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Abstract. In this paper the notion of relative entropy for a finite relative
partition is considered. Relative measure preserving map on a relative proba-
bility space with a constant observer is studied. The notion of relative entropy
for relative measure preserving maps is considered. Relative probability spaces
and relative entropy as a generalization of the notions of fuzzy probability space
and the entropy of fuzzy dynamical systems are studied.
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1. INTRODUCTION

In this paper we assume that X is a non-empty set and µ is an observer of X
[3, 4, 6], i.e. µ is a function from X to [0, 1].
In section 2 we consider basic notions of the relative probability spaces. This defi-
nition can be considered as a generalization of the one which has been presented in
[2, 5]. We are going to study ’relative entropy’ of a finite µ−partition and relative
entropy of a relative measure preserving maps in sections 3 and 4 respectively. These
notions generalize the notions of entropy and conditional entropy of fuzzy dynami-
cal systems [1]. In section 5 we will consider the relative entropy and generators of
the relative measure preserving maps.
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2. BASIC NOTIONS

Let µ be an observer on X. Then we say λ ⊆ η if λ(x) ≤ η(x) for all x ∈ X.
Moreover if λ1, λ2 ⊆ µ then λ1 ∪ λ2 and λ1 ∩ λ2 are subsets of µ, and defined by :

(λ1 ∪ λ2)(x) = sup{λ1(x), λ2(x)}
and

(λ1 ∩ λ2)(x) = inf{λ1(x), λ2(x)},
where x ∈ X. Product and difference of subsets µ are defined by

(λη)(x) = λ(x) · η(x), (λ− η)(x) = Max{λ(x)− η(x), 0}, where x ∈ X.

Let us introduce relative measure space or briefly µ−measure space.

Definition 2.1. A collection Mµ of subsets of µ is said to be a σµ−algebra in µ if
Mµ has the following properties :
(i) µ ∈Mµ,
(ii) If λ ∈Mµ, then λ′ = µ− λ ∈Mµ. λ′ is the complement of λ with respect to µ
or relative complement of λ.
(iii) If λn ∈Mµ for n = 1, 2, ... then λ = ∪∞n=1λn ∈Mµ, where λ(x) = sup{λn(x) :
n = 1, 2, ...} ∀x ∈ X,
(iv) µ/2 doesn’t belong to Mµ.

The relation ⊆ is a partial ordering on Mµ.
Relative complement relation satisfies the following conditions:
(i) (λ′)′ = λ for every λ ∈Mµ, (ii) If λ ⊂ η then η′ ⊂ λ′ for every λ, η ∈Mµ.
So Mµ is a σµ−lattice.

Definition 2.2. A positive µ−measure is a function mµ : Mµ → [0,∞) which
is countably additive. This means that if {λn} is a disjoint countable collection of
members of Mµ, (i.e. λi ⊆ λ′j = µ− λj whenever i 6= j) then

mµ(∪∞n=1λn) =
∞∑

n=1

mµ(λn).

The µ−measure mµ : Mµ −→ [0,∞) has the following properties:
(i) mµ(χ∅) = 0.
(ii) mµ(λ) ≥ 0 for all λ ∈Mµ.
(iii) mµ(λ′ ∪ λ) = mµ(µ), and mµ(λ′) = mµ(µ)−mµ(λ) for all λ ∈Mµ.
(iv) mµ(λ ∩ η) + mµ(λ ∪ η) = mµ(λ) + mµ(η).
(v) mµ is a nondecreasing function i.e. if λ, η ∈Mµ and λ ⊆ η,
then mµ(λ) ≤ mµ(η).
(vi) Let λ ∈Mµ be given. Then ’mµ(λ∩ η) = mµ(η) for all η ∈Mµ’ if and only if
mµ(λ) = mµ(µ).
(vii) mµ(λ ∩ η) = 0, if λ, and η are pairwise disjoint in Mµ.
(viii) mµ is a σµ−subadditive function, i.e.

mµ(∪∞n=1λn) ≤
∞∑

n=1

mµ(λn)
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for any sequence {λn}∞n=1 ⊂Mµ.
We call the triple (X,Mµ,mµ) a relative probability space if mµ(µ) = 1.

Example 2.3. Let (X,B, p) be a probability space in the crisp sense. Suppose
µ : X −→ [0, 1] is an observer, and Mµ = {λE = χE · µ : E ∈ B}, where χE is
the characteristic function of the set E ⊂ X and mµ : Mµ −→ [0, 1] defined by
mµ(λE) = p(E). Then (X,Mµ,mµ) is a relative probability space.

Example 2.4. Let X = [−1, 1] and µ : X −→ [0, 1] be defined by µ(x) = |x|.
Suppose λ ⊂ µ be defined by:

λ(x) =

{
|x|
4 if x ∈ [−1, 0)

3|x|
4 if x ∈ [0, 1].

Moreover let Mµ = {χ∅, µ, λ, λ′, λ∩ λ′, λ∪ λ′}. Then mµ : Mµ −→ [0, 1] defined by
mµ(µ) = 1 = mµ(λ∪ λ′), mµ(χ∅) = mµ(λ∩ λ′) = 0 and mµ(λ) = mµ(λ′) = 1/2, is
a relative probability measure.

A pairwise disjoint family P = {λ1, λ2, ..., λn} of elements of Mµ is called a
µ−measurable finite partition of µ if

mµ(∪n
j=1λj) = mµ(µ).

We denote the set of all µ−measurable partitions of µ by P.
Let P, Q ∈ P. We say that Q is a refinement of P , and we write P ≺ Q if every

element of P is a union of some elements of Q.
If P = {λ1, λ2, ..., λn} and Q = {η1, η2, ..., ηm}, then P ∨Q is the set {λi ∩ ηj : 1 ≤
i ≤ n, 1 ≤ j ≤ m}.
Proposition 2.5. If P and Q are finite µ−measurable partitions of µ then P ∨Q
is also a finite µ−measurable partition and P ≺ P ∨Q.

Proof. Let P, Q ∈ P, P = {λ1, λ2, ..., λn}, and Q = {η1, η2, ..., ηm}.
We know that: λi ⊆ µ− λk, , ηj ⊆ µ− ηl, ∀ k 6= i, and ∀ l 6= j. Hence

λi ∩ ηj ⊆ (µ− λk) ∩ (µ− ηl) = λ′k ∩ η′l.

Since (λk ∩ ηl) ⊆ λk, and

(λk ∩ ηl) ⊆ ηl, then λ′k ⊆ (λk ∩ ηl)′, η′l ⊆ (λk ∩ ηl)′.

So
λ′k ∩ η′l ⊆ (λk ∩ ηl)′ = µ− (λk ∩ ηl).

Therefore, λi ∩ ηj ⊆ µ− (λk ∩ ηl), ∀ k 6= i, ∀ l 6= j.
We also have:

mµ(∪n
i=1 ∪m

j=1 (λi ∩ ηj)) =
n∑

i=1

mµ(λi ∩ (∪m
j=1ηj)) = mµ((∪n

i=1λi) ∩ (∪m
j=1ηj))

=
n∑

i=1

mµ(λi) = mµ(∪n
i=1λi) = mµ(µ).
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The third equality follows from the following equalities.

mµ((∪n
i=1λi) ∩ (∪m

j=1ηj)) + mµ((∪n
i=1λi) ∪ (∪m

j=1ηj)) = mµ(∪n
i=1λi) + mµ(∪m

j=1ηj).

So
mµ((∪n

i=1λi) ∩ (∪m
j=1ηj)) + mµ(µ) = mµ(µ) + mµ(µ).

¤

On can deduce that: fuzzy probability space [2, 5] is a relative probability space
when µ = χX .

3. RELATIVE ENTROPY OF A FINITE µ−PARTITION

We begin this section with the definition of µ−measurable partition.
Let (X,Mµ,mµ) be a relative probability space. We say the µ−partition P of µ is
a µ−measurable partition if P ⊆Mµ.
Let P = {λ1, λ2, ..., λn} be a µ−measurable partition of µ. Then the relative entropy
H(P ) of P is defined by Shannon’s formula:

H(P ) = −
n∑

i=1

S(mµ(λi))

where

S(x) =
{

x log x if x > 0
0 if x = 0

So

H(P ) = −
n∑

i=1

mµ(λi) log mµ(λi),

where 0 log 0 is 0.

Example 3.1. Let (X,Mµ,mµ) be the relative probability space of Example 2.4.
Then P = {λ, λ′} is a µ−measurable partition of µ. It has the relative entropy
H(P ) = log 2.

We define the relative conditional probability measure mµ(· | η) : Mµ −→ [0, 1]
by mµ(λ | η) = mµ(λ∩η)

mµ(η) for all λ, η ∈Mµ.

Theorem 3.2. The relative entropy H : P −→ R has the following properties:
(i) H(P ) ≥ 0 for every P ∈ P.
(ii) If P, Q ∈ P, and P ≺ Q, then H(P ) ≤ H(Q).
(iii) H(P ) ≤ H(P ∨Q) for every P, Q ∈ P.

Proof. (i) is evident.
(ii) If P = {λ1, λ2, ..., λn}, Q = {η1, η2, ..., ηm}, and P ≺ Q, then for each ηj ∈ Q
there exists λi0 such that ηj ⊆ λi0 . Since P is a pairwise disjoint µ−measurable
partition, we have ηj = ηj ∩ λi0 ⊆ µ− λi for every i ∈ {1, 2, ..., n}, with i 6= i0.
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If we denote, Γ = {(i, j) : mµ(λi ∩ ηj) > 0, i = 1, ..., n, j = 1, ...,m}, and
γ = {i : mµ(λi) > 0, i = 1, ..., n}, then

H(Q) = −
∑

(i,j)∈Γ

mµ(λi ∩ ηj) log mµ(λi ∩ ηj)

= −
∑

(i,j)∈Γ

mµ(λi ∩ ηj) log mµ(λi | ηj)−
∑

(i,j)∈Γ

mµ(λi ∩ ηj) log mµ(λi)

≥ −
∑

i∈γ

log mµ(λi)
m∑

j=1

mµ(λi ∩ ηj) = −
∑

i∈γ

log mµ(λi)mµ(λi ∩ (∪m
j=1ηj))

= −
∑

i∈γ

mµ(λi) log mµ(λi) = H(P ).

(iii) Since P ≺ P ∨Q, then (ii) implies to (iii). ¤

Definition 3.3. Let η ∈Mµ and P = {λ1, λ2, ..., λn} be a µ−measurable partition
of µ. Then the relative conditional entropy of P given η is defined by:

H(P | η) = −
n∑

i=1

mµ(λi | η) log mµ(λi | η)

where mµ(λi | η) = mµ(λi∩η)
mµ(η) when mµ(η) > 0.

Definition 3.4. If P = {λ1, λ2, ..., λn} and Q = {η1, η2, ..., ηm} are two µ−measurable
partitions of µ and

m+
µ (ηj | λi) =

{
mµ(ηj | λi) if mµ(λi) > 0

0 if mµ(λi) = 0 .

then we define

H(Q | P ) = −
n∑

i=1

m∑

j=1

mµ(λi)S(m+
µ (ηj | λi))

= −
n∑

i=1

m∑

j=1

mµ(λi)mµ(ηj | λi) log mµ(ηj | λi).

Theorem 3.5. Let P,Q, R ∈ P. Then the following properties hold:
(i) H(Q | P ) ≥ 0.
(ii) H(Q ∨R | P ) = H(R | P ∨Q) + H(Q | P ).
(iii) If P ≺ Q then H(P | R) ≤ H(Q | R), ∀R ∈ P.
(iv) If P ≺ Q then H(R | P ) ≥ H(R | Q), ∀R ∈ P.
(v) H(R ∨Q | P ) ≤ H(R | P ) + H(Q | P ).

Proof. If P = {λ1, λ2, ..., λn}, Q = {η1, η2, ..., ηm} and R = {γ1, γ2, ..., γr}, then
(i) is obvious.
(ii) If mµ(λi ∩ ηj) > 0, then

mµ(ηj ∩ γk | λi) =
mµ(λi ∩ ηj ∩ γk)

mµ(λi ∩ ηj)
· mµ(λi ∩ ηj)

mµ(λi)
= mµ(γk | λi ∩ ηj) ·mµ(ηj | λi).
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So

H(Q ∨R | P ) = −
n∑

i=1

m∑

j=1

r∑

k=1

mµ(λi)S(m+
µ (ηj ∩ γk | λi))

= −
n∑

i=1

m∑

j=1

r∑

k=1

mµ(λi)S(m+
µ (γk | λi ∩ ηj) ·m+

µ (ηj | λi))

= −
n∑

i=1

m∑

j=1

r∑

k=1

mµ(λi)m+
µ (ηj | λi)S(m+

µ (γk | ηj ∩ λi))

−
n∑

i=1

m∑

j=1

mµ(λi)
r∑

k=1

m+
µ (γk | λi ∩ ηj)S(m+

µ (ηj | λi))

= −
n∑

i=1

m∑

j=1

r∑

k=1

mµ(λi ∩ ηj)S(m+
µ (γk | λi ∩ ηj))

−
n∑

i=1

m∑

j=1

mµ(λi)S(m+
µ (ηj | λi))

= H(R | P ∨Q) + H(Q | P ).

(iii) The proposition (ii) implies

H(Q | R) = H(Q ∨ P | R) = H(P | R) + H(Q | P ∨R) ≥ H(P | R).

(iv) The function S is convex and therefore for every convex combination of elements
xj ∈ [0, 1] we have :
S(

∑
j αjxj) ≤

∑
j αj · S(xj), where αj ≥ 0, for all j = 1, 2, ..., and

∑
j αj = 1.

Suppose α = {i : mµ(λi) > 0}, β = {j : mµ(ηj) > 0}, Γ = {k : mµ(γk) > 0} and
δi = {j : ηj ⊆ λi}, i = 1, 2, ..., n.
Put αj = m+

µ (ηj | λi), xj = m+
µ (γk | ηj), i, k are fixed, and j = 1, 2, ..., m.

For i ∈ α we have
∑

j∈β

αj =
∑

j∈β

m+
µ (ηj | λi) =

m∑

j=1

m+
µ (ηj | λi)

=
m∑

j=1

mµ(ηj ∩ λi)
mµ(λi)

=
mµ((∪m

j=1ηj) ∩ λi)
mµ(λi)

= 1.

Since mµ(ξ ∩ (∪j∈δi
ηj)) = mµ(ξ ∩ λi) for every ξ ∈Mµ, then

∑

j∈β

αj xj =
∑

j∈β

m+
µ (ηj | λi)m+

µ (γk | ηj) =
∑

j∈β

mµ(ηj ∩ λi)
mµ(λi)

· mµ(γk ∩ ηj)
mµ(ηj)

=
∑

j∈δi

mµ(ηj)
mµ(λi)

· mµ(γk ∩ ηj)
mµ(ηj)

=
mµ(γk ∩ (∪j∈δiηj))

mµ(λi)
=

mµ(γk ∩ λi)
mµ(λi)

= m+
µ (γk | λi).

So, we obtain
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S(m+
µ (γk | λi)) ≤

∑

j∈β

m+
µ (ηj | λi)S(m+

µ (γk | ηj)).

Therefore we have

−mµ(λi)S(m+
µ (γk | λi)) ≥ −mµ(λi)

m∑

j=1

m+
µ (ηj | λi)S(m+

µ (γk | ηj))

for i = 1, ..., n, k = 1, ..., r. Thus

H(R | P ) = −
n∑

i=1

r∑

k=1

mµ(λi)S(m+
µ (γk | λi))

≥ −
n∑

i=1

r∑

k=1

m∑

j=1

mµ(λi)m+
µ (ηj | λi)S(m+

µ (γk | ηj))

= −
m∑

j=1

r∑

k=1

mµ(ηj)S(m+
µ (γk | ηj)) = H(R | Q).

(v) Proposition (ii) implies that

H(R ∨Q | P ) = H(Q | P ) + H(R | P ∨Q).

Since P ≺ P ∨Q then (iv) implies H(R | P ) ≥ H(R | P ∨Q). ¤

Theorem 3.6. Let P,Q, R ∈ P. Then
(i) H(R | Q) ≤ H(R).
(ii) H(Q ∨R) ≤ H(Q) + H(R).
(iii) H(R ∨Q) = H(Q) + H(R | Q).
(iv) If P ≺ Q then H(P ) ≤ H(Q).

Proof. (i) Put P = {µ} in part (iv) of Theorem 3.5.
(ii) Let R = {µ}. Then

H(P | R) = −
n∑

i=1

mµ(µ)S(mµ(λi | µ)) = −
n∑

i=1

S(mµ(λi)) = H(P ).

Moreover if we take P = {µ} in part (v) of Theorem 3.5, then

H(Q ∨R | P ) = H(Q ∨R), H(Q | P ) = H(Q), H(R | P ) = H(R).

(iii) Put P = {µ} in part (ii) of Theorem 3.5.
(iv) Put R = {µ} in part (iii) of Theorem 3.5. ¤

4. THE RELATIVE ENTROPY OF RELATIVE MEASURE
PRESERVING MAPS

Let (X,Mµ,mµ) be a µ−measure space and µ be a constant observer on X, i.e.
µ is a constant function.
The function ϕ : X −→ X is called µ−measurable if ϕ−1(λ) ∈ Mµ for every
λ ∈Mµ, where ϕ−1(λ)(x) = λ(ϕ(x)), ∀x ∈ X. The function ϕ : X −→ X is said to
be a µ−measure preserving map if ϕ is µ−measurable and mµ(ϕ−1(λ)) = mµ(λ),
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for all λ ∈Mµ.

Example 4.1. Let X = [−1, 1] and µ : X −→ [0, 1] be defined by µ(x) = 7/8 for
all x ∈ X. Suppose λ ⊂ µ be defined by :

λ(x) =
{

7/8 if x ∈ [−1, 0)
0 if x ∈ [0, 1] .

Moreover let Mµ = {χ∅, µ, λ, λ′}, and mµ : Mµ −→ [0, 1] be defined by :
mµ(µ) = 1 = mµ(λ ∪ λ′), mµ(χ∅) = mµ(λ ∩ λ′) = 0 and mµ(λ) = mµ(λ′) = 1/2.
Then ϕ : X −→ X defined by ϕ(x) = x cos(x), is a µ−measurable preserving
transformation.

Let P be a µ−measurable partition of µ. Then ϕ−nP is the set {ϕ−nλ : λ ∈ P}
where n ≥ 0.

Remark 4.2. It is obvious that ϕ−nP is a µ−measurable partition of µ, for each
n ≥ 0.

Remark 4.3. If ϕ : X −→ X is a µ−measure preserving transformation of
(X,Mµ,mµ) then ϕk, k ≥ 1 is too.
Moreover H(ϕ−kP ) = H(P ) for all k ≥ 0.

Definition 4.4. Let ϕ : X −→ X be a µ−measure preserving transformation of
the relative probability space (X,Mµ,mµ). If P ∈ P then

h(ϕ,P ) = lim
n→∞

1
n

H(
n−1∨

i=0

ϕ−iP )

is called the relative entropy of ϕ with respect to P . Moreover

h(ϕ) = sup
P∈P

h(ϕ, P )

is called the relative entropy of ϕ.

Theorem 4.5. For every P ∈ P,

lim
n→∞

1
n

H(
n−1∨

i=0

ϕ−iP )

exists.

Proof. If an = H(
∨n−1

i=0 ϕ−iP ) then part (ii) of Theorem 3.6, implies

ar+s = H(
r+s−1∨

i=0

ϕ−iP ) = H(
r−1∨

i=0

ϕ−iP ∨
r+s−1∨

i=r

ϕ−iP )

≤ H(
r−1∨

i=0

ϕ−iP ) + H(
r+s−1∨

i=r

ϕ−iP ) = ar + H(ϕ−r(
s−1∨

i=0

ϕ−iP ))

= ar + H(
s−1∨

i=0

ϕ−iP ) = ar + as.
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So Theorem 4.9 of [7] implies that:

lim
n→∞

1
n

H(
n−1∨

i=0

ϕ−iP )

exists. ¤

Theorem 4.6. Suppose P, Q ∈ P and ϕ is a µ−measure preserving transformation
of (X,Mµ,mµ), then
(i) h(ϕ,P ) ≤ H(P ).
(ii) h(ϕ,P ∨Q) ≤ h(ϕ,P ) + h(ϕ, Q).
(iii) If P ≺ Q then h(ϕ,P ) ≤ h(ϕ, Q).
(iv) h(ϕ,P ) ≤ h(ϕ,Q) + H(P | Q).
(v) h(ϕ, ϕ−1P ) = h(ϕ,P ).
(vi) If k ≥ 1, h(ϕ,P ) = h(ϕ,

∨k
i=0 ϕ−iP ).

(vii) If ϕ is invertible and k ≥ 1 then h(ϕ,P ) = h(ϕ,
∨k

i=−k ϕ−iP ).

Proof. (i)

1
n

H(
n−1∨

i=0

ϕ−iP ) ≤ 1
n

n−1∑

i=0

H(ϕ−iP ) by (ii) of Theorem 3.6

=
1
n

n−1∑

i=0

H(P ) = H(P ).

(ii)

H(
n−1∨

i=0

ϕ−i(P ∨Q)) = H(
n−1∨

i=0

ϕ−iP ∨
n−1∨

i=0

ϕ−iQ)

≤ H(
n−1∨

i=0

ϕ−iP ) + H(
n−1∨

i=0

ϕ−iQ).

(iii) If P ≺ Q then
n−1∨

i=0

ϕ−iP ≺
n−1∨

i=0

ϕ−iQ, n ≥ 1.

(iv)

H(
n−1∨

i=0

ϕ−iP ) ≤ H((
n−1∨

i=0

ϕ−iP ) ∨ (
n−1∨

i=0

ϕ−iQ))

= H(
n−1∨

i=0

ϕ−iQ) + H((
n−1∨

i=0

ϕ−iP ) | (
n−1∨

i=0

ϕ−iQ))
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We have

H((
n−1∨

i=0

ϕ−iP ) | (
n−1∨

i=0

ϕ−iQ)) ≤
n−1∑

i=0

H((ϕ−iP ) | (
n−1∨

j=0

ϕ−jQ))

≤
n−1∑

i=0

H((ϕ−iP ) | (ϕ−iQ)) = nH(P | Q).

Thus

H(
n−1∨

i=0

ϕ−iP ) ≤ H(
n−1∨

i=0

ϕ−iQ) + nH(P | Q).

(v)

H(
n∨

i=1

ϕ−iP ) = H(ϕ−1
n−1∨

i=0

ϕ−iP ), So h(ϕ,ϕ−1P ) = h(ϕ,P ).

(vi)

h(ϕ,
k∨

i=0

ϕ−iP ) = lim
n→∞

1
n

H(
n−1∨

j=0

ϕ−j(
k∨

i=0

ϕ−iP )) = lim
n→∞

1
n

H(
k+n−1∨

i=0

ϕ−iP )

= lim
n→∞

k + n

n

1
k + n

H(
k+n−1∨

i=0

ϕ−iP ) = h(ϕ,P ).

(vii)

h(ϕ,
k∨

i=−k

ϕ−iP ) = h(ϕ,
2k∨

i=0

ϕ−iP ) = h(ϕ,P ).

¤

5. RELATIVE ENTROPY AND GENERATORS OF RELATIVE
MEASURE PRESERVING MAPS

Let (Xi,Mµi ,mµi), i = 1, 2 be two relative measure spaces. Moreover let µi

be constant observers on Xi for i = 1, 2. The function ψ : X1 −→ X2 is called
(µ1, µ2)−measure preserving map if:
(i) ψ−1(η) ∈Mµ1 , and,
(ii) mµ1(ψ

−1(η)) = mµ2(η) for each η ∈Mµ2 .

Example 5.1. The function f : R −→ R defined by f(x) = x3 is a Borel-measurable
with respect to usual σ−Borel Algebra of R. Let µ : R −→ [0, 1] be defined by µ(x) =
3/4 and Let γ : R −→ [0, 1] be defined by γ(x) = 1/2. Moreover let Mµ = {χ∅, µ}
and Mγ = {χ∅, γ}. Then f is not (µ, γ)−measurable, because f−1(γ) = γ and is not
belong to Mµ, but if we consider σµ−Algebra Mµ = {χ∅, µ, γ} and Mγ = {χ∅, γ},
then f will be (µ, γ)−measurable. In this case if we define mµ(χ∅) = 0, mµ(γ) =
1/2, mµ(µ) = 1, mγ(χ∅) = 0, and mγ(γ) = 1/2. Then f is (µ, γ)−measure
preserving map.
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Definition 5.2. The relative dynamical system (X2,Mµ2 , mµ2 , ϕ2) is a (µ1, µ2)−
homeomorphic image of the relative dynamical system (X1,Mµ1 ,mµ1 , ϕ1) if there
exists a (µ1, µ2)−measure preserving transformation ψ : X1 −→ X2 such that :

ψ ◦ ϕ1 = ϕ2 ◦ ψ.

If ψ is invertible and (X1,Mµ1 ,mµ1 , ϕ1) is a (µ2, µ1)− homeomorphic image of the
relative dynamical system (X2,Mµ2 ,mµ2 , ϕ2) under the (µ2, µ1)− homeomorphic
transformation ψ−1, we say that: (Xi,Mµi ,mµi , ϕi), i = 1, 2 are (µ1, µ2)−isomorphic.

The following theorem states, the relative entropy h is an (µ1, µ2)−isomorphism
invariant.

Theorem 5.3. If (Xi,Mµi ,mµi , ϕi), for i = 1, 2, are (µ1, µ2)−isomorphic with
mµi(µi) = 1, i = 1, 2 then h(ϕ1) = h(ϕ2).

Proof. Since (X2,Mµ2 ,mµ2 , ϕ2) is a (µ1, µ2)− homeomorphic image of (X1,Mµ1 ,mµ1 , ϕ1)
under an (µ1, µ2)−isomorphism ψ : X1 −→ X2, then ψ ◦ ϕ1 = ϕ2 ◦ ψ.
If Q is a µ2−measurable partition of µ2 where

h(ϕ2, Q) = lim
n→∞

1
n

H(
n−1∨

i=0

ϕ−i
2 Q) = lim

n→∞
1
n

H(ψ−1(
n−1∨

i=0

ϕ−i
2 Q))

= lim
n→∞

1
n

H(
n−1∨

i=0

ψ−1ϕ−i
2 Q).

Then

h(ϕ2, Q) = lim
n→∞

1
n

H(
n−1∨

i=0

ϕ−i
1 (ψ−1Q)) = h(ϕ1, ψ

−1Q).

Thus
sup
Q

h(ϕ2, Q) = sup
ψ−1Q

h(ϕ1, ψ
−1Q) = sup

P
h(ϕ1, P ).

So h(ϕ2) ≤ h(ϕ1).
Similarly we have h(ϕ1) ≤ h(ϕ2). ¤

In the rest of this section we also assume that µ is a constant observer on X.

Theorem 5.4. Let ϕ be a µ−measure preserving transformation of the relative
probability space (X,Mµ,mµ). Then
(i) For k > 0, h(ϕk) = kh(ϕ);
(ii) If ϕ is invertible then h(ϕk) = |k| h(ϕ) for all k ∈ Z.

Proof. (i) At first we show that for every P ∈ P, and k > 0

h(ϕk,
k−1∨

i=0

ϕ−iP ) = kh(ϕ,P )

Because

lim
n→∞

1
n

H(
n−1∨

j=0

ϕ−kj(
k−1∨

i=0

ϕ−iP )) = lim
n→∞

k

nk
H(

nk−1∨

i=0

ϕ−iP ) = kh(ϕ, P ).
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Thus

kh(ϕ) = k · sup
P∈P

h(ϕ,P ) = sup
P

h(ϕk,
n−1∨

i=0

ϕ−iP ) ≤ sup
Q

h(ϕk, Q) = h(ϕk).

Moreover h(ϕk, P ) ≤ h(ϕk,
∨k−1

i=0 ϕ−iP ) = kh(ϕ,P ) so h(ϕk) ≤ kh(ϕ,P ).
(ii) We only need to show h(ϕ−1) = h(ϕ), and this follows from the following
equalities:

H(
n−1∨

i=0

ϕiP ) = H(ϕ−(n−1)
n−1∨

i=0

ϕiP ) = H(
n−1∨

j=0

ϕ−jP ).

¤

Definition 5.5. Let ϕ : X −→ X be an invertible µ−measure preserving transfor-
mation then a µ−measurable partition P of µ is called a relative generator of the
(X,Mµ,mµ, ϕ) ( or ϕ) if there exists an integer k > 0 such that

Q ≺
k∨

i=0

ϕ−iP

for every µ−measurable partition Q of µ.

Theorem 5.6. If P is a relative generator of the µ−measure preserving transfor-
mation ϕ then h(ϕ, Q) ≤ h(ϕ, P ), for every µ−measurable partition Q of µ.

Proof. Since P is a relative generator of ϕ, then for Q ∈ P, there exists an integer
k > 0 such that

Q ≺
k∨

i=0

ϕ−iP.

Hence

h(ϕ,Q) ≤ h(ϕ,
k∨

i=0

ϕ−iP ) = h(ϕ,P ).

¤

Theorem 5.7. Let P be a relative generator of a µ−measure preserving transfor-
mation ϕ : X −→ X. Then h(ϕ) = h(ϕ,P ).

Proof. Theorem 5.6 implies that h(ϕ,Q) ≤ h(ϕ,P ) for each Q ∈ P.
So supQ∈P h(ϕ,Q) = h(ϕ,P ). Thus h(ϕ) = h(ϕ, P ). ¤

6. CONCLUSION

We show that the relative probability spaces are generalization of the soft fuzzy
probability spaces. So one can use of the notion of the relative probability space to
consider new concepts of the relative dynamical systems such as relative ergodicity,
mixing and relative isomorphisms. Moreover deduction a method for calculating
relative entropies of the µ−measure preserving maps when µ is not a constant
function on X, is the new subject for the future research.
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