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ABSTRACT. The exponential function of Sturm-Liouville’s operator on half line
with a trivial potential and a non-local boundary condition is given. The
authors consider the case where the point spectrum is finite. The spectral
singularities are not eigen-value of Sturm-Liouville’s operator, however define
the main increasing term of asymptotic behaviour of exponential function of
the operator.
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1. INTRODUCTION

In the present article we consider one of the questions of functional calculus
for non-selfadjoint operators. Among numerous works in this direction (Ljance V.,
Kato T., Kuroda T., Kako T., Yajima and others) we indicate Cheremnikh [1] about
the exponential function of Sturm-Liouville’s operator and Cheremnikh [2] about
the function of the operators of some Friedrichs’ model.

In the work [3] the perturbation of domain of definition was introduced within
Friedrichs’ model, but the function of corresponding operator was not considered.

Because of the importance of the function of operator with the non-local condition
we give as result in the present article the explicit form of the function of such
oper2at0r in particular case of the exponential function of Sturm-Liouville’s operator

2

d

o in the space L?(0,00) with the non-local condition y(0) = (y,7) r2(0,00) (Se€€
x

(4.15)—(4.18)). The Fourier transform of this operator gives us just an operator
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from Friedrichs’ model in [3]. The explicit form is based on the inverse Laplace
transformation.

d
Such position of problem is close to one of the work [6] where the operator —id—
i

in the space L%(0,00) with the condition [ u(z)do(z) = 0 was studied. Typical
0

result of the work [6] — infinite system of eigen vectors forms Riesz’s basis for its
own linear span. A propos of spectral singularities which in general case may not be
eigen-values one of typical questions consists in the influence of these singularities
on asymptotic behaviour of exponential function of the operator (for ex. see [1]
where non-selfadjoint Sturm-Liouville operator on half line with condition y(0) =0
was considered). Our explicit form of exponential function of the operator permits
to indicate the main term of asymptotic behaviour of exp(itA), t — oo (see (5.5)).

One can find other questions concerning the asymptotic behaviour of solutions
of the evolution equation in [5-6].

2. CERTAINS NOTATIONS AND PRELIMINARY STATEMENTS

Let ly = —y”. Non-perturbed operator B is defined in the space L?(0,00) as
follows:
(2.1) D(B) = {y € L*(0,00) : ly € L*(0,00), y(0) = 0}

' By =1ly,y € D(B)

Let n € L?(0,00) be an arbitrary function, we denote by ®(-) the functional
(2.2) ®(y) = (¥, 1) L2(0,00)

The perturbed operator A is defined as follows:

{ D(A) = {2z € L*(0,00) : 1z € L*(0,00), 2(0) + ®(2) = 0}
Az =1z, z € D(A)

(compare with non-local condition in [4])

We denote by e € L?(0,00) the arbitrary function such that
(2.3) le,I’e € L*(0,00), ¢e(0)=1, ®(e)=—2

Obviously the Fourier transformation F : L?(0,00) — H = L2(0, 00) where

[e.°]

Fy(r) = /y(x) Sinf;ﬁdx, >0

0
and p(7) = %\ﬁ diagonalizes the operator B (see [8]).
The integration by parts gives
(2.4) Fle(r) — 7Fe(r) = —e(0) = —1
or F(I —¢)e(r) — (1 — ) Fe(r) = —1 for every ¢ € . We denote by e € L*(0,0)

an element such that

(2.5) Fee(r) = !

T’

>0, (¢ £[0,00)
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Then

1
p— C]:(l —Q)e(r) — Fe(r) = =Fec(T) or
(2.6) RUB)(I— Qe =ec—ec, ¢ £[0,00)
where R¢(B) = (B — ¢)~! — resolvent of the operator B.

2. 1. Lemma. Let e € L?(0,00) an arbitrary element with satisfies the condition
(2.3). Let operator 14 : L*(0,00) — L?(0,00) be defined as follows

Lay =y + ®(y)e, y € D(B)

Then 1) the operator I4 transforms D(B) into D(A), i.e
(28) 1,D(B) = D(A),
2) inverse operator Ip = I ;" exists and
(2.9) Ipz =2+ ®P(2)e, z€ D(A)
Proof. 1) If y € D(B) and z = y + ®(y)e then Iz € L?(0,00) and 2(0) + ®(z) =
y(0) + 2()e(0) + 2(y) + 2(y)@(e) = 2(y) + B(y) — 28(y) =0, ie. z € D(A) and
14D(B) C D(A).

If z € D(A) then we must prove that the equation
(2.10) y+@(y)e==z2, z€ D(A)
has a solution y € D(B). Suppose that such solution y exists, applying the func-
tional ®(-) to (2.10) we obtain ®(y) + ®(y)(—2) = ®(z) or ®(y) = —P(z). So
(2.11) y=z+d(2)e

Here y(0) = 2(0)+®(2)e(0) = 2(0)+P(2) = 0, i.e. y € D(B). It remains to verify,
that y satisfies (2.10). We have (see (2.3)) 2+ ®(2)e+[2(2)+2(2)P(e)]e = 240 = z.
Therefore D(A) C I4D(B) what proves (2.8).

2) The relation (2.11) results from (2.10), so (2.9) results from (2.7).
Lemma is proved.

Let
(212) 6(C) =1+ (I)(e,() =1+ (eﬁvn)L2(O,oo)7 C E[Oa OO)
In view of Parseval’s equality for the operator B we have (see (2.5))
oo}" s)p(s 1
@) a@=t+ [T g = 2 ¢ £peo)

We suppose that € D(B?) and that the condition
(214) [ imi@emde < e, m =B

holds for some & > 0.
The function 6(¢) plays an important role for us, in following Lemma 2. 2 we
consider some properties of this function.
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Let © be a neighbourhood of half line [0, 00). If some function F({) is holomorph
in the domain Q\[0, c0) then we denote by Fy (o) = lirglt0 F(o+it), 0 > 0 its limit
values and we denote by F.(¢) (F_(¢)) analytic prolongation of F({) from half
plane Im ¢ > 0 (Im ¢ < 0) over half line (0, c0).

2. 2. Lemma. If the element 1 € L?(0,00) satisfies the condition (2.14) then

1) the function §(¢), ¢ € [0,00) (see (2.13)) admits analytic prolongation 04 (¢)
in the domain |Im /{| < € and
(2.15) lim (64(¢)—1)=0

¢l =00

uniformly in corresponding domain Im { > —e; or Im( < &1 for every g1 > 0;
2) in a neighbourhood of the point 0 the function §(¢) admits the representation

(2.16) 5(¢) = iV/CFA(C) +00(C), ¢l <8, ¢ £[0,8), Imy/(>0

where the function §p(¢) is holomorph in the circle || < 4.
Proof. 1) As the function ¢ — (sinz/C)/v/C, Im+/C > 01is entire and | sin z+/C| <
(1 + e*f™VZl) /2 then the function

dx

T— sin 2/ C
0/770(33) /<
is holomorph in the domain I'm+/C < . The domain |Imy/o + it| < € is limited by
parabol 72 = 4e2(o + €2). Therefore (see (2.14))

(2.17) Frjg(o +it) =0(1), 0 —

uniformly in the interval |7| < &7 for every 1 > 0. As 7, = B?7 then Fi(z) =

Fio(C) = Fp(¢) =

— Fip(2) and using (2.17) we can deform the contour of integration in (2.13) to
z
obtain the presentation of an analytical prolongation 0_({). Let zo = o¢ + i7 —
some point from the parabolic domain mentioned above such that 7 > ;. Then
o0
Fi(o +iT)
o+it—(

F7(z)

pl2)dz +

Iy g0

plo+ir)do, Im{<T

where I'; is line segment which passes from z = 0 to zg = 0¢ + i7. Here we have

P8 eyt =0 () =0

I
Obviously the function

1 . )
ro Tt i), plo) = o, 0 >0

belongs to the space L'(0,00) (see (2.17)). We have

) (0) Icl/2 3I¢l/2 oo fo)
g g
orir—¢ /+ / - otir—c%
o0 0 [cl/2 3[¢l/2

flo) = Fnlo +ir)p(o +i1) =
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IC\

If o <|¢]/2 or 0 > 3|¢|/2, Im( < 7 then |0 +iT — (| > = — 7, so
oo o) 5 I¢l/2 00
o
<
orir ¢ S —2r / * / |fo)ldo
o 0 3l
3[¢|/2
er |f(o)|do — 0, [¢| — oo

I<1/2
what proves (2.15). The statement 1) is proved.
2) In view of the relation (2.13) we have

1 1 00
<)1+/f"(0;_?’7(0 (0)do + F7(C /fgl“dU*/WdU
0 0 1
1
Recall that p(o) = —f Both functions F7(¢ %/ do — i/,

Imy\/¢ > 0, ¢ /€[0,1] are holomorph in the neighbourhood of the point ¢ = 0.
Consequently, the statement 2) is proved.
The lemma is proved.

3. SPECTRUM AND THE RESOLVENT OF THE PERTURBED OPERATOR

The perturbed operator A differs from initial operator B by the domain of def-
inition only (see (2.1)—(2.2)) and due to Lemma 2. 1 we will express the resolvent
Re(A) = (A—¢)~! in terms of R¢(B) = (B —¢)~'. But first we recall the no-
tion of the spectral singularity. Limit values of the resolvent on half line are de-
noted by (R,(A)f,g9)+ = Tlim (Rotirf19)12(0,00), @ > 0. Suppose that there exists

a linear subspace £ C L?(0,00) dense in L?(0,00) and such that the functions
o — (Rs(A)f,9)+, f,g € L are sufficiently differentiables. Every point which is a
generalized pole at least one of these functions is called a spectral singularity of the
operator A (some example is given in [1]).

3. 1. Theorem. 1) Let { £[0,00), then ¢ € p(A) iff §(¢) # 0 (see (2.12)), in
this case
(31) RA(A)] = Re(B)f = 55 (Re(B) )20 o
where the vector function e, € L?(0,00) is defined by the relation (2.5). A value
¢ £]0,00) is eigen-value of the operator A iff 6(¢) =0

2) Let 0 > 0 and d4(0) # 0 then o belongs to continuous spectrum of A. A
value o > 0 is spectral singularity of the operator A iff 5, (o) =0 or é_(o) = 0.

3) The set of eigen-values and spectral singularities of the operator A is finite.

Proof. 1) Let us consider the equation

(3.2) (A=Qz=f, z€D(A), fecL*0,00), ¢ £[0,00)



46 DIABA F., AND CHEREMNIKH E.

Due to Lemma 2. 1, 2.8 we have an unique representation z = y+ ®(y)e, y € D(B),
so the equation (3.2) becomes

(3-3) (A=Qz=(B-Qy+2(y(—-Ce=f
or (see (2.6))
(3-4) y+o(y)le—e) = Re(B)f, ¢ £[0,00)

Applying the functional ®(-) we obtain
(y)[1+ @(e —e¢)] = ®(R¢(B)f)

In view of the definition (2.12) and the equality ®(e) = —2 (see (2.2)) we have
—®(y)o(¢) = ®(R¢(B)f). The value ®(y) is defined uniquely iff §({) # 0. The
equation (3.2) is equivalent to the equation (3.4) and its solution z = y + ®(y)e =
R:(B)f — ®(y)(e — ec) + ®(y)e = R¢(B)f + ®(y)ec coincides with the right side
of (3.1) for every f € L?(0,00). Operator (3.1) is bounded, so R¢(A) is resolvent
of the operator A and multiplicity of every eigen-values is finite (see [8] Ch.8, n.8,
th.3).

Let Z = {¢ : ( £[0,00), 6(¢) = 0} then the function ¢ — R¢(A) is holomorph
in the domain \([0,00) U Z). The set Z consists of the isolated points. In view of
representation (3.1) the set Z coincides with the set of all singular points ¢ £[0, c0)
of the resolvent R;(A). Therefore, the set Z whose coincides with the set of all
eigen-values is finite. The statement 1) is proved.

2) The jump on (0,00) of the form (R¢(A)f,9)r2(0,00) (see (3.1)) differs from
zero, so half line [0, 00) belongs to the spectrum o (A). It is known that the equation
ly = oy, o > 0 has not the solution in L?(0,00) i.e. the operator A has not eigen-
values in half line [0, 00). At last we have R(A — o) = L?(0,00): if R(A — o) L fo,
fo # 0, so we can choose e (see (2.3)) such that (I —o)e L fy and in view of (3.3)
(where ( = o) we obtain R(B — o) L fo what is impossible. Therefore, o belongs
to continuous spectrum of A ( see [8]).

Note that

(35) (Re(B) )20 = [ THEEID i,
0

consequently the limit values (R, (B)f,n)+, 0 > 0 exist and are smooth if the
transformation F f(7) is smooth too.

Let 61 (09) =0, g9 > 0 (case 0_(0g) = 0 is analogous) then the point oy is a pole
of the prolongation ——. The functions f(z) with smooth transformation F f(7)

3+(¢)

form a dense subspace in L?(0, 00) so, there exist the functions f, g € L?(0, 00) such
that o¢ is a pole of 0 — (R,(A)f,g)+. Therefore og is spectral singularity of the
operator A (see (3.1), (3.5)).

Inversely, let o9 > 0 be pole of smooth function 0 — (R,(A4)f,¢9)+ . The
Caushy’s integral like (3.5) (where the function Fn(7) is boundary on [0, 00)) has
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limit values from the space L%(0, 00) (see [8], Ch.6.4, th.1), so op must be a singular

point of the function ——, i.e. 04 (0g) = 0.

o4+(0)

The statement 2) is proved.

3) According to the statements 1) — 2) it is sufficient to prove that the equations
§(¢) =0, ¢ £[0,00) and é+(c) = 0, o > 0 have finite sets of roots. The function
§(¢) admits an analytic prolongation d4 (¢) over half line (0,00) (see Lemma 2. 2)
so, the points ( = 0 and { = oo only may be points of accumulation of the roots of
mentioned equations. But due to the property (2.15) these roots do not exist in the
domain |¢| > R for some R > 0. So, it remains to consider the equation 6(¢) =0
(and §+(¢) = 0) in neighbourhood of the point 0. Here, in view of the condition
(2.14) the function F7j(¢) is holomorph. Therefore, for some €y > 0 the equation
3(¢) =0 (and 64 (¢) = 0 too) takes form

(3.6) (ap+a1C+..)V/C+bo+biC+...=0, [¢|<eo

where the radius of convergence of the power series are non zero.

In addition, we can assume apropos of the form (3.6) that ag # 0 or by # 0.

Suppose that ¢, — 0, n — oo is sequence of roots of the equation (3.6).

a) If ag # 0, by # 0 then we obtain from (3.6) that nhﬂnéo\/@ = —bo/ag #0 —
contradiction.

b) If ag # 0, bg = 0 then (ag + a1y + - )V G + ¥ bk +bgpr1Cn+...) =0,k > 1
and after dividing by v/C,, ¢, — 0 we obtain ag = 0 — contradiction.

c) If ag = 0, by # 0 then ¢¥(ap + arr1Cn + .. )G + o + b1Cn + ... = 0, from
where by = 0 — contradiction.

So, the point 0 is not a point of accumulation of roots and the statement 3) is
proved.

The theorem is proved.

So, the perturbed operator A has, in addition to continuous spectrum in [0, c0),
a finite set of eigen-values in the exteriour of [0,00) and a finite set of spectral
singularities in (0, 00) which are not eigen-values of A.

4. SOLUTION OF THE EVOLUTION EQUATION

Our aim is to obtain the relation between the functions e~®4 and e~®5. The
following Lemma gives some preliminary results.
Below we use the notations

m(s) = i(8p,e*Bn)
(4.1) { n(s) = —(yoo + ‘I’(yo)eveiSBn)LZ(Om)

where yg is an element from L?(0,00) and (&), f) = f/(0).
4. 1. Lemma. Suppose that € D(B3) N D(A*). Let us consider the problem

(4.2) {z":—iAz,t>O

Z |40 = 20, 20 € D(A)
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where z(t) — unknown function and the problem (see (4.1))

Y= fiBerf(t), t>0
(43) { Y 1o = vo. %0 € D(B)

(4.4) k(t) + / m(t — 8)k(s)ds = n(t)
where
(4.5) f(t) = —k(t)e — ik(t)le

and (y(t), k(t)) — two unknown function.
If z(t) is a solution of the problem (4.2) then the functions

(4.6) y(t) = 2(t) + B(=()e
(4.7) k(1) = ~B(=(1))

define the solution of the problem (4.3)—(4.4) where yo = zo + ®(20)e.
Inversely if (y(t), k(t)) is a solution of the problem (4.3)—(4.4) then

z(t) =y(t) + 2(y(t))e

is a solution of the problem (4.2) where zp = yo + ®(yo)e.

Proof. Suppose that z(t) — solution of (4.2) and y(t), k(t) are defined according
o (4.6)—(4.7). In view of (4.6)—(4.7) we have z(t) = y(t) + k(t)e and Az(t) =
By(t) + k(t)le. Substituting in (4.2) we obtain (4.3), (4.5). We multiply (4.2) by 7,
as 11 € D(A*) then the function (see (4.7))

—k(t) = (2(t),m)L2(0,00) = —1(A2(t), M) L2(0,00) = —1(2(t), A1) L2(0,00)

is differentiable. Then the function f(t) (see (4.5)) is differentiable and the solution
of the problem (4.3) admits the representation (see 7], Ch.9, th.1.19)

t

(4.8) y(t) = e Bys + [ e B f(s5)ds
/
In view of (4.6)—(4.7) (recall (2.3))

(4.9) D(y(t)) = @(=(1)) + 2(2(1))(=2) = —2(2(1)) = k(D).

Multiplying (4.8) by n we obtain

t
(4.10) / (t — s)le(s) + ib(t — s)k(s)} ds
0
where
(4.11)
afs) = (676iSB77)L2(0 )’ b(s) = (le elSB”)Lwo )’ c(s) = (vo. € ZSB”)LQ(O )
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As a(0) = (e,n)12(0,00) = ®(€) = =2 and (see (4.9)) k(0) = (¥0.1)12(0,00) = ¢(0)
using integration by parts in (4.10) we obtain the equation (4.4) where

m(s) = —a'(s) —ib(s)
(4.12) { n(s) = —c(s) — a(s)c(0)

The functions m(s), n(s) do not depend of the element e. In fact, using (2.4)
and (4.11) we have

m(s) =i (e,e"*? Bn) — i (le,e™*Pn)

£2(0,00) L2(0,00)
— (76, TeiS'r]_-n) —i (]:le7 ez’sT]:n) = i/e_iSTW/)(T)dT
0

= i ) 1)

Here we use the following calculus: if

Fy(r) = f(7) then y(z) = %/f(T) sin x/7dT,
0

=3 (66, eiSBn) .

z=0

so y'(0) = %/\/Ff(’]’) cos xA/TdT = :fof(T)p(T)dT.
0

=0
As zg = yo + k(0)ep we have

—n(s) = c(s) + a(s)c(0) = (yo, e“Bn)Lz(Om) + (e, eiSBn)Lz(Om) k(0)

isB

= (20, ¢ n)L2(O,oo)

what proves (4.1).
Inversely suppose that the elements yo, 1 define the problem (4.3)—(4.5) and
(y(t), k(t)) are corresponding solutions. Let

2(t) = y(t) + @(y(1))e,

here y(t) € D(B) and according to Lemma 2. 1 z(t) € D(A). Now the difference of
the equality 2(t) = y(t) + ®(y(¢))eo and the equality

—iAz = —iA[y(t) + D(y(t))e] = —iBy(t) — iD(y(t))le
gives the equality (4.2) if
® (§(1)) e + i®(y(t))le + f(t) = 0
e [@@(1) — k()] + ite [@(y(1) - k(1)] = 0.

It is sufficient to prove that ®(y(t)) — k(t) = 0. As n € D(A?) the functions (4.11)
have 3th derivates then in view of (4.4)—(4.5) the vector function f(t) is derivable.
Therefore, the equation (4.3) has a solution which may written under the form
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(4.8). Appliing the functional ®(-) to the equality (4.8) we obtain that the equation
®(y(t)) — k(t) = 0 is equivalent to the equation
¢

k() = (e7"%50,7) L9 00y — / (e—i(t_sm[k(s)e+¢k(s)ze},n) ds

L2(0,00)
0

or
t

k(t) = c(t) — / la(t — s)k(s) + ib(t — s)k(s)]ds.

0
Integration by parts in view of a(0) = —2 gives
t
E(t) =c(t) +2k(t) +a / (t —s) +ib(t — s)]k(s)ds.
0

We can replace k(0) by ¢(0) (see (4.12), (4.4)): k(0) =n(0) = —c(0) —a(0)c(0) =
—c(0) 4 2¢(0) = ¢(0) then the last equation is equivalent to the equation (4.4).

The lemma is proved.

The condition n € D(A*) (in Lemma 4. 1) signifies that the functional f —
(Af,m)12(0,00)s f € D(A) is continuous in L?(0,00) ( see [8] ).Suppose that In €
L?(0,0) then it is well known that

(Afy 1) 12000 = / L @)@z = f'(0)n(0) — £(0)7(0) + / f (@) @) de
0 0

As f(0) + (f,1)12(0,00) = 0 the condition |(Af,7)r2(0,00)] < Cllfl12(0,00) [ €
D(A) holds if n(0) = 0. Taking into account the condition n € D(B?) (in Lemma 4. 1)
we will suppose finally that the function n € L?(0,00) has continuous derivates on
[0, 00) till order 6,

(4.13) n(0) =1"(0) =" (0) =0, 7", 9", 9" € L*(0,00)

and that 7 satisfies the condition (2.14) too.
We denote by

o0

L(k,p) = /e_sf’k(s)ds
0
The Laplace transformation of the function k(-) and by
t
(4.14) Efk(r) = /eii”k(s)ds7 t>0
0
a some auxiliary transformation. Note, that

Eifk € L2(0,00) if k € C'[0, 00)

The following theorem 4. 2 indeed is a definition of exponential function of non-
selfadjoint operator A.
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4. 2. Theorem. Suppose the element n € L%(0,00) satisfies the conditions
(2.14), (4.13). Then the problem (4.2) is uniformly correct and its solution for ¢t > 0
takes the form (see (4.14))

(4.15) 2(t) = e By +ie T PFE , >0
where the function k(s), s > 0 is defined by the relation

(4.16) L(k,p) = i(Rip(A)z0,1) L2 (0,00)

and for ¢ < 0 takes the form

(4.17) 2(t) = e Py —ie T "PE Ky, t<0

where the function k= (s) = k1(—s), s > 0 is defined by the relation
(4.18) 20K 9) = —i (R ip(A)20,1) 0

Proof. First we prove that the solution z(t) of the problem (4.2) exists. According
to Lemma 4. 1 we consider the equation (4.4).

Under the conditions on the element 1 the solution y(t) of the problem (4.3)
exists, so there exists the solution z(¢) of the problem (4.2). In view of (4.11)-
(4.12) the function m(s) is bounded on half line (0, 00), so (see (4.4))

k()] < In(t)] + C / Ik(s)|ds
0

Using the lemma of Gronuol we obtain
(4.19) k(B)] < ().

The solution y(t), z(t) are unique. In fact, if zo = 0 then yo = 2o + P(20)ep = 0.
From (4.11)—(4.12) it results ¢(s) = 0, then n(s) = 0 and in view of (4.19) k(t) = 0.
Now y(t) = 0 (see (4.8)) and z(t) = 0 i. e. the solution z(t) of the problem (4.2) is
unique.

We will prove now that if 2y — 0 in the space L?(0, c0), then z(¢) — 0 uniformly
in every finite interval [0,%0], to0 > 0. According to (4.4), (4.8) it is suffitient to
study the integral

t

¢ ¢
(4.20) B f(s)ds = — [ k(s)e**Beds —i | k(s)e™*Pleds.
[t it

0

If we derivate the equality (4.4) then it is not difficult to obtain for k(t) the estimate
like (4.19). Then from (4.11)—(4.12) we obtain the uniform convergence of the
integrals in the right side of (4.20) under the condition yo — 0. So, the problem
(4.2) is uniformly correct.

The transformation of the integrals (4.20) will give the representation (4.15). If
we denote

t t
g(t) = /l%:(s)eiSBeds —&—i/k(s)ei“‘Bleds
0 0
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then for an arbitrary element h € D(B)
(9(), h)L2(0,00) =

t
/k(s) —szh)Lz(O ds—l—l/k‘ le e—HBh)L2 OOO)d —
0

= (e, e_’LtBh) L2(0,oo) k(t) — (e, h)LZ(O,OO) k(o)“"

(4.21) +i/k(8) [(le,eiiSBh)LZ(O,oo) - (€7e*isBBh)L2(O7OO)} ds.

By analogy to the proof of lemma 4. 1 (see (4.14) too) we have
¢
—isB —isB
/k(s) |:(6,6 Bh)LQ(Opo) - (le,e h)L2(07w)} ds =
0

oo

:/ e Tds | Fh(r

0

FrEFE(t), h) 12(0,00)-
Therefore it results from (4 21) that g(t) eBek(t) — k(0)e — iFLEk(t).
Substituting in (4.8) we get
y(t) = e "Byo — e "B [k(t)e'Pe — k(0)e — iF B} k(t)]
or
y(t) + k(e = e " (yo + k(0)e) +ie P FLE k(1)
what proves (4.15).

Now we will prove the relation (4.16). From the relations (4.1), (4.19) it follows
that the function k(s) admits the Laplace transformation and (see (4.4)) £(k,p)[1+
£(m,p)] = £(n,p). Denote

A(p) =1+ £(m,p)

then )
L(k,p) = ——£L(n,p).
(k1) = 5757 200)
According to (4.1)
m(s) = i/e_i”]:n(T)p(T)dT
0
, 1
So, in view of the transformation £(e **7,p) = — we get
ir—w)

dT = (eipa n)Lz(O,oo)

(e}
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and (see (2.12))
Alp) =1+ £(m,p) = L+ (€ip, ) 12(0,00) = 0(iP)-

By analogy
£(n,p) =L ((20, eiSBﬂ)m(o,oo)»p) = i(Rip(B)Zmn)Lz(O,oo)a
finally
)
(422) E(k,p) = 7(R1p (B) ZO»n)L2(O,oo)~

4(ip)
In the other side if we pose in (3.1) f = zp, ¢ = ip and multiply by 7, then taking
into account that (e;p,7)r2(0,00) = 0(ip) — 1 we obtain

(Rip(A)ZOan)Lz(O,oo) = (Rip(B)ZOvn)L2(0,oo)_

1 1
4.23 ———(Ryip(B)20, ) (0(ip) = 1) = —
(128) 5 (Bap(B)za.m) 0.0 (07) ~ 1) = 50
The comparison with (4.22) gives (4.16).
Now let t < 0. After the change
t1 = —t, Zl(tl) = Z(t), t1 >0
the problem
Z=—iAz, t <0
Z|t:0 = 20, 20 € D(A)
becomes
{ Z’lziAZ, t1 >0
21|t =0 = 20

The substitution z1(t1) = y1(t1) + k1(¢1)e gives the equation

g1 =By + fi(t1), fi(ty) =iki(t)le — ky(t1)e
i.e. the change of the case t > 0 by the case ¢t < 0 signifies the change of ¢ by (—i).
Using the solution ( see [8] )
ty
yi(ty) = e Pyo + /ei(tl_s)Bfl(S)dS
0
we get (4.17).
If follows from the equality
n(s) =— (eiSBZO’n)LZ(O,oo)
that
S(”vp) =—i (R—ip(B)an 77)L2(07oo)
The equality £(k,p) = Z(n,p)/A(p) where A(p) = §(—ip) becomes the equality

(4.18).
The theorem is proved.
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Remark. The expressions (4.15), (4.17) theirselfs are derivables but the termes
separated in these decomposition in general case are not derivables with respect to
t.

5. MAIN TERM OF THE ASYMPTOTIC BEHAVIOUR OF exp(itA), t — 400

In view of Theorem 3. 1 the set of eigen-values of the operator A is finite. The
restriction of the function of the operator A on root subspaces of A is reduces to
the function of a matrix ( see [7 — 8] ).

So, to study purely the role of the spectral singularities we will limit ourself to a
direct complement to the union of all root subspaces.

Note by (i, K =1,2,... eigen-values of A and by P, = — CReCS R¢(A), G £[0,00)

=Gk

the corresponding spectral projections. Let
My ={z¢ L%(0,00) : Pz =0, £Im, >0, k = 1,2,...}

Obviously My C L?(0,00) are closed subspaces and codim M. < oo. If z € M

(or z € M_) then the function
i

(51) S(k7p) = m(RZP(B)Za n)LQ(O,oo)7 Rep 7é 0
is holomorph in the half plane Rep > 0 (or Rep < 0).

If §(¢) — 0 if ¢ — 0 then we say that the point 0 is spectral singularity of A. We
assume the element 7 € L?(0, 00) such that 0 is not spectral singularity of A.

The poles of the functions (R,(A)f,g)+ (or (Rs(A)f,g)—) define the spectral

singularities O';_ of multiplicity k:j7 j=1,...,j0 (or o; of multiplicity k; , i =
1,...,4p).

According to (4.15) we have
(5.2) ety = e By Lie " BFIE K, >0, ze D(A),

therefore we must describe the asymptotic behaviour of the expression Ek.
Let g;(0) = (" —1)/0, if f, (1) = ge(7 — 0), 0 > 0 then f; , € L2(0,00) and

+oo
| feollL2(0,00) = CVE(L +0(1)), t — +o0 where C = /g [ [g1(6)*df.

5. 1. Theorem. Suppose the element ¢ € L?(0,00) satisfies the conditions
(2.13), (4.13) and ¢ = 0 is not a spectral singularity of A. Let n € D(A) N M.
There exist the functionals C;(z) such that:

1) If kg = mjax kj > 2 then

(5.3) Efk(r) =t 1 3" Ci(2)gi(r — o) + Ot ~2), t — +o0
kjr:kg
2) Ik =1,j=1,...,jo then
Jo
Efk(r) =) Ci(2)gi(r — o) +eu(r), 7> 0

Jj=1
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where |le¢]|£2(0,00) = O(1), t — 400

Proof. As the function Fn(7), 7 > 0 is bounded then the function p —
(Rip(B)z,1m)12(0,00) belongs to Hardy space in half plane Rep > 0. Taking into
account the existence of an analytical prolongation (see Lemma 2. 2) we obtain
(5.1)

5.4 4+ Fy(p), Rep >0
o) j= 1; p+w o) s

where the functionals A;'T (z) are const with respect to p. Note by kq(s) such function

that £(ko,p) = Fo(p). As z € D(A) then k(s) exists too. Obviously, Fy(p) belongs
to Hardy space, therefore ko € L?(0,00). By the same way, using the equation (4.4)
we obtain that ko € L?(0,00). Therefore ko(t) — 0, t — +oc.

Now we may verify that the function f; defined by the relation

fo(m) = [ €7 ko(s)ds
/

belongs to L2(0,00) and the norm [1fell22(0,00) is Dounded if ¢ — +oc0. We have

1 o)
1 1
||ft||%/2)(0,oo) = ;/\ﬁ|ft(7)|2d7+ ;/\E|ft(7)‘2d7 =L +1
0 1

As /T < 1,7 €(0,1) then

t 2

1
//”Tko )ds| dr < Cllko||r2(0,00), t >0
0

am

Later
t

Fi(r) = = | ko(t)eit™ — / )T ds

1T
0

and in the same way

o] t

/ VT / Fo(s)eimds| dr <
.

1 0

2

ool t t
. , . 2
< / /ko(s)ez‘”ds dr < C/ ‘k’o(s)‘ ds < C = const, t >0,
1 10

so, the values I; 5 is bounded if ¢ — +o0.
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Now both statement 1)-2) result from (5.4) using the inverse Laplace transfor-
mation and the relation
¢

) it(tr—o) _ 1
/snels(Tfa)ds S S o™, t—+4o0, n=0

i(t— o)
0
The theorem is proved.
One obtain the case t — —oo by analogie with (5.3) where 0';_, j=1,...,j0 must
be replaced by a spectral singularities o; , i =1,...,1g.

As conclusion note that if one unique spectral singularity og has multiplicity kg
biggest with respect to other singularities J;r then for z € D(A) N M,

(1) (exp(—itA)z)(s) = C(z)tko*le*i“(}"*lgt)(s) + O(tk°*2), t — 400
where g;(7) = (e'*(7=90) —1)/(1 — o), and kg > 2.

One can consider the relations (5.2)-(5.3), (5.5) and Theorem 4. 2 as addition
respectively to the work [1] and the work [3].

REFERENCES

[1] Cheremnikh E.V. Asymptotic behaviour of the solution of some evolution equations, Math.
meth. and phys.—mec. fields, 1997, v. 40, n. 4, p. 75-85 (ukrain)

[2] Cheremnikh E.V. Non-selfadjoint Friedrichs’ model and Weyl function, Reports Nation. Acad.
Sci. Ukraine, 2001, n. 8, p. 2229 (ukrain)

[3] Cheremnikh E.V. Friedrichs’ model and problems with non-local boundary conditions, Math.
meth. and phys.—mec. fields, 2000, v. 43, n. 3, p. 146-156 (ukrain).

[4] Cheremnikh E.V. On time asymptotic of the solutions of some Cauchy’s problem with spectral
singularities, Math. Studii, 1993, n. 2, p. 64-72 (ukrain).

[5] Cheremnikh E.V. On time stability of space asymptotic behaviour of the solutions of evolution

equations, Ukrain. Math. J., 2002, v. 54, n. 3, p. 395-401 (ukrain).

Pavlov B.S. Spectral analysis of an differential operator with “spreaded” boundary condition,

Prob. Math. Phys., 1973, n. 6, p. 101-119 (russia).

[7] Kato K. Perturbation theory for linear operators, , Springer-Verlag, 1966.

[8] Yosido K. Functional analysis, Springer-Verlag, 1965.

6



