dy* +exy+ gry + hyy + o(3);
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With
b = (—a%a4 + 4as + 2a1a5 + afa5 + afae —4a7; — 2a1a7 — a%a7
— dag + 2a1a8 — alag — 4ag — 2a1a9 — alag) /(a1 (1 + a?)(4 + a?));
c = (a%a4 + 4as — 2a1a5 + afa5 — afae —4dar + 2a1a7 — a%a7 — 4ag

—  2a1a5 — ajas — 4ag + 2a1a9 — afag)/ (a1 (1 + ai)(4 + a}));
e = 2(2a4 —2a6+ a1(as — a7 + ag — ag)) /(4 + 5a? + a});

d = 0,9=1+a)/1+a})* h=(-1+a)/(1+a)*

3

Thus the reduced system is

(34) & = —y+ (1+a)(—Azy — Bxy — Byy + Cz*> — Dy?) + O(3)
y = x4+ (1—a))(—Azy — Bxy — Byy + Cz*> — Dy?) + O(3)
where
A = (a5 — a7 + ag — ag)
1+a?
1
B = ———
2(1+a?)
o (ag — a5 — ag + a7 + ag + ag)
B 1+ a?
D — (a4 + as — ag — a7 — ag — ag)
1+ a?

and stability of the periodic solution is

a, = (alai — 3a1a§ + ai1aqa6 — a%ag,ae — 2a1a§ + a%a4a7 + ajasar

+2a1a2 + a?asas — 3aiasas + 2atagas + 2a1arag + 4arai — alasag

+1la1asag + 2a3agag — 6ararag + 4aragag — 8ar1a3)/(4(1 + a?)(4 + a?))
+(—=6asas + asag + Sagar + Sasag — 2agas + Tazas — 2aa9)/(2(1 + a?)(4 + a?))
+(4+2a2 — 6asar + 4a2 — 2asas + 4arag — 2azag + 4azag)/ai (1 + a?)(4 + a?)

4. BIFURCATION OF THE LIMIT CYCLES FOR EQUATION (1.4)

In this section we used the obtained results in section 3 in order to prove the
existence of the limit cycle(may be attractor). By using a, and a, we determined
the stability condition for the periodic orbits. we arrange a,,a, with respect to ay
and then solve algebraic equation a, = 0,a, = 0, we obtain a, is zero at

W UtVEVN TN
T 2(16 + 2a2)
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with
U = 10aia4 + a§a4 — Zafag,V = +24a5 — afa5 — 16ag + Gafag
M = 36ala3 + 12aja3 + aba? + 64a2 + 80ala? + 25aia?
64a%a4a6 — Sa‘lla4a6 + 128a%a§ + lﬁa%ag — 256asag + 192a%a5a3

+  28afasag + 256a3 — 192a3a? — 28ata3 — 256asay — 320a}asag
— 100atasag + 512agag — 384a%agag — 56aiagag + 256a3 + 320a3a’
+ 100aja?

N = -—-288aia4sas — 68ai’a4a5 — 2a?a4a5 + 128aqa5a¢ — 48ai’a5a6
- 8a?a5a6 + 320a,a4ag + 72a§a4a3 + 4a?a4a8 — 256a,agag
+ 96a§’a6a8 + 16a?a6a8 + 576a;asa9 + 136a:fa4ag + 40/?0/4(19
— 256ajagag + 96ai’a6ag + 16a?a6ag

8+af

. 2 . _
Also, coefficient of term a7 is S (1) (17a7)

. Therefore we have the following
theorem

Theorem 4.1. Consider the equation (1.4).
I) At point (=2,0,0), For |a| small enough and a7 between two values % ”;ZJFM
1

a7

and U'Z(VLT VZIZ";M, a unique unstable limit cycle and for ar; outside this two values
1

a unique stable limit cycle(attractor) bifurcates from the equilibrium via the Hopf

U+VEy/NTM

bifurcation. This means that at a; = 5(T6+3a7)

system (1.4) .

II) With the same way from a, = 0, we have

U+ VEV-N+M
N 2(16 + a?)

a bifurcation occurs for the

ar

. . 8+a2 ..
and the coefficient of a? is equal to 2a1(1+:1‘l)1(4+a1). At the origin, for |y| small

“UAVAV=NEM 0 —U+V—/=NTM
2(16+2a7) 2(16+2a2)
stable limit cycle (attractor) and for a; outside this two values a unique unstable

limit cycle bifurcates from the equilibrium via the Hopf bifurcation. This means that

Jfor ar = % VQ;A)UFM a bifurcation occurs for the system (1.4).

enough and a; between two values

, G UNique

Proof : By theorem (2.1) in order to know about stability and instability of the
limit cycles we should look at the sign of ag and a,. In fact we should check in with
regions we have negative or positive sign of ay and a,. By using the above results
for ap and ayp, the proof of the theorem will be completed.

At the end we consider the satiation at which we have Hopf bifurcation appear
at origin and (—Z—;, 0,0) simutonance at the value of the parameters.

Theorem 4.2. Under following condition Hopf bifurcation occurred at the same

value of parameters at two equilibrium point (_ail ,0,0) and origin.
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— 1 a

Has = 07(_E + a1a5—7a3a7)
_ —aita

2)(12 = —;3 3
a1 a a

8)qrat— > 0,2 >0

Proof : We solve the equation ﬁ =1-ax+%" 1—ay+ %2 > Oand—1+
a7

as = _";3 ,1 —as > 0 where these equation are condition for occurrence of Hopf

bifurcation. The solutions of these equation implies the condition 1-3.
Note that a,,a, can be written as

1
ap = @A +aids + —As+ Ay
1
1
@ = —ad+aidy — —As+ Ay
1
where
A = (—GZ + 3a§ — Q406 + 2a§ — asay
— 24} + 3asas — 2azas — 4a3)/(4(1 + a})(4 + a}))
As = (—asae + asar + asas + 2a6as — aqag)/(4(1 + a?)(4 + a%))
AS = (—204% + 6@50,7 — 4(1,% —+ 2a5a8 — 40/70,8
+ 2asa9 — 40,70,9)/(2(]_ +a%)(4+a%))
Ay = (—6asas + asag + Sasar + Sasag — 2asas

+  Tasag — 2agay)/(1+ a3)(4 + a?)
By these explanation we have following proposition.

Proposition 4.3. .

1)If Ay = A3 = 0 then ,stability of periodic solution at two equilibrium point are the
same.

2)If A = Ay = 0 then ,stability of periodic solution at two equilibrium point are
opposite.

3)For |ai| << 1 stability of periodic solution at two equilibrium point are opposite .

proof: At Ay = A3 =0 (A = A4 = 0),we have the same (opposite) sing for ag
and a,. So the periodic solutions at two point have the same (opposite) stability.
Also for |a1] << 1 ,term al—lAg determined the sing of ap and a,. Therefore we have
opposite stability.

Conclusion and Classification
In this paper we consider behavior of the nonlinear perturbed of third order linear
oscillation

(4.1) P4 Wi =0

We verified the effect of terms 2-jet of C",r > 2 function F(z,,%) on the linear
oscillation (4.1). We have find the center manifold for the perturbed linear os-
cillator. Using the center manifold as the reduced equation (1.4)which is second
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order differential equation (see Eq.s(3.2),(3.4)). We have find out that under some
conditions for coefficient the system (1.4) goes under Hopf bifurcation. This im-
plies that the perturbed system have periodic solutions. Also we have considered
the stability(attractor) and instability of these periodic orbits. Moreover, we have
shown that under spacial values of some parameters Hopf bifurcation occurs at the
equilibriums origin and point (Z*-,0,0) Simultaneously. At the end we classify our
results under effect of all terms of 2-jet of function F(z,%, ). The classification of
a;,i =1,2,...9 of equation (1.4) is:

1)The effect of nonzero coefficients a;, az and as implies thst system (1.4) goes un-
der Hopf bifurcation at the origin.

2)The nonzero coefficients a;,% = 1, ..., 7 implies the Hopf bifurcation for the system
(1.4) at point (Z2*,0,0).

3)Stability and instability of periodic orbits (at origin and (
coefficients a;,7 = 4, ...,9.

4)The nonzero coefficients a; and a; (coefficients x and 2?) provide us non-origin
equilibrium.

5)If a; = 0 and a4 # 0 the system (1.4) has many periodic solutions see [22]. But
in our work we can ignore these condition and have the same result.

—aq
ar

,0,0)) depends only
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