RELATIVE ENTROPY OF RELATIVE MEASURE PRESERVING
MAPS WITH CONSTANT OBSERVERS

MOLAEI M.R. & GHAZANFARI B.*
DEPARTMENT OF MATHEMATICS
SHAHID BAHONAR UNIVERSITY OF KERMAN
P.O.BOX 76135-133, KERMAN, IRAN
E-MAIL: MRMOLAEIQMAIL.UK.AC.IR
* DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE, LORESTAN UNIVERSITY
P.O. BOX 465, KHORAMABAD, IRAN
E-MAIL: GHAZANFARI.BQLU.AC.IR

(Received: 12 June 2007 )

ABSTRACT. In this paper the notion of relative entropy for a finite relative
partition is considered. Relative measure preserving map on a relative proba-
bility space with a constant observer is studied. The notion of relative entropy
for relative measure preserving maps is considered. Relative probability spaces
and relative entropy as a generalization of the notions of fuzzy probability space
and the entropy of fuzzy dynamical systems are studied.
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1. INTRODUCTION

In this paper we assume that X is a non-empty set and p is an observer of X
[3, 4, 6], i.e. u is a function from X to [0, 1].
In section 2 we consider basic notions of the relative probability spaces. This defi-
nition can be considered as a generalization of the one which has been presented in
[2, 5]. We are going to study ’relative entropy’ of a finite y—partition and relative
entropy of a relative measure preserving maps in sections 3 and 4 respectively. These
notions generalize the notions of entropy and conditional entropy of fuzzy dynami-
cal systems [1]. In section 5 we will consider the relative entropy and generators of
the relative measure preserving maps.
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2. BASIC NOTIONS

Let u be an observer on X. Then we say A C 7 if A(z) < n(z) for all z € X.
Moreover if A1, Ao C p then Ay U Ao and Ay N Ay are subsets of u, and defined by :

(A UA2)(@) = sup{Ai(z), Ao (2)}
and
(M N A2)(z) = inf{ A1 (z), Aa(2)},
where x € X. Product and difference of subsets p are defined by

() (z) = A(z) -n(z), (A —n)(x) = Mazx{A(z) —n(z),0}, where z € X.
Let us introduce relative measure space or briefly p—measure space.

Definition 2.1. A collection M,, of subsets of p is said to be a o,—algebra in p if
M, has the following properties :

(1) p € My,

(it) If x € M,,, then N = p—X e M,. X is the complement of X with respect to p
or relative complement of .

(¢13) If Ay € My, forn = 1,2, ... then X\ = U2\, € M, where X\(x) = sup{\,(z) :
n=1,2..1}Vx € X,

(tv) p/2 doesn’t belong to M,,.

The relation C is a partial ordering on M,,.
Relative complement relation satisfies the following conditions:
(i) (X) = X for every A € My, (i) If X C n then ' C X for every A\,n € M,,.
So M, is a o, —lattice.

Definition 2.2. A positive p—measure is a function m, : M, — [0,00) which
is countably additive. This means that if {\,} is a disjoint countable collection of
members of M, (i.e. \i C N, = — \; whenever i # j) then

My (UnZiAn) = Z My (An)-
n=1
The p—measure m,, : M, — [0,00) has the following properties:

(3) mu(x0) = 0.
(#3) my,(A) > 0 for all A € M,,.
(i12) mu (N UX) =my (), and my, (X') = m, () —my(X) for all X € M,,.
(1) mu(ANn) +mu(AUn) =mu(X) +mu(n).
(v) m,, is a nondecreasing function i.e. if \,n € M, and A C n,
then m,(X) < my(n).
(vi) Let A € M, be given. Then 'm,(ANn) =m,(n) for all n € M’ if and only if
my(\) = m ().
(vig) mu(ANn) =0, if A, and n are pairwise disjoint in M,,.
(viti) my, is a o, —subadditive function, i.e.

MU An) < S miu(An)
n=1
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for any sequence {\,}52; C M,,.
We call the triple (X, M,,m,) a relative probability space if m,(u) = 1.

Example 2.3. Let (X,B,p) be a probability space in the crisp sense. Suppose
w: X — [0,1] is an observer, and M, = {A\g = xg - p : E € B}, where xg is
the characteristic function of the set E C X and m, : M, — [0,1] defined by
mu(Ag) = p(E). Then (X, M,,m,) is a relative probability space.

Example 2.4. Let X = [-1,1] and p : X — [0,1] be defined by p(x) = |z|.
Suppose A C p be defined by:
el if e e-1,0
A(x):{ afs| z'ffxe[[() i])
1 ) 4

Moreover let M, = {xg, pt, \, N, A\O XN, AUN}. Then my, : M, — [0,1] defined by
myu(p) =1=m,(AUNX), mu(xp) =mu(ANX) =0 and m,(\) =m,(N) =1/2, is
a relative probability measure.

A pairwise disjoint family P = {1, A2,..., A, } of elements of M, is called a
p—measurable finite partition of p if
my, (Uj=1A5) = my ().
We denote the set of all p—measurable partitions of u by P.
Let P, @Q € P. We say that @ is a refinement of P, and we write P < @ if every
element of P is a union of some elements of Q.

If P={Ai, 2, ..., \n} and Q = {n1,m2, ..., m }, then PV @ is the set {\; Nn; : 1 <
i<n, 1<j<m)

Proposition 2.5. If P and Q are finite p—measurable partitions of p then PV Q
is also a finite u—measurable partition and P < PV Q.

PT'OOf. Let PaQ € Pa P = {>‘17>\27 "'7)\n}7 and Q = {77137727 777m}
We know that: \; C pu— A, ,n; Cpu—m, VE#1, andV [ # j. Hence

Ain; C (0= X)) N (= m) = X N
Since (A Nmy) C A, and
(e M) Sy then A, € (A N’y mp © (A Do)
So
A0 € e )’ = = (e Ny

Therefore, A\, Nn; Cpu— AeNmy), Vk#i, VIF#]
We also have:

NE

m/t(U?:l U;nzl (AN Wj)) = mu()‘i N (U;'n:ﬁj)) = mu((U?:lAi) N (U;'n:ﬂ?j))

1

.
Il

[
NE

muo\i) = mu(uznzl/\i) = mu(ﬂ)-

<.
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The third equality follows from the following equalities.

my ((Uisg Ad) N (UF21m5)) + my (U2 A) U (UL n5)) = myu(Uisg Ag) + my, (UL n;).
So
m,, ((UiZgAi) N (U;'n:ﬂ?j)) +my () = my(p) +mu(p).
|

On can deduce that: fuzzy probability space [2, 5] is a relative probability space
when p = xx.

3. RELATIVE ENTROPY OF A FINITE pu—PARTITION

We begin this section with the definition of p—measurable partition.
Let (X, M,,m,) be a relative probability space. We say the p—partition P of y is
a p—measurable partition if P C M,,.
Let P = {A1, A2, ..., A\n} be a p—measurable partition of p. Then the relative entropy
H(P) of P is defined by Shannon’s formula:

H(P) == S(m,(\)
where

_ zlogx if x>0
S(””)_{ 0  ifz=0

So
H(P)=- Z mu () logm, (As),
i=1
where 0log0 is 0.

Example 3.1. Let (X, M, m,) be the relative probability space of Example 2.4.
Then P = {\, X'} is a p—measurable partition of u. It has the relative entropy
H(P) =log2.

We define the relative conditional probability measure m,(- | ) : M, — [0,1]
my (ANmM)

by m#()\ | 77) = W fOI' all )\,'f] S M’u.
Theorem 3.2. The relative entropy H : P — R has the following properties:
(¢) H(P) > 0 for every P € P.

(i) If P,Q € P, and P < Q, then H(P)

< H(Q).
(t3i) H(P) < H(PV Q) for every P,Q € P.

Proof. (i) is evident.

(1) If P ={Ai, A2, .., A}y, @ ={m,m2,....0m}, and P < @, then for each n; € @
there exists \;, such that n; C X;,. Since P is a pairwise disjoint p—measurable
partition, we have n; =n; N \;; € p— A; for every i € {1,2,...,n}, with i # i.
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If we denote, I' = {(¢,7) : muy(A; Nm;) >0, i =1,...,n, j=1,..,m}, and
vy=A{i:myu(N\;) >0, i=1,..,n}, then

H(Q)=- Z my (A Nnj)logmy (A N ;)

(3,5)€T

=— > muinn)logmu (N [my) = Y mu(\iny)logmy,(A)
(3,5)€T (3,5)€T

> — Zlog mu(As) Z i N1;5) Zlog my(A)my (A 0 (UL ;)
1€y j=1 1€y

== 2 () logmu(Xi) = H(P)
i€y

(##4) Since P < PV @, then (4¢) implies to (¢ii). O

Definition 3.3. Let n € M,, and P = {1, A2, ..., A\ } be a p—measurable partition
of u. Then the relative conditional entropy of P given n is defined by:

H(P |n) = Zmu (Ai [ m)logmy (A | m)
i=1
where my,(\; | n) = % when my,(n) > 0.
Definition 3.4. If P = {A1, Ao, ..., A\n} and Q = {n1, 12, ..., m } are two u—measurable
partitions of p and
i oy — J mumg LX) if mu(X) >0
ity [ ) = { I 2 0
then we define
m

H@Q | P) =~ 303 maO)s(m (ny | 1)

11]1

:_sz“ dmu(ny | i) logmy,(n; | A).

=1 j=1

Theorem 3.5. Let P,Q, R € P. Then the following properties hold:
(i) H(Q| P) > 0.

(i)) HQV R| P) = H(R| PV Q)+ H(Q| P).

(i31) If P < Q then H(P | R) < H(Q | R), VR € P.

(i) If P<Q then HR| P)> H(R|Q), VR €P.

(v) HRVQ| P) < H(R| P)+ H(Q | P),

P’l"OOf IfpP= {Ala)\Qa "',An}v Q = {7717772, ,nm} and R = {71)’72) "'377’}3 then
(7) is obvious.
(i

i) If m, (X Nm;) > 0, then
mu (A Oy D) - mu(Ai N ny)
myu(Ai N n;) my(Ai)

mu(nj Oy | i) = =mu (e | Ai0m;) -mu(n; | Ai)-
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So

n m T

HQVR|P)= Zzzmu 77J07k|>\))

=1 j=1k=1
= =33 mu DSt (e | A () it (ny | M)
=1 j=1k=1
:—ZZZ% a(nj | A)S(myf (v | mi N )
=1 j=1k=1
=3 T ma ) Dyt (v [ A nmy) S(mf (g | )
=1 j= k=1

r

1
= _ZZZmH(Ai An)S(mt (v | Ainny))
i=1 j=1 k=1

- Z Zmu(Ai)S(m:(nj | Ai))

—H(R|PVQ)+HQ| P)

(#4i) The proposition (¢) implies
H@Q|R)=H@QVP[R)=H(P|R)+H(@Q|PVR)>H(P|R).

(iv) The function S is convex and therefore for every convex combination of elements
xj € [0,1] we have :

S oyzy) <30 - S(xj), where o > 0, for all j =1,2,..., and 3, o = 1.
Suppose a = {i : m,(\;) > 0}, B ={j:mu(n;) >0}, T'={k:m,(yw) >0} and
(5,‘ = {j * Ny - /\i}7 1= 1,2,...,7}

Put o = m}t(n; | Ni), x5 =mf (v | ny), i, k are fixed, and j = 1,2,...,m

For ¢ € o we have

Doag=Y mim [ X) =Y min; | A\)
jeB  eB i=1

=1.

_ - my (15 N A;) . mu((U;‘n:ﬁ?j) nA)
- Z a M. (Ai)

Since m, (€ N (Ujes,nj)) = mu (€N A;) for every £ € M,,, then

S 0y = Sty | A | ny) = 3 AT ek D)

jen jen jeB My (115)
-y ;) mu(m ;) mu(ve N (Ujesns) — mu(ym N )
j€5 mu(/\) mu(ﬁ]) muo\i) mu()\i)

So, we obtain
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S (e | M) <Y myf (g | ) S(myf (v | my)-

JEB
Therefore we have
—mu (M) S (mf (v | M) > —myu(A Zm ni | A)S(myt (v [ 7))
fori=1,...n, k=1,...;r. Thus
H(R|P)= =30 Y m(3)Simi G | 3)
=1 k=1
ZZZmH S0y 1 ) S(mf (v | )
i=1 k=1 j=1
=—Z§jmu (n))S(mf (v | m)) = H(R| Q).
j=1k=1

(v) Proposition (iz) implies that
HRVQ|P)=H(@Q|P)+H(R[PVQ).
Since P < PV @ then (iv) implies H(R | P) > H(R| PV Q). O

Theorem 3.6. Let P,Q,R € P. Then
(1) H(R | Q) < H(R).

(i) HQV R) < H(Q) + H(R).

(iii) H(RV Q) = H(Q) + H(R | Q).
() If P < Q then H(P) < H(Q).

Proof. (i) Put P = {u} in part (iv) of Theorem 3.5.
(73) Let R = {u}. Then

H(P|R)= Zmu S(mu(Ni | w)) ZSmM H(P).

Moreover if we take P = {u} in part (v) of Theorem 3.5, then
H@QVR|P)=H(QVR), HQ|P)=H(Q), HR|P)=H(R).

(#4i) Put P = {u} in part (éi) of Theorem 3.5.
(tv) Put R = {p} in part (i¢é) of Theorem 3.5. O

4. THE RELATIVE ENTROPY OF RELATIVE MEASURE
PRESERVING MAPS

Let (X, M,,m,) be a p—measure space and p be a constant observer on X, i.e.
w1 is a constant function.
The function ¢ : X — X is called p—measurable if ¢~1(\) € M,, for every
A € M,,, where o1 (\)(z) = A(¢(x)), Vo € X. The function ¢ : X — X is said to
be a pi—measure preserving map if ¢ is y—measurable and m,(¢~'()\)) = m,(N),
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for all A € M,,.

Example 4.1. Let X = [-1,1] and pn : X — [0,1] be defined by p(x) = 7/8 for
all x € X. Suppose A C p be defined by :
| 7/8 if xe€]-1,0)

Alw) = { 0  ifzelo,1]
Moreover let M,, = {xg, p, \, \'}, and m, : M,, — [0, 1] be defined by :
mu(p) =1=mu(AUX), mu(xp) = mu(ANX) =0 and m,(X) = m,(\) =1/2.
Then ¢ : X — X defined by o(x) = xcos(x), is a p—measurable preserving
transformation.

Let P be a y—measurable partition of u. Then ¢~ "P is the set {¢ "\ : X € P}
where n > 0.

Remark 4.2. [t is obvious that ¢~ P is a p—measurable partition of u, for each
n > 0.

Remark 4.3. If ¢ : X — X is a u—measure preserving transformation of
(X, M,,m,) then o*, k> 1 is too.
Moreover H(p~*P) = H(P) for all k > 0.

Definition 4.4. Let ¢ : X — X be a u—measure preserving transformation of
the relative probability space (X, M,,m,). If P € P then

n—1
1
h — lim —H(\/ ¢ 'P)
(p, P) = lim — >/()¢

is called the relative entropy of ¢ with respect to P. Moreover
h() = sup h(p, P)
PcP
is called the relative entropy of v.
Theorem 4.5. For every P € P,

n—1

1
lim —H \/ 0 'P)
n—oo N
=0
exists.
Proof. 1f a,, = H(\/Z o ¢ ‘P) then part (#4) of Theorem 3.6, implies
r+5 1 r4+s—1
arys = H \/ @ 'P) = \/<p‘P\/ \/ ¢ 'P)
r+s—1
H(\/sflP)JrH( \/ ¢ 'P)=a,+H(p \/@”P

s—1
=a, +H(\/ 0 'P) = a, + as.
i=0
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So Theorem 4.9 of [7] implies that:

n—1

lim 1H \/goﬂP

n—oo N,
1=0
exists. O

Theorem 4.6. Suppose P,Q € P and ¢ is a p—measure preserving transformation
of (X, M, m,), then

(i) h(p, P) < H(P).

(i1) h(g, PV Q) < h(p, P) + h(,Q).
(iii) If P < Q then h(p, P) < h(,, Q).
(iv) hp, P) < h(p,Q) + H(P | Q).

(v) h(g, 9~ P) = h(p, P). .
(vi) If k > 1, h(e, P) = h(p, \i—g ™' P).

(vit) If o is invertible and k > 1 then h(p, P) = h(p, \/Z__k ©~'P).

Proof. (i)
n—1 n—1
%H( \/ 0 'P) < %Z H(p™'P) by (ii) of Theorem 3.6
i=0 i=0
n—1
1
2 ()= H(P)

\/%7 (PVQ) \/w‘ZP\/\/sD"Q

H( \/ ¢~'P)+ H( \/ ¢7'Q).
i=0

i=0
(#4i) If P < @ then
\/cp P < \/so 'Q, n> 1

(iv)
n—1 . n—1 . n—1 )
H(\ ¢7'P)<H((\/ ¢7'P)V (\/ »7'Q))
i=0 i=0 ;

n—1

\/wcz e a(V o PV Q)
=0
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We have
n—1 -1
H((\/ ¢7'P) | \/ ¢7'Q) Z ¢'P) \/ ©71Q))
1=0 =0
n—1
<> H((¢7'P)| (¢7'Q)) =nH(P | Q)
=0
Thus
n—1 , n—1 )
H(\/ ¢7'P)<H(\/ ¢7'Q) +nH(P | Q).
1=0 =0
(v)
H(\/ ¢ 'P) \/sa 'P), So h(p,¢ ™ P) = h(p, P).
1=1 1=0
(vi)
' 1 n—1 k k+n—1 '
Wi, \/ ¢7'P) = Tim —H(\/ ¢~/ (\/ ¢7'P)) = lim_ nH( \/ ¢7'P)
= 7=0 =0 1=0
k+TL 1 k+n—1 »
= lim == H \:/O »~'P) = h(p, P).
(vit)

k 2k
he, \/ ¢7'P)=h(p.\/ ¢7'P) = h(p,P).
=0

i=—k

5. RELATIVE ENTROPY AND GENERATORS OF RELATIVE
MEASURE PRESERVING MAPS

Let (X;,M,,,m,,), i = 1,2 be two relative measure spaces. Moreover let u;
be constant observers on X; for ¢ = 1,2. The function ¥ : X; — X5 is called
(11, p2)—measure preserving map if:

(i) v~ (n) € My, , and,
(i) my, (V71 (0)) = My, () for each g € M,

Example 5.1. The function f : R — R defined by f(x) = 2% is a Borel-measurable
with respect to usual o— Borel Algebra of R. Let u: R — [0, 1] be defined by p(z) =
3/4 and Let v : R — [0,1] be defined by ~(x) = 1/2. Moreover let M,, = {xp, i}
and M-, = {xg,~v}. Then f is not (u,y)—measurable, because f~(v) =~ and is not
belong to My, but if we consider o,— Algebra M,, = {xp, 1,7} and My = {xp,7},
then f will be (u,v)—measurable. In this case if we define m,(xg) =0, mu(y) =
1/2, mu(p) = 1, my(xp) = 0, and my(y) = 1/2. Then f is (u,y)—measure
preserving map.
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Definition 5.2. The relative dynamical system (Xo, M, my,,02) s a (p1, to)—
homeomorphic image of the relative dynamical system (X1, M, ,mu,,¢1) if there
exists a (w1, p2)—measure preserving transformation v : X1 — Xo such that :

Yo =pzo1h.
If 9 is invertible and (X1, M, ,my,, 1) is a (12, p1)— homeomorphic image of the
relative dynamical system (Xao, M,,,my,, p2) under the (u2, t1)— homeomorphic
transformation =1, we say that: (X;, M., my,,¢i), i = 1,2 are (u1, pa)—isomorphic.

The following theorem states, the relative entropy h is an (1, g2 )—isomorphism
invariant.

Theorem 5.3. If (X;, M, m,,, i), for i = 1,2, are (p1, pta)—isomorphic with
my, (i) =1, i=1,2 then h(p1) = h(p2).

Proof. Since (X2, M,,,, My, 2) is a (1, pt2)— homeomorphic image of (X1, M, , my, , ¢1)
under an (1, o) —isomorphism ¢ : X1 — Xo, then ¢ o 1 = g 0 1.
If @ is a pus—measurable partition of ps where

n—l n—1
Q) = Jim SV ') = Jim (Y ')
=0 i=0

n—1
i ~H(\ ¢l Q).
1=0

Jm
Then -

M@ = tim THO\ o' (07 Q) = higr, v Q)
Thus =

sgph(wz,Q) = sup h(p1, 9 'Q) :Sgph(sol,P)-

Y1Q
So h(p2) < h(sp1).
Similarly we have h(p1) < h(p2). O

In the rest of this section we also assume that p is a constant observer on X.

Theorem 5.4. Let ¢ be a u—measure preserving transformation of the relative
probability space (X, M, m,). Then

(i) For k>0, h(p*) = kh(y);

(ii) If ¢ is invertible then h(¢*) = |k| h(y) for all k € Z.

Proof. (i) At first we show that for every P € P, and k > 0

k—1
(", \/ ¢7'P) = kh(p, P)
1=0

Because
1 n—1 k—1 nk—1
. —kj —q 1 —1 _
Jim —H(\/ @M (\/ 7'P)) = lim —-H(\/ ¢7'P)=kh(p,P).

§=0 i=0 i=0
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Thus

n—1
kh(g) = k- sup h(p, P) = sup h(¢"*, \/ ¢ 7' P) < suph(¢*, Q) = h(g").
PecP P i=0 Q

Moreover h(p", P) < h(pF, \/f:_o1 ©'P) = kh(g, P) so h(¢*) < kh(p, P).
(ii) We only need to show h(¢~!) = h(yp), and this follows from the following

equalities:
n—1

n—1 n—1
H(\/ ¢'P)=H(e "V \/ ¢'P)=H(\/ 7/ P).
i=0 i=0 j=0
O

Definition 5.5. Let ¢ : X — X be an invertible p—measure preserving transfor-
mation then a u—measurable partition P of u is called a relative generator of the
(X, My, my, ) (or ) if there exists an integer k > 0 such that

k
Q=<\/¢'P
i=0
for every p—measurable partition Q of p.

Theorem 5.6. If P is a relative generator of the p—measure preserving transfor-
mation ¢ then h(p, Q) < h(p, P), for every u—measurable partition Q of p.

Proof. Since P is a relative generator of ¢, then for () € P, there exists an integer
k > 0 such that

k
Q< \/ @ tP.
=0
Hence
K
(g, Q) < h(, \/ ¢7"P) = h(p, P).
1=0

O

Theorem 5.7. Let P be a relative generator of a p—measure preserving transfor-
mation p : X — X. Then h(yp) = h(p, P).

Proof. Theorem 5.6 implies that h(p, Q) < h(p, P) for each Q € P.
So supgep M@, Q) = h(p, P). Thus h(p) = h(p, P). O

6. CONCLUSION

We show that the relative probability spaces are generalization of the soft fuzzy
probability spaces. So one can use of the notion of the relative probability space to
consider new concepts of the relative dynamical systems such as relative ergodicity,
mixing and relative isomorphisms. Moreover deduction a method for calculating
relative entropies of the p—measure preserving maps when g is not a constant
function on X, is the new subject for the future research.
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