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ABSTRACT. The aim of the present paper is to study the dynamics and fixed
points of a class of functions induced by integers and then apply the fixed point
theorem to obtain general tests of divisibility of numbers. In the second part,
we generalize the theorems on divisibility to obtain conditions of divisibility of
polynomials by (z* + ¢) type polynomials. We not only obtain generalizations
of the well-known remainder theorem and the factor theorem of algebra but
also compute explicit value of the quotient. The results are computationally
explicit and can be easily implemented on digital computers.
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1. INTRODUCTION

The study of behavior of points under iteration of a function f is called the dy-
namics of the function f. A discrete dynamical system consists a function and it’s
iterates. The main objective of dynamics is to study the behavior of the sequence
x, f(x), f?x, ... for various initial values of x. If f is a function, the set of points
x, f(x), f?x, ..., is also called the orbit of the point z. Orbits can be quite com-
plicated sets even for simple mappings. However, orbits associated with following
types of points are especially simple and play a central role in the study of entire
system.

Definition 1.1 [1,2]. The point x is called a fixed point of f if f(x) = x. A point
z is called a periodic point of period n if f™(z) = . The least positive integer n for
which f™(z) = x is called the prime period of x. The set of all iterates of a periodic

JOURNAL OF DYNAMICAL SYSTEMS & GEOMETRIC THEORIES
VOL. 5, NUMBER 2 (2007) 169-178.
©TARU PUBLICATIONS

169



170 R.P. PANT AND J.S. RAUTELA
point form a periodic orbit.

Definition 1.2. A point = is defined to be eventually fixed point of a function
f, if there exists an integer N such that f"*l(x) = f"(x) whenever n > N. A
point zx is called eventually periodic with period k if there exists N > 0 such that
frtk(x) = f*(x) whenever n > N.

In this section we study the dynamics of a function defined on the set of non-
negative integers and prove a theorem which states that if a number is an integral
multiple of a given number then it is an eventually fixed point of a mapping induced
by the given number. We also give a number theoretic application of the fixed point
theorem to obtain some general tests of divisibility.

Let X denote the set of non-negative integers equipped with the Euclidean metric.
In the sequel we shall often write the numbers in X, in the form 10*p + ¢ or in the
form 10%*a+ 1036+ 10%¢c + 10d + e where p, ¢, a, b, ¢, d and e are non-negative integers
such that ¢,b, c,d,e < 10. We observe that a given integer 10*p + ¢ in X induces a
self-mapping f on X under which image of a number 10*a,+103a3+10%as+10a1 +ayg
in X is given by

(1) f(104a4+103a3+102a2+10a1 +ag) = ’103a3p +10%a9p + 10a1p + agp — a4q’ .

where p, q, ag, a1, az, a3 and a4 are non-negative integers such that q, ag, a1, a2, a3 <
10. From this it can be easily shown that

f(104a4 + 10%a3 + 10%as + 10a; + ag) = |1O3a3p +10%a9p + 10a1p + aop — a4q|
(2) < max {10%p + ¢,10%as + 10°as + 10%as + 10a; + ao } -

The application of fixed point theorems to the problem of divisibility was initiated
by the first author in a recent work [3]. The question of divisibility of one integer
by another or of one polynomial by another is an important question. However, the
only important known result on the divisibility of one polynomial by another is the
well known Factor Theorem which states that a linear polynomial (z — a) divides
a polynomial f(z) if and only if f(a) = 0. Likewise, the general tests of divisibility
given in [3, 4] are perhaps the only results of its type.

In this paper, we generalize the results of [3] to obtain new results that further
generalize to yield conditions of divisibility of a polynomial by polynomial of the
form z* & g. The results on divisibility by a 2* & ¢ type polynomial are significant
since the polynomial 2* 4 ¢ does not factorize into four real linear factors.

2. RESuULTS

Theorem 2.1. Let X be the set of non-negative integers and p,q > 1 be given
integers. Let f be the self-mapping of X which is induced by 10*p + ¢ and defined
by (1). Then every integral multiple of 10%*p + ¢ is an eventually fixed point of f
while every other integer in X is an eventually periodic point of f. Moreover, f
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possesses fixed points in X.

Proof. Suppose that 10%as + 10%as + 10%2as + 10a; + ao is a non-zero integral
multiple of 10*p 4+ ¢ and ag, a1, as, asz < 10. Then there exists an integer k > 1 such
that

10%ay + 10%a3 + 10%as + 10a; + ag = k(10%p + q).
Then,

f(10%ay 4 10%a3 4+ 10%ay + 10a; + ag) = ’103a3p +10%a9p + 10a1p + app — a4q’
= [pk — aa| (10"p + q).

That is, f(10%*ay +103a3 + 10%2a3 + 10a; + ag is an integral multiple of 10*p + ¢ since
a4, p, k are integers.

Further, since k > 1, max {104p +¢,10%ay + 103%as + 10%2as + 10a; + ao} = 10%a4+
103a3 + 10%2a3 + 10a; + ag. By virtue of (2) we get f(10%as + 103az + 10%ay +
10a; + ag) < 10*ay + 10%3a3 + 10%ay + 10a; + ag. Therefore, the f-image of an
integral multiple of 10*p + ¢ is a smaller integral multiple of 10*p 4+ ¢. But there
are exactly k integral multiples of 10*p + ¢ which are smaller than 10%*as + 103a3 +
10%az + 10a; + ag = k(10*p + ¢). Moreover, f(10*p + q) = |(pg — gp)| = 0 and
F(0) = £(10*.0 4+ 10%.0 + 102.0 + 10.0 + 0) = 0. Thus, if 10%ay + 103a3 + 10%ay +
10a1 + ap = k(10*p + q) then f"(10%a4 + 10%a3 + 10%as + 10a; + ag) = 0 for some
n <k, f™(10*ay + 10%a3 + 10%az + 10a; + ag) = 0 for each m > n, and f(0) = 0.
In other words, 0 is a fixed point of f and every other integral multiple of 10*p + ¢
is an eventually fixed point of f. If an integer 10*a, + 103as + 10%as + 10a; + ag
is a non-multiple of 10?p + ¢ then, by virtue of (2), there exists n > 0, such that
0 < f*(10%ay + 10%a3 4 10%2ay + 10a; + ag) < 10*p 4 ¢. Moreover, for each i > 0 we
get, 0 < £+ (10%ay + 10%a3 + 10%2az + 10a; + ag) < 10*p+q. If f(10*ay + 10%a3 +
10%2az + 10a; +ag) = 0 then 10*ay + 103a3 + 10%az + 10a; + ag is an eventually fixed
point of f, otherwise the points {f“‘"(104a4 +10%a3 + 10%az + 10a1 + ag) : i > O}
form a periodic cycle and 10%as +10%a3 +10%as + 10a1 +aq is an eventually periodic
point of f.

This completes the proof.

Now we give a number theoretic application of the above fixed point theorem to
obtain a test of divisibility of an integer by another integer. In proving our theo-
rem we shall use the well known elementary result that if the integers a and b are
relatively prime and a divides the product of the integers b and ¢ then a divides c.
In the sequel, we shall use the notation z|y to show that z divides y.

Theorem 2.2. If ag, a1, a2, a3, aq,p,q are non-negative integers, p and g are rela-
tively prime then

(i) 10*p + ¢|10*ays + 10%as + 10%as + 10a; + ag < 10*p + ¢|103asp + 10%2agp +
10a1p + agp — aagq,

(i) 10*p — q|10%as +103a3 + 10%as + 10a; +ap < 10*p —q|103azp+10%azp+ 10a;p+
aop + a4q.
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Proof. Let 10*p + ¢|103azp + 10%a9p + 10a1p + agp — asq. Then there exists some
integer k such that

10%azp + 10%agp + 10a1p + aop — asq = k(10*p + ).

Then, q(as+k) = p(103a3 +102az + 10a; + ag — 10*k). This implies that p|(as + k),
as p and q are relatively prime.

We further get 10%ay + 103a3 + 10%2a9 + 10a; + ap = (a4;'k)(104p +q).

This means that 10*p + ¢ divides 10%a4 + 103a3 + 10%az + 10a; + ag since p|(as + k)
and (a4Tfk) is an integer.

Conversely, let 10*p + ¢|10*ay4 + 10%a3 + 10%2ay + 10a1 + ao.

Then 10%ay + 103a3 + 10%ag + 10a1 + ag = k(10*p + q) for some integer k.

This yield 10%a3p + 10%a2p + 10a1p + aop — asq = (pk — a4)(10*p + q).

That is 10%p + q|103a3p +10%asp + 10a1p + agp — aaq.

This proves the first part of the theorem. The second part follows on similar lines.

Theorem 2.3. If ag,aq,a2,as,a4,as,p,q are non-negative integers, p and ¢ are
relatively prime then
(i) 10%*p + q|10%a5 + 10%as + 103a3 + 10%a + 10a; + agp

< 10*p+¢|103asp+102a2p+10(a1p—asq) + (aop—
asq),
(ii) 10*p — q|10%a5 + 10%a4 + 10%a3 + 10%ay + 10a; + ap

& 10%*p — ¢q|10%a3p + 10%azp + 10(a1p + asq) +
(aop + asq).

Proof. Since p and ¢ are relatively prime, using Theorem 2.2, we get
10%p + ¢|10%as + 10*ay + 10%az + 10%2ay + 10a; + ag
& 10%p+q|10%(10a5 +a4) +103a3+10%2az+10a, +

ao
& 10%p+q|103a3p+102azp+10a1 p+aop—q(10as+
a4)
& 10% + q[103asp + 10%asp + 10(a1p — asq) +
(aop — asq).

For the prove of part (ii) replacing ¢ by —¢ in the above equation, we get
10%p — q|10%°a5 + 10%a4 + 103az + 10%az + 10a; + ag
& 10%p — q|10%azp + 10%azp + 10(a1p + asq) +
(aop + aaq).
This completes the proof.

The proofs of the next two theorems follow along the lines of Theorem 2.2, 2.3;
therefore we state the result but omit the proof.

Theorem 2.4. If ag, a1, a0, as, a4, as, ag, p, ¢ are non-negative integers and p, q are
relatively prime then
(i) 10*p + q|10%ag + 10°as + 10*ay + 103a3 + 10%2ay + 10a; + ag

& 10%p + ¢[10%azp + 10%(agp — asq) + 10(arp —
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asq) + (aop — asq),
(ii) 10*p — q|10%a6 + 105a5 + 10%ay + 10%a3 + 10%az + 10a; + ag

& 10%p — ¢|10%agp + 10%(azp + agq) + 10(a1p +
asq) + (aop + a4q).

Theorem 2.5. If ag, a1, a2, as, aq, as, ag, a7, p, q are non-negative integers and p, g
are relatively prime then
(i) 10%p + q|107a7 + 10a6 + 10%a5 + 10*as + 103a3 + 10%az + 10a; + ag

& 10 + q|103(asp — arq) + 102 (azp — aeq) + 10(arp —
asq) + (aop — asq),
(’LZ) 104]) — q|1()7a7 + 10606 + 105a5 + 1O4a4 + 103a3 +10%ay + 10a; + ag

& 10%*p — q|10%(asp + azq) + 102 (azp + agq) + 10(a1p +
asq) + (aop + as1q).

Similarly, using mathematical induction, the above theorems can be generalized
to obtain the following theorems:

Theorem 2.6. If p > 0, ¢ > 0, ag, ay, ..., ay, are non-negative integers and p, q are
relatively prime then

(i) 10%p+ q|10*"ayy, + 104" Day, 1y + 109" Day, o) + ... + 10%as + 10a; + ag
<~

(n=1) (n—1)
1O4p + q|103p Z (—1)1a(4i+3)p(n—z—1)ql + 102p Z (_1>za(4i+2)p(n—z—l)qz

i=0 =0
+10p | D (—Diagpnp" Ve | + Z(—l)za@p("‘”q’y
i=0 =0

(ii) 10*p — q|10*"ay, + 10(4”_1)a(4n,1) + 10(4”_2)a(4n,2) +...+10%as + 10a; + ag

(n—1) (n—1)
& 10%p —¢|10%p Z agirsp" " Vg | +10%p Z a2 Vg
i=0 =0

(n—1)

+10p Z auinyp™ V| +
=0

Z a4z‘p(n_i)qi] :
i=0

Theorem 2.7. If p > 0, ¢ > 0, ag, a1, ..., a(an4+1) are non-negative integers and p,
q are relatively prime then
(i) 10%p+ q|104" Va g1 1) + 10*"ay, + 104" Da g, 1y + ... + 10%as + 10a; + ag
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4
g ] i ;i (1) . . .
1O4p + q|103p Z (_l)za(4i+3)p(n—z—1)qz + 102p Z (—l)za(4¢+2)p(n_l_l)ql
=0 i=0
n _ n . _
+10 | Y (—D’ag@inp™ ¢ | + Z(—l)laup("‘”q’] 7
=0 i=0

(i1) 10%*p — (104" Va s, 1) + 104" ag, + 104" Vagy, 1) + ... + 10%a2 4 10a; + ao

(n—1) (n—1)
= 104p _ q|103p Z a(4i+3)p(n—z—1)q’t + 102p Z a/(4i+2)p(n_1_1)qz
i=0 1=0
+10 Z a(4i+1)p("7i)qi + Z Cl4zp(nl)qz‘| .
1=0 =0

Theorem 2.8. If p > 0, ¢ > 0, ag, a1, ..., a(an42) are non-negative integers and p,
q are relatively prime then
(1) 10%p + q|104" D a0y + 104" Da ) 4+ 10%7ay,, + ... + 10%a2 + 10a; + ag

(n—1) n
& 10'p +¢/10°p Z (=1 agirsyp™ Vg | +10° Z(*1)%1(41‘+2)p(n71)qz
i=0 i=0
+10 > (D' a@isnp™ g | + D (=1 aup™ ¢’
i=0 i=0

(i1) 10%p — 104"+ qy,, o) + 104"+ Dy, 1) 4+ 10%"ay,, + ... + 10%a2 + 10a; + ao

Z a(air2yp" g
=0

(n—1)
& 10*p—ql10°p | Y auirap™ Vet | +10°
=0

n

Z a@irnp" g
=0

+10 +

Z a4z‘p(n_i)qi] :
=0

Theorem 2.9. If p > 0, ¢ > 0, ag, a1, ..., a(4n4+3) are non-negative integers and p,
q are relatively prime then
(i) 10%p+q10U4" Dy, 541004 Day,, o) +100m D gy, ) +...410%a2+10a; +ag

< 10%p + ¢[10° [Z(—l)ia(uﬁ)ﬁm_i)qi +10° Z(—l)ia(uw)P(n_i)qi]
i=0 =0
+10 Z(*l)ia(uﬂ)??(n*i)qi + Z(l)iaup(nz)qz]a
=0 =0
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(i1) 10%p — q[10U4" Dy, 45y + 104Dy, o) + 104D a1y + 0+ 10%as +
10a1 + ag
n . .
& 10%p — ¢|10° lz agiyayp" Vg | + 107
=0

n . .
Z a(4z‘+2)p(nl)ql]
=0

z%pw—”qi] |
i=0

It is easy to see that Theorem 2.6 can be obtained from Theorem 2.9 by taking
A(4n+3) = Q(4ny2) = A(4ny1) = 0. Similarly, Theorem 2.7 and Theorem 2.8 can
be obtained from Theorem 2.9 by taking a(4n43) = @unt2) = 0, Gny3) = 0 re-
spectively. Therefore, Theorem 2.9 can be considered as the generalized divisibility
theorem.

+10 +

Z a@irnp" g
=0

3. DIVISIBILITY OF POLYNOMIALS

We now generalize the above results on divisibility to obtain conditions of divis-
ibility of polynomials by polynomial of the form x* + ¢. In the process of general-
ization, we can drop the condition of p and g being relatively prime. Without loss
of generality, we can take p = 1. In the sequel R denotes the field of real numbers.

Theorem 3.1. If 2* 4+ ¢ and as2* + asz® + asx? + a1x + ag are polynomials over

R, where a4 is a polynomial, then

(4) zt+ q\a4x4 +asz® +ar’ a1z +ag o 2+ q|ag,:zc3 + asx® + a1z + ag — aqq,
(ii) z* — qlagz® + azz® + apx® + a1 + a9 & 2t — glasz® + asa® + ayx + ag + asq.
Proof. Let 2* 4 qlayz* 4+ a32® +asz? +a12+ag. Then there exists some polynomial

k(x) over R such that

(3) aszt + azx® + apx® + a1z + ap = k(x)(z* + q).

Then, ag = k(2)(z*+q)—(asz*+azz® +asr®+a17) and azax®+asz? +a10+ag—asq =
(k(z) — aq)(z* + q). This implies that (z* + ¢) divides azz3 + asz? + a1z + ag — aaq.
Conversely, suppose that z* 4 glasz® 4+ a22? 4+ a12 + ap — a4q. Then there exists
some polynomial h(z) over R such that azx®+ agx? + a1z +ag —asq = h(z)(z*+q).
Then ag = h(z)(2* + q) — (azz® + a2® + a1 — asq) and

(4) agx® + azz® + apx® + a1z + ag = (k(z) + aq)(z* + ).
This implies that 2* + ¢ divides asz* + az2® + a2x? + a12 + ag. This proves the first

part of the theorem. The second part follows on similar lines.

As a corollary of the above theorem, we obtain the following analogue of Theo-
rem 2.2.



176 R.P. PANT AND J.S. RAUTELA

Theorem 3.2. If 2* 4+ ¢ and asz* + asz® + asx® + a1z + ag are polynomials over
R, then

(7) zt+ q|a4x4 +asz® +asr’ +ax +ag & 2t + q|agac3 + asx® + a1z + ag — asq
< a; =ag =a3z3 =0and ag — asq =0,

4

(ii) 2* — qlagz® + azz® + apr® + a1 + a9 & 2t — glasx® + asx® + arx + ag + asq

< a; =ag =a3 =0 and ap + agq = 0.
Proof. The proof follows from Theorem 3.1 by virtue of the fact that the constant
a4 is a polynomial of degree zero. In this case, the polynomials appearing in (3) and
(4) will be constants. Moreover, the cubic polynomial a3z + asx® + a1 + ag — aqq
will be divisible by z* + ¢ if and only if asz® + asx? + a1 + ap — asq is identically
zero, that is, if and only if a1 = a3 = a3 = 0 and ag — a4q = 0. This proves the first
part of the theorem. The second part follows on similar lines.

Theorems 3.1 and 3.2 can be generalized by using an argument similar to that
used in proving Theorem 2.9 to obtain the following analogues of Theorem 2.9.

Theorem 3.3. If 2% + ¢ and a(4n+3)x(4"+3) + ...+ a1z + ap are are polynomials
over R, then

(1) 2"+ qla@nts ™" +a@n 97" Fau oz . +10%a2 +10a1 +ag <
zt+q| [Z?:‘o(_l)ia(4i+3)qi] $3+[Z?:o(_1)ia(4i+2)qi] :E2+[Z?zo(—1)ia(4i+1>qi} x+
o (—Diaug]

& Yio(-D'auirsq = , , o

0, Yoro(=Dlauitayg" =0, Y7 o(—1)'awirg" and 31" ((—1)"asq" = 0,

(1) " —qlaganys ) +an o T a4+ 10%02 + 101 +ag

n n n n
& 2t - ql [Z a(4¢+3)qi Z a(4i+2)qi Z a(4i+1)qi Z a4iqi]
i=0 i=0 i=0

i=0
n n n n

A Za(mﬁr?,)qz =0, Za(4i+2)ql =0, Za(4i+1)ql and Zahq” = 0.
i=0 i=0 i=0 i=0

In Theorems 3.3 if we take a1 = a5 = ... = agn41) =0, a2 = a6 = ... = Apy2) =

3+ 2 + T+

0 and a3 = a7 = ... = any3) = 0, write b, for ay, and write y for z* then we
obtain the well-known Factor Theorem of algebra as a corollary of Theorem 3.3.

Corollary 3.1. If y—q and b, y" +b(n,1)y("_1) +...+b1y+ by are polynomials over
R, then y—q|bny™ +b(n—1)y " V4. +b1y+bo & bug"+b(—1)¢" "V ..+ big+by =
flg) =0.

We thus see that Theorem 3.3 is generalization of the Factor Theorem. Moreover,
Theorem 3.3 can be rewritten in the following form to obtain the generalization of
the Remainder Theorem of algebra.
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Theorem 3.4. The remainders on dividing the polynomial f(z) = a 4,324 T3 +

(4n+3)
a(4n+2)m(4n+2) + a(4n+1)m(4n+1) + ...+ 10%as + 10a; + ap by z* & ¢ are respectively
given by

[Z(—l)ia@l”‘g)qi $3+ Z(—l)ia(4i+2)qi l'2+ Z(—l)ia(4i+1)qi x+
=0 =0 i =0

n , .'

pogi

=0 |

n

Z a(4z‘+1)qi

=0

3+ 2+ T+

n .
Z a'(4i+2)ql

=0

n n
and [Z a(4z‘+3)qi Z a4iqi] .
i=0

=0

Remark 3.1. The polynomial
F(@) = a(ang3) ") + a4ng0) 24 + a4 402 4 10%a3 + 1001 + ag in
Theorem 3.4 can be written as

f(x) = 2 (a@nis " + a(4n,1)x(4”_4) + ...+ as)
Jr992(61(4n+2)aﬂ4” + a(4n_2)$(4"74) + ...+ az)
+$(a(4n+1)x4n + a(4n,3)x(4"*4) + ...t aq)
+(agnx®™ + a(4n,4)x(4”_4) + ...+ ap)

=23 f1(2h) + 2% fo(2h) + 2 f3(2?) + fa(2?).
Using this notation, Theorem 3.4 can be restated as:
The remainder on dividing the polynomial f(z) = a(4n+3)x(4n+3) +a(4n+2)x(4”+2) +
a(4n+1)x(4"“) + ..+ 10%2a5 +10a; +ag = 22 f1(2*) + 22 fo(z?) + 2 f3(z*) + fa(2z*) by
ot +q is given by 2° fi(—q) +2° f2(—q) + 2 f3(—q) + fa(—q) and 2 fi(q) + 2> f2(q) +

xf3(q) + fa(q) respectively.
Moreover, Theorem 3.4 can be restated in a compact form as follows:

If 24 +q and a(4n+3)x(4”+3) —I—a(4n+2)x(4"+2) +a(4n+1)x(4”+1) +...+10%a3+10a; +aq
are polynomials over R, then
'+ qlf (@) = 2 fi(a®) + 22 folo?) + wfs(ah) + fa(a?)
& 2t 4 ql2® fi(—q) + 2° fa(—q) + 2 f3(—q) + fa(—q)
& fi(=q) = fo(—q) = fa(—q) = fa(=q) = f(—ag"/*) = 0.
If 24 — g and a(an 43 24" + a(an 4024 + a4 402D .+ 10%az + 10a; +ag
are polynomials over R, then
wt —qlf(x) = 2® fr(a?) + 2% fo(2?) + 2 fs(2?) + falz?)
& o' —ql2’ fi(q) +2* falq) + 2 f3(q) + falq)
& fi1(a) = fo(q) = f3(a) = falg) = flag"*) =0.
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where a = cos(m/2) + isin(7/2) is a forth root of unity.

With the help of Theorem 3.4 we can compute the quotient obtained on dividing
a polynomial f(x) by x% 4+ . We do this in the next theorem, which may be called
as the Quotient Theorem.

Theorem 3.5 (Quotient Theorem). The quotients on dividing the polynomial
flz) = a(4n+3)aj(4n+3) + a(4n+2)x(4"+2) + a(4n+1)x(4"+1) + ... 4+ 10%ay + 10a; + ag
by z* + ¢ are respectively given by
(4n+3)
Z a; <acj*4 —qr? 8 P (71)[£71]q[£71]x[g](r%))
j=4

(4n+3)
and Z a; (:cj_4 +qrd B4 P2+ q[gfl]x[ﬂ(““)) .
=4

Proof. Consider the division of f(x) = a(4n+3)m(4”+3) + a(4n+2)x(4n+2) +
a(4n+1)x(4n+1) + ... + 10%ay + 10a; + ag by z* 4+ ¢q. Then, by virtue of Theorem
3.4, we get f(x) —remainder = 2% + q(aq + a5z + agr® + arx3 + ag(x* — q) + ag(2° —
qz)+ay0(x® —qr?) +ari (27 —qr3) +ara(2® —qr* 4+¢?) +...). This yields the first part
of the theorem. The second part follows similarly. In a similar manner, Corollary
3.1 leads to the following

Corollary 3.2. The quotient on dividing the polynomial f(y) = b,y +b,_1y" 1 +
. + b1y + by by y — ¢ is given by

Zbk (yk—l R ST qk—l)_
k=1
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