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Abstract. We consider the existence of a wide collection of finite sets of func-
tionals on the phase space H2(0, 1) ∩H1

0 (0, 1) that completely determines as-
ymptotic behavior of solutions to the strongly damped nonlinear wave equation.
The proof makes use of energy methods and the concept of the completeness
defect. We also show that the number of determining nodes is two, that is, the
asymptotic behavior of solutions is determined by the values of two sufficiently
close points in the interval [0, 1].
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1. Introduction

The question of the number of parameters (elements) that is necessary for the
description of the long-time behavior of solutions to nonlinear partial differential
equations was first discussed by Foias and Prodi [9] and Ladyzhenskaya [15] for the
two dimensional Navier- Stokes equations (NSE). They proved that the long-time
behavior of solutions of NSE is completely determined by dynamics of the first N
Fourier modes if N is sufficiently large. More precisely, if the asymptotic behavior
of the difference of two solutions at the first N modes tends to zero so does the
difference of entire solution as t → ∞. The corresponding modes are called the
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determining modes. Afterwards, Foias, Manley, Titi and Treve [8] established an
upper bound for the number of determining modes of solutions of the NSE in two
dimensions, where G, the Grashof number, is the analogue of the Reynolds number.
They also introduced the notion of a set of determining nodes (see Definition 3.1).

Concerning determining modes and nodes later similar results have been obtained
for other equations (see [5]-[7] and [9]-[14]).

Chueshov [3] presented the approach of a set of determining functionals, a wide
collection of finite sets of functionals, containing determining modes and nodes
that completely determines the long-time behavior of some first and second order
evolution equations. This approach relies on the concept of the completeness defect
and it involves some ideas from abstract approximation theory.

In this article we consider an initial-boundary value problem for the strongly
damped nonlinear wave equation that describes the purely longitudinal motion of
a homogeneous bar. We give a condition (see Theorem 2.1) for a finite set of linear
functionals to be a set of determining functionals (see Definition 1.3) for solutions
of the given problem.

We note that the approach presented above has been applied to second order in
time evolution equations with nonlinear damping (see [2], [3] and [4]). However,
none of these studies includes the nonlinear wave equation with strong damping
term.

We consider the nonlinear wave equation with strong damping:

(1) utt − (σ(ux))x − αuxxt + f(u) = g(x), x ∈ (0, 1), t > 0

subject to the initial

(2) u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, 1)

and boundary conditions

(3) u(0, t) = u(1, t) = 0, t > 0,

where α is a positive constant and −αuxxt is the strong damping term. Here σ and
f are smooth functions satisfying the following properties:

(4)

σ(0) = 0, σ′(s) ≥ σ0 for all s ∈ R
where σ0 > 0 is a constant;

(5) lim inf
|s|→∞

F (s)
s2

≥ 0

and

(6) lim inf
|s|→∞

sf(s)− wF (s)
s2

≥ 0

for some w > 0 such that 0 < w ≤ 1
2 in which F (s) =

∫ x

0

f(s)ds.

Let I = (0, 1) and L2(I) be the usual Hilbert space with the standard ‖ . ‖ and
inner product (. , .) and let Y = H2(I) ∩H1

0 (I) × L2(I) be the Hilbert space with
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the standard product norm

‖(u, v)‖Y = (‖uxx‖2 + ‖v‖2)1/2.

The local and global existence of solutions of (1)-(3) have been given by the
following theorems [1].

Theorem 1.1. Let σ and f satisfy (4), (5) and (6), respectively, and g ∈ L2(I).
Then, for (u0, u1) ∈ Y there exists t0 = t0(u0, u1) > 0 such that (u, ut) ∈ C([0, t0); Y ),
utt ∈ L2(I) and uxxt ∈ L2(I) for a.e. t ∈ (0, t0), and u satisfies (1)-(3). Moreover,
if t0 is maximal, then either t0 = ∞ or ‖(u, ut)‖Y is unbounded on [0, t0).

Theorem 1.2. Let σ, f and g be as above. Then for any (u0, u1) ∈ Y , there exists
a global solution u of (1)-(3) with (u, ut) ∈ C([0,∞); Y ).

We should also note that the authors [1] have also shown that there exists a
compact global attractor in H2(I) ∩H1

0 (I)× L2(I) with finite dimension.
Now we give some preliminary materials which will be used in proving existence

of determining functionals.
We will start with recalling

Definition 1.3. Let L = {`j : j = 1, · · · , N} be a finite set of linear continuous
functionals on H2(I)∩H1

0 (I). We will say that L is a set of determining functionals
for (1)-(3) when for any two solutions u, v ∈ C

(
[0,∞),H2(I)∩H1

0 (I)
)

with ut and
vt ∈ C

(
[0,∞), L2(I)

)
, the conditions

(7) lim
t→∞

∫ t+1

t

|`j(u(τ)− v(τ))|2dτ = 0 for j = 1, 2, ..., N

imply

(8) lim
t→∞

[
‖uxx(t)− vxx(t)‖2 + ‖ut(t)− vt(t)‖2

]
= 0.

Definition 1.4. Let V and H be the reflexive Banach spaces and V be continuously
and densely embedded into H. Let L = {`j : j = 1, · · · , N} be a set of linear
functionals on V . We define the completeness defect εL = εL(V,H) of the set L
with respect to the pair of the spaces V and H by the formula

(9) εL(V, H) = sup{‖u‖H : u ∈ V, `j(u) = 0, `j ∈ L, ‖u‖V ≤ 1}.
The following assertion gives the spectral characterization of the completeness

defect in the case when V and H are the Hilbert spaces.

Theorem 1.5. [3] Let V and H be the separable Hilbert spaces such that V is
compactly and densely embedded into H. Let K be the self-adjoint, positive and
compact operator in the space V defined by the equality

(Ku, v)V = (u, v)H

for u, v ∈ V. Then the completeness defect εL(V,H) of a set L of linear functionals
on V can be evaluated by the formula

εL(V, H) =
√

µmaxPLKPL,
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where PL is the orthoprojector in the space V on the annihilator

L⊥ =
{

v ∈ V : `(v) = 0, ` ∈ L
}

,

µmax(S) is the maximal eigenvalue of the operator S.

Corollary 1.6. [3] Let the conditions of Theorem 1.5 be met and let us denote by
{ei} the orthonormal basis in the space V that consists of the eigenvectors of the
operator K:

(10) Kei = µiei, (ei, ej)V = δij , µ1 ≥ µ2 ≥ · · · , lim
N→∞

µN = 0.

Then the completeness defect of the set of functionals

L =
{

`j ∈ V ∗ : `j(u) = (u, ej)V , j = 1, 2, · · · , N

}

can be evaluated by the formula

εL(V,H) =
√

µN+1.

The following theorem establishes a relation between the completeness defect and
the set L.

Theorem 1.7. Let εL = εL(V,H) be the completeness defect of a set L of linear
functionals on V with respect to H. Then there exists a positive constant CL such
that

(11) ‖u‖H ≤ CL sup{|`(u)| : ` ∈ L, ‖l‖∗ ≤ 1}+ εL‖u‖V

for any u ∈ V , where L is the closed linear span of the set L in V ∗, the dual space
of V and ‖ · ‖∗ is the norm in V ∗.

For the proof of this theorem see Chueshov [3].
The following version of Gronwall’s lemma is also needed to determine behavior

of solutions as t →∞.

Lemma 1.8. [3] Let α be a locally integrable real valued function on (0,∞), satis-
fying for some 0 < T < ∞ the following conditions:

(12) lim inf
t→∞

∫ t+T

t

α(τ)dτ = γ > 0,

(13) lim sup
t→∞

∫ t+T

t

α−(τ)dτ = Γ < ∞,

where α− = max{−α, 0}. Further, let β be a real valued locally integrable function
defined on (0,∞) such that

(14) lim
t→∞

∫ t+T

t

β+(τ)dτ = 0,
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where β+ = max{β, 0}. Suppose that ξ is an absolutely continuous non-negative
function on (0,∞) such that

(15)
dξ

dt
+ αξ ≤ β, a.e. on (0,∞).

Then ξ(t) → 0 as t →∞.

2. Existence of determining functionals

Now we can state and prove the main result concerning existence of a set of deter-
mining functionals of solutions to problem (1)-(3)

Theorem 2.1. Let L = {`j : j = 1, ..., N} be a set of linear continuous functionals
on the space H2(I) ∩ H1

0 (I) and let εL = εL(H2(I) ∩ H1
0 (I), L2(I)) be a positive

number satisfying 2A1ε
2
L+ c0A2εL < c4, where c4, A1 and A2 are positive constants

such that c4 = c4(σ0, α, M, M1, M2), A1 = A1(M), A2 = A2(M1,M2, R2) and M ,
M1, M2 and R2 are positive constants satisfying

sup
|s|≤R1

|f ′(s)| ≤ M, sup
|s|≤R

|σ′(s)| ≤ M1, sup
|s|≤R

|σ′′(s)| ≤ M2, and ‖vxx‖ ≤ R2.

Then, L is a set of determining functionals for (1)-(3).

Proof. Let u and v be two solutions of problem (1)-(3). Then the difference of
these solutions, defined by w = u− v, satisfies the initial-boundary value problem

(16) wtt − (σ(ux))x + (σ(vx))x − αwxxt + f(u)− f(v) = 0, x ∈ (0, 1), t > 0

with the initial

(17) w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ (0, 1)

and boundary conditions

(18) w(0, t) = w(1, t) = 0, t > 0.

We start with taking the L2 inner product of (16) by wt and integrating over the
interval (0, 1) to have

(19)
1
2

d

dt
‖wt‖2 + α‖wxt‖2 = I1 + I2,

where

I1 =
∫ 1

0

[σ(ux)− σ(vx)]wxtdx, I2 =
∫ 1

0

[f(u)− f(v)]wtdx.

First we will give an estimate for I1. It follows from the mean-value theorem that

σ(ux)− σ(vx) = σ′(s)(ux − vx)

for some s between ux and vx. Since u ∈ H2(I)∩H1
0 (I), ux ∈ C[0, 1] with |ux| ≤ R

for some constant R by the Sobolev embedding theorem. Hence, combining this
with the last equality yields

|σ(ux)− σ(vx)| ≤ M1|wx|,
where M1 is a positive constant such that sup

|s|≤R

|σ′(s)| ≤ M1.
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Thus,

(20) |I1| ≤ M1

∫ 1

0

|wx||wxt|dx.

Using Cauchy’s inequality( with ε), we get from (20)

(21) |I1| ≤ ε

2
‖wxt‖2 +

M2
1

2ε
‖wx‖2.

Employing the same techniques along with the Poincaré inequality

λ1‖wt‖2 ≤ ‖wxt‖2

leads to

(22) |I2| ≤ ε1

2λ1
‖wxt‖2 +

M2

2ε1
‖w‖2,

where M is a positive constant such that sup
|s|≤R1

|f ′(s)| ≤ M . Now, inserting (21)

and (22) in (19) gives

1
2

d

dt
‖wt‖2 +

α

2
‖wxt‖2 ≤ M2

2ε1
‖w‖2 +

M2
1

2ε
‖wx‖2,(23)

where ε and ε1 have been chosen so that α = ε + ε1
λ1

> 0.
On the other hand, the L2 inner product of (16) with −wxx and integration by

parts over (0, 1) yields

−(wtt, wxx) +
α

2
d

dt
‖wxx‖2 +

∫ 1

0

[
(σ(ux))x − (σ(vx))x

]
wxxdx = J1,(24)

where

J1 =
∫ 1

0

[f(u)− f(v)]wxxdx.

By making use of the identity

(wtt, wxx) =
d

dt
(wt, wxx)− ‖wxt‖2

along with some rearrangement, (24) can be written as

d

dt

[
α

2
‖wxx‖2 − (wt, wxx)

]
+

∫ 1

0

σ′(ux)|wxx|2dx + ‖wxt‖2 = J1 + J2,

where

J2 = −
∫ 1

0

[σ′(ux)− σ′(vx)]vxxwxxdx.

Furthermore, using (4) in the last expression gives

d

dt

[
α

2
‖wxx‖2 − (wt, wxx)

]
+ σ0‖wxx‖2 + ‖wxt‖2 ≤ J1 + J2.(25)
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Utilizing a similar procedure we have used for I2, except for the last step, we
derive an estimate for J1

(26) |J1| ≤ δ

2
‖wxx‖2 +

M2

2δ
‖w‖2,

where M is a constant as before.
An estimate for J2 is found as follows. First, it follows, from the mean-value

theorem, that

(27) |J2| ≤ M2

∫ 1

0

|wx| |vxx| |wxx|dx,

where M2 is a constant such that sup
|s|≤R

|σ′′(s)| ≤ M2. Next, we have

(28) |J2| ≤ M2‖wx‖∞ ‖vxx‖ ‖wxx‖,
where the Cauchy-Schwarz inequality has been used. Since ‖vxx‖ ≤ R2,

(29) |J2| ≤ R2M2‖wx‖∞ ‖wxx‖
for some constant R2 > 0. Using Agmon’s inequality

‖wx‖∞ ≤ C ‖wx‖1/2‖wxx‖1/2

in (29) we have

(30) |J2| ≤ K0‖wx‖ 1
2 ‖wxx‖ 3

2 ,

where K0 = CR2M2. Then, applying Young’s inequality (with p = 4
3 , q = 4) in

(30) we deduce

(31) |J2| ≤ K2
0

4µ4
‖wx‖2 +

3µ3/4

4
‖wxx‖2.

Thus, substituting (26) and (31) into (25) we find

d

dt

[
α

2
‖wxx‖2 − (wt, wxx)

]
+ σ0‖wxx‖2 + ‖wxt‖2

≤ A0‖wxx‖2 +
M2

2δ
‖w‖2 +

K2
0

4µ4
‖wx‖2,(32)

where A0 = δ
2 + 3µ3/4

4 . We can choose δ and µ so that c2 = σ0−A0 > 0, and hence
from (32) we have

d

dt

[
α

2
‖wxx‖2 − (wt, wxx)

]
+ c2‖wxx‖2 + ‖wxt‖2

≤ M2

2δ
‖w‖2 +

K2
0

4µ4
‖wx‖2.(33)

Multiplying (33) by α
4 and adding this to (23), we obtain the following

(34)
d

dt
E(t) +

c2α

4
‖wxx‖2 +

3α

4
‖wxt‖2 ≤ A1‖w‖2 + A2‖wx‖2,
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where

E(t) =
1
2
‖wt‖2 +

α

4

[
α

2
‖wxx‖2 − (wt, wxx)

]

and A1 = M2

2ε1
+ αM2

8δ and A2 = M2
1

2ε + αK2
0

16µ4 . In (34), revisiting the Poincaré inequality
for wxt, we get

(35)
d

dt
E(t) +

c2α

4
‖wxx‖2 +

3αλ1

4
‖wt‖2 ≤ A1‖w‖2 + A2‖wx‖2.

Let εL denote the completeness defect between L2(I) and X = H2(I) ∩H1
0 (I).

That is,

εL(X, L2(I)) = sup{‖w‖ : w ∈ X, `j(w) = 0, `j ∈ L, ‖w‖X ≤ 1}.
Then by Theorem 1.7 we have,

(36) ‖w‖ ≤ εL ‖w‖H2(I)∩H1
0 (I) + CL max

j=1,··· ,N
|`j(w)|,

or equivalently,

(37) ‖w‖ ≤ εL ‖wxx‖+ CL max
j=1,··· ,N

|`j(w)|

for all w ∈ H2(I)∩H1
0 (I). Squaring both sides of (37) and using Cauchy’s inequality

we get

(38) ‖w‖2 ≤ 2ε2
L‖wxx‖2 + 2C2

L max
j=1,··· ,N

|`j(w)|2.

Moreover, from (37) and the multiplicative inequality

(39) ‖wx‖2 ≤ c0‖wxx‖ ‖w‖
we find

(40) ‖wx‖2 ≤ c0εL‖wxx‖2 +
ε4

2
‖wxx‖2 +

c2
0C

2
L

2ε4
max

j=1,··· ,N
|`j(w)|2,

where the Cauchy inequality has also been used. Combining (38) and (40) in (35)
leads to

d

dt
E(t) + c3‖wxx‖2 +

3αλ1

4
‖wt‖2 ≤ A3‖wxx‖2 +

c2
0C

2
L

2ε4
max

j=1,··· ,N
|`j(w)|,

where ε4 is chosen such that c3 = c2α
4 − ε4

2 > 0 and A3 = 2A1ε
2
L + c0A2εL. Now,

we choose εL > 0 as small as possible so that c4 = c3 − A3 > 0. Thus, from the
above inequality we have

(41)
d

dt
E(t) + c4‖wxx‖2 +

αλ1

4
‖wt‖2 ≤ 2C2

L max
j=1,··· ,N

|`j(w)|2.

We can find an upper and lower bounds for the functional E(t). Due to the Cauchy-
Schwarz and the Cauchy inequalities, we see that

(42) |(wt, wxx)| ≤ 1
α
‖wt‖2 +

α

4
‖wxx‖2.
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Hence, using (42) we can show that

(43)
1
4
‖wt‖2 +

α2

16
‖wxx‖2 ≤ E(t) ≤ 3

4
‖wt‖2 +

3α2

16
‖wxx‖2.

Thus, from (43) we observe that there exists a positive constant

η = min
{

16c4

3α2
, αλ1

}

such that

(44)
d

dt
E(t) + ηE(t) ≤ 2C2

L max
j=1,··· ,N

|`j(w)|2.

Now, we apply Lemma 1.8 to (44) with

β+(t) = 2C2
L max

j=1,··· ,N
|lj(w(t))|2, α(t) = η and ξ(t) = E(t).

Thus, as a result of Lemma 1.8, we see that if
∫ t+1

t

β+(s)ds

tends to zero as t →∞, then E(t) → 0. Therefore, it is clear that

lim
t→∞

[
‖wxx(t)‖2 + ‖wt(t)‖2

]
= 0

or
lim

t→∞

[
‖uxx(t)− vxx(t)‖2 + ‖ut(t)− vt(t)‖2

]
= 0.

Thus, according to Definition 1.3, the set L defined on H2(I) ∩ H1
0 (I) is a set of

determining functionals for (1)-(3). This completes the proof of Theorem 2.1.

Remark 2.2. Theorem 2.1 shows that for L to be a set of determining elements,
it is sufficient that the value of the completeness defect εL be small.

3. Determining Nodes

In this section we will show that there are two points in the interval [0, 1], called
determining nodes, which completely determines the long time behavior of solu-
tions of the strongly damped nonlinear wave equation. There are many studies
about the number of determining nodes for some nonlinear partial differential equa-
tions. Among those we may mention the studies for the Navier-Stokes equations
[10], [11] and [12], for the generalized Gizburg-Landau equation [6] and [13], for the
Kuromoto-Sivashinsky equation [7], and for the Ginzburg-Landau equation [14].

Definition 3.1. Let E = {x1, x2, · · · , xN} be a set of points in [0, 1]. The set E
is called a set of determining nodes if for any two solutions u(x, t) and v(x, t) of
problem (1)-(3) satisfying

lim
t→∞

|u(xi, t)− v(xi, t)| = 0, i = 1, 2, · · · , N

we have
lim

t→∞
|u(x, t)− v(x, t)| = 0,
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for all x ∈ [0, 1].

The main result we have obtained in this direction is

Theorem 3.2. There is a positive number d1 = d1(α, σ, f) with the following prop-
erty: if x1 < x2 are real numbers such that d = x2 − x1 ≤ d1, and if two solutions
u, v of the strongly damped nonlinear wave equation satisfy

lim
t→∞

|u(xi, t)− v(xi, t)| = 0, i = 1, 2

then
lim

t→∞
|u(x, t)− v(x, t)| = 0,

for all x ∈ [0, 1].

Proof. We will recall the differential inequality (34):

d

dt
E(t) +

c2α

4
‖wxx‖2 +

3αλ1

4
‖wt‖2 ≤ A1‖w‖2 + A2‖wx‖2,

where

E(t) =
1
2
‖wt‖2 +

α

4

[
α

2
‖wxx‖2 − (wt, wxx)

]
,

and A1 = M2

2ε1
+ αM2

8δ and A2 = M2
1

2ε + αK2
0

16µ4 . Here ‖ . ‖ and (. , .) denote the L2-norm
and inner product over the interval [x1, x2] ⊂ [0, 1], respectively.

Now we want to find an upper bound for the terms in the right-side of (34). In
order to do this, we first have the elementary inequality [14],

(45) ‖w‖2 ≤ 2d |w(x1)|2 + 2d2‖wx‖2,
where d is a positive constant such that x2−x1 ≤ d and to be determined. Moreover,
using the Sobolev inequality, ‖wx‖ ≤ c0 ‖wxx‖, we have

(46) ‖w‖2 ≤ 2d |w(x1)|2 + 2d2c2
0 ‖wxx‖2.

To give an estimate for the second term of (34) we use the interpolation inequality,

‖wx‖2 ≤ c ‖wxx‖ ‖w‖,
and the Cauchy inequality,

(47) ‖wx‖2 ≤ c2ε

2
‖wxx‖2 +

1
2ε
‖w‖2.

Substituting (46) and (47) in (34) we get

(48)
d

dt
E(t) + A3‖wxx‖2 +

3αλ1

4
‖wt‖2 ≤ A4|w(x1)|2,

where

A3 =
c2α

4
− A2c

2ε2

2
− (2A1c

2
0 +

2A2c
2
0

ε
)d2 and A4 = 2A1 +

A2d

ε
> 0.
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Since ε is an arbitrary positive constant, we choose ε so that

c2α

4
− A2c

2ε

2
> 0.

Thus, for a sufficiently small d, A3 will be positive and hence, from equation (48),
we get

(49)
d

dt
E(t) + βE(t) ≤ A4|w(x1)|2

for some β > 0. Using Lemma 1.8 we conclude that

E(t) → 0 as t →∞,

whenever
max{|w(xi)|} → 0 as t →∞, i = 1, 2

and hence by the Sobolev embedding theorem we deduce

lim
t→∞

|u(x, t)− v(x, t)| = 0,

for all x ∈ [0, 1].
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