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ABSTRACT. We have discussed the nonlinear stability of triangular equilibrium
points in generalized photogravitational restricted three body problem. The
problem is generalized in the sense that both primaries are taken as oblate
spheroid. We have performed first and second normalization of the Hamiltonian
of the problem We have applied Arnold’s theorem to examine the condition of
non-linear stability. We have found three critical mass ratios where this theorem
fails. The stability condition is different from the classical case due to radiation
and oblateness of the primaries.
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1. INTRODUCTION

The nonlinear stability of an equilibrium point can be investigated by means of
KAM theorem[the work of Kolmogorov(1975) extended by Arnold (1961), Moser
(1962). Deprit and Deprit (1967) investigated the nonlinear stability of triangular
points by applying Moser’s modified version of Arnold’stheorem (1961). Bhatnagar
and Hallan (1983) studied the effect of perturbations on the nonlinear stability of
triangular points. They normalized the Hamiltonian through the fourth order terms.
But Robutel (1995) studied the stability of the planetary three body problem by
expanding the Hamiltonian upto order six in Poincare variables.Niedzielska (1994)
investigated the nonlinear stability of libration points in the photogravitatioanl
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restricted three body problem. Shevchenko and Sokolsky (1995) achieved the sixth
order of normalization with the help of computer in the study of hyperboloidal
precession of dynamically symmetric satellite. Ishwar B (1997) studied nonlinear
stability in the generalized restricted three body problem. His problem is generalized
in the sense that the infinitesimal body and one of the primaries have been taken
as oblate spheroid. Subba Rao, P. V. and Sharma, R. K. (1997) examined effect
of oblateness on the non-linear stability of L, in the restricted three body problem

Markellos, V.V. et al. (1996), Papadakis (1999) and Thakur, A.P. and Singh
R.B. (1997) examined the stability of triangular libration points in circular RTBP.
Hence we aim to study nonlinear stability of triangular points in the generalized
photogravitaional restricted three body problem.We have taken both primaries as
source of radiation and oblate spheroid as well.

2. FIRST ORDER NORMALIZATION

Using dimensionless variables and synodic coordinate system (z,y) as Szebehely
(1967) and Singh and Ishwar (1999) the equations of motion can be written as:

(1) i—2ny=U, ij+2ni="0U,

2(.,.2 2 1— 1_ A A
@) por@ty)  A-pa  pe u)3 a1 g
2 T1 T2 27"1 2T2

2 mo 1

where 17 = (w—p)* + 9% 13 = (@+1-p)’ +1% p= 2= < L oae
are mass reduction factor due to radiation, A;, As are oblateness coefficients. The
perturbed mean motion of the primaries, n is given by n? =1+ %(Al + Az). The
coordinates of triangular point L, obtained by Singh and Ishwar (1999) are

1 2
(3) m = 5 [7"‘ g((h —q2)+ A1 — A2Q2]
V3 2 1 2 2
4) yo = S [1— (A +A) + (A + Aoge) — c(L— 1) — 5 (1~ a2)]
2 3 3 9 9
with v = 1 — 2u. The subscript «o* denotes evaluation at Ly
1 2 1—
(5) L= 2@ 49) +nlaj—iy)+ o (2?4 y?) 4 LD 2
2 2 r1 T9
(1 —pAiqr | pAsg
27“{’ 27“%

with conditions ¢ =1 —¢,qo =1 —¢€, |¢] << 1,]¢'| << 1. Shifting the origin to the
triangular point L, and expanding in power series of z and y, we have

22 -2 2
6) Ly = w + ey — dy) + %<x2 +y?) - B2 — Fy* — Gy
Tix® 1 YL
(7) Ly = 13:5 + §T2$2y + Tyzy® + 4Ty

(8) Ly = Niz* + Noa®y + Nyzy? + Nyzy® + Nyy?
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In order to examine the stability of motion, as in Whittaker(1965), the following
set of linear equations in the variablesz, y can be written as:

dH,
—AP, = % Az =GP
(9) OH, OH.
—AP, = %9 N = o5
ie. AX = 0
x 2E G X —n
|y | G 2F n A
(10) X = P, and A= N n 1 0
P, -n —-x 0 1

Clearly |A| = 0 implies that
(11) M42E+F+n*)\2 +4EF - G?* +n* —2n*(E+ F) =0
This is characteristic equation whose discriminant is
D=4(E+F+n®?—4{4EF - G*+n* —20*(E+ F)}
Stability is possible only when D > 0. This implies that [Singh and Ishwar(1999)]

(12)  p < pe, = 0.03852089 - - - — 0.28500178 - - - A; — 0.00891747 - - - ¢
—0.0627795 - - - Ay — 0.00891747 - - - ¢’

When D > 0, the roots +iw; and Fiws (wi,ws being the long/short -periodic
frequencies) are related to each other as

1
13 w? + w2 = — |16 4 8¢ + 8¢’ + v(8c — 8¢’ + 244, — 244,
1
O<w < —=<w <1
2 \/§ 1
1
14  whd = {27 + 117A; + 1174y — 3¢ — 3¢ + (24e — 24¢)
—2(27 + 11TA; + 117Ay — 27e — 276')}
which give
16w} — 16w3 + 27
A2 — 1 2
(15) 5 +
208wi(1 —w?)  8yw? 208wi(1 —w?)  8yw?
A - A
{ 81 Ty A 81 g 142

+{

8(2wi —3w? +3)  8y(wi —3) bt {8(2w;1 — 3w} +3) N 8vy(w? — 3) e
27 27 27 27

Results given by ( 13) & ( 15) are different from others so obtained. But in the case
Ay = e = ¢ =0, they agree with those found by Subba Rao and Sharma (1997).
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For reducing Hs to the normal form, we solve ( 9) and then, as in Whittaker (1965),
use the transformation

(1

_| @
(16) X = Pf

P,

where the elements of the dyadic J can be obtained by adopting the method of
Breakwell and Pringle(1996) under the normality conditions. The transformations
( 16) transform Hs to the form

P — P} +wiQ] — w3Q3)
2
Now, we apply a contact transformation defined by Whittaker(1965) as:

(17) Hy = (

21; . .
(18) Py = (@Lw;) P eosg;, Qy= (1) sing;, (=12)
J

where ¢1, ¢2 and I, Is are the angle co-ordinates and the action momenta respec-
tively. The second order part of Hamiltonian ( 17) becomes Hy = w11 = —wals.

3. SECOND ORDER NORMALIZATION

For transforming the Hamiltonian H to Birkhoff’s normal form, we have utilized
Henrard’s method [Deprit and Deprit Bartholomé (1967)]. We have expanded the
coordinates (z,y) of the infinitesimal body in double d’Alembert series:

(19) x = ZB;’O(¢17¢2711712)7 Y= ZB?7I(¢1,¢27117I2)

Jj=1 Jjz1

where the homogeneous components B; 0 and B?’l are of degree j, I, I> are to be
taken as constants of integration, while ¢, and ¢ are linear functions of time.

The first order components B% 0 and B(l)’1 are the values of x and y obtained by
( 16).That is

(20) Bll’o = Ji3v/2w1171 cos o1 + J14\/ 2wals cOS @2
(21)

121 121
B?’l = Jo1 w—l sin ¢ + Jao w—z sin ¢ + Jag/211w1 cos ¢1 + Jo41/ 21ows cOS ¢
1 2

To find the other components B;’O,Bg’l,Bé’O,Bg’l, etc. we have considered the
Lagrange’s equation of motion. Consequently we have

i—2njy+(2E-n?z+Gy = 9oyl
(22)
i+2ni+ (2F —n?)y+Gor = 9Lka 4 9

oy oy
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Proceeding as in Deprit and Deprit Bartholomé (1967), we have obtained the

second order components B3’ 1.0 B0 ! as solutions of the partial differential equations
(23) AlAQBQL = @2, A1A2Bg’1 = -V, with
0 0
N;=D*+w? (i=1,2),D =w; —— —wy——
+wz7<z ) )7 wla¢1 w28¢2
(24) Dy = (D*+4 51) Xy 4 (SoD + S3)Y;
(25) Uy = (S9D — S3) Xy + (D? — S4)Ys

51—2F—7’L 52—2[1+ (A1+A2)] SgZ—G,S4:n2—2E

(26) Xy, = % evaluated for = = B;%,y = B>!
(27) Y = aa—L; evaluated for = = B,y = B!
From ( 6),( 7), ( 8),( 26) and ( 27) we have

(28) X, = (BT + BB T, + (BY)? Ty
(29) Y, = (BYY2Ty+2B°BY Ty + 2(31 02T,

Substituting the values of Xo, Y from ( 28),( 29) in( 24) and ( 25) we have

(30) Dy = (A;D? + Ay D + A3)(B1°)? +
(B\D? + ByD + B3)(BY")? + (C1D? + CuD + Cg)Bi OBt

(31) Wy = (A'D? + AYD + AL) (B} )2 + (B, D? + B4YD + B)(BY)')? +
(C1D? + C4D + C4) B} * B!

(32)  Now, D cos(mey + noz2) = (nwy — mwy) sin(mey + ngz)
D sin cos(me@y + ngs) = (mwy — nws) cos(mey + neos)
D? cos(mp1 + nz) = —(mwy — nws)? cos(mpi + npy)

D? sin(me1 + npy) = —(mwy — nwsy)? sin(mey + ndy)

By the condition(i) of KAM theorem each of wy,ws, wy +2wsq, ws + 2wy is different
from zero and consequently none of the divisors Ag g, Ao 2, D20, A1,1, N1,—1,18 Zero,
where

(33) A = [w] = (wim — wan)?] [wh — (wim — wan)?]
From ( 23)

P Wy
(34) By’ = By = —
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Making use of ( 20), ( 21) in ( 31), ( 32) and then using ( 33), we get 3, ¥o. Further
utilizing ( 33) in ( 34), we get
(35)3;’0 = r1Iy + 1oy + 1311 cos 201 + 1415 cos 2¢9 + 51 sin 20,
+ralysin 20 + 17121 cos(d1 + d2) + 151} 2 1,7 cos(g1 — )
o217 sin(¢1 + ¢o) + rioLy 21y sin(¢1 — o)

and

(36)33’1 = s101 + s2la + 5311 cos 2¢1 + s4lo cos 2¢p9 + S517 sin 2¢;
+5615 sin 2¢ + 57I11/2121/2 cos(¢p1 + ¢2) + 38111/2121/2 cos(p1 — ¢2)
o021/ sin(g1 + ¢) + s100y* 1% sin(g1 — ¢0)

Further, as Bhatnagar and Hallan (1983), we have proved that by the transformation

=B+ By? and y = BY"' + BY" the third order part Hs of the Hamiltonian in
/2712
1 A2

is zero.

4. SECOND ORDER COEFFICIENTS IN THE FREQUENCIES

In order to find the second order coefficients f2 ¢, fo,2, 92,0, go,2 in the polynomials
f2 and g2 we have done as in Deprit and Deprit (1967). Proceeding as ( 23), we
find

(37) D DoBy° = By —2foP —202Q, A DgBY = Uy — 2fo,U — 265V

(38) where , @3 = [D? - {1 + (A + Ag) = F}| X3 +

[2{1+ (A1 + 42)} D - G| vy

(39) v, = [D? {1+ (4 + 4z) = 2B} Y3 —
[2{1 +3 (A1 + A2)D} +G}X3
0 o2
(40) PzaTsl[{w%aTﬁ—l—
S(A1 + Ay) + 2F Mjo —(+ ZAI + ZAQ)B;M}
H2(14+ 341+ 2 ) 82 G aff; i SAt A B
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82
(41) Q= a¢2 [{w2 557~
1,0

g(A1+A2)+2F}{—w28£b - (14 Sa+ AQ)B“}
O 1

{ (1+§A1+2A2) G}{* 2a (1+1A1 JrZAQ)B?’l}}

0 5 02

B!

g(A1 + A2) + 2E}H{w: +(1+ %Al + %AQ)B}»O}

P

3 3 0 0B} 3 3
_{2(1+1A1+ZA) B, +GHw 0, (1+1A1+1A2)B?71}]
R
( iz [f4ag -
BOl
g(A1+A2)+2E}{—w288¢ P2 A D) B
3 3 9 0B 3
{21+ A+ JA)eng -+ GH{menp + (14 A+ A2)B‘”}]

d
(44) X5 = 55 (Ls + Ly) = la? + Uy + 1y® + Lo + Py + lgzy® + Uy
d

(45) Y3 = ox

(L3 + Ly) = mix? + mhay + mhy? + mya® +
ity + gy + i
with
=T, ly =Ty, 15 = Ts,ly = 4Ny,l5 = 3No,lg = 2N3, 15 = Ny

m’:E
1 27

These are the partlal differential equations which are satisfied by the third order
components B3 ,BO ! and the second order polynomlals f2, 92 in the frequencies.
‘We do not require to find out the components B Y and B0 ! We find the coefficients
of cos ¢1, sin ¢1, cos ¢2 and sin @9 in the right hand sides of( 37). They are the critical
terms , since Aq 9, Ng,1 = 0. We eliminate these terms by choosing properly the
coeflicients in the polynomials

my = 213, mf = Ty, mjy = Na,mi = 2N3, mg = 3Ny, m’; = 4N

(46) fo = fooli + fo2la, g2 = g20l1 + gool2
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Further, we find that

(coefficient of cos¢; in P3)
2( coefficient of cos¢; in P)
(coefficient of cos ¢y in ®3)
2( coefficient of cos ¢ in Q)
(coefficient of cos ¢o in ®3)

4 _ _
(49) 90,2 2( coefficient of cos @2 in Q) ¢

=A

(47) Ja0 =

(48) fo2=g20= =B

where

(50) A=A11+ (A2 +A137) A1+ (A1a + A sy) Az +
(A1 6+ A1 77)e+ (A1 g + Ap g97)€

(51) B =DB1+ (Bi2+ B137)B1 + (B1a+ Bi157) B2 +
(Bi,6 + B177)e+ (Bi,s + Bi,gy)€

(52) C=C11+(Cro+C137)C1 + (Cra+ Crsvy)Ca +

(Cr6+ Crrv)e+ (Crg+ Crov)e.

5. STABILITY

5.1. The condition (i) of KAM theorem fails when wy = 2w, and w; = 3ws.
Case(i) when

(53) w1 = 20.)2
then from ( 53) and ( 13) we have
3A17  3Axy  (1+7)e n (1 —7)€¢

2
1 3A 3A 1 € 1—7~)€
(55) oy — %{1_ 417 427 (Z’v) 44 4v) L.

Putting these values in ( 15), we get

(56) (675 + 2925 A1 + 292545 — 675¢ — 675¢ )% —
(675 + 282941 + 3021 A5 — 928 — 407¢ )t
+(16 — 484, + 4845 — 268¢) = 0.

Solving for p, we have

(57) [t = fre1 = 0.0242938 - - - — 0.1790727 ... A; —
0.0368505. .. Ay — 0.3828284 ... ¢ + 0.014776 ... €.

Case(ii) when

(58) w1 = 3(4)2
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proceeding as case(i), we have
(59) (225 4 975A; + 975 A5 — 225¢ — 225€¢ ) —
(225 + 957 A1 + 993 A5 — 319¢ — 131 )
+(3—91 4+ 945 — 84¢) = 0.
Solving for p, we have
(60) (L= fiep = 0.013516 - — 0.099383 ... A, —
0.019383... A5 — 0.3641983 ... ¢+ 0.0079002...¢".

5.2. Normalized Hamiltonian up to fourth order is
1
(61) H=uwl —wyly+ 5(Alf +2BLI,+CI3) + ...

Calculating the determinantD occurring in condition (ii) of KAM theorem, we have
D = —(Aw} + 2Bwiws + Cw?)
Putting the values of A, B and C' and if u = wiws, we have
644u* — 541u* + 36
62 D= Ds + D3v)A
(62) S(uz —D)amuz — 1) T P2t Dan) At
(D4 + D57v)As + (Dg + D77y)e + (Dg + Dgy)e’

39176u* — 14359u? + 492
48(4u? — 1)(25u2 — 4)
(64) D3 = 3(1593600u'? 4 2122096u® — 13052000u° +

5408175u* — 840076u? + 23616)/(16(4u® — 1)*(25u? — 4)*(16u? + 117))

(65) Dy — 59944uS + 14269689u* — 12215187u? + 166284
1962(4u2 — 1)2(25u2 — 4)2

(66) D5 = (55977008u" 4 16915980u® — 694540170u’ +

171574880u* — 31023250u? + 732927)/(208(4u? — 1)?(25u? — 4)(16u” + 117))

(67) Dy — 195560u® — 549558u* + 24575u? + 48

432(4u? — 1)2(25u2 — 1)

(68) Dy = (48947712u'? 4 617901664u'° — 454674128u® + 24540645

—73692732u* + 8118909u? — 71472)/(96(4u? — 1)3(25u? — 4)?(16u* + 117))

(69) Dy — 19440u® — 578504u8 + 272091u* — 33970u? + 216

654(4u2 — 1)2(25u2 — 4)
(70) Dy = (252817792u'? + 2444733120u'° — 1258751060u® — 4572842445
+32733556u* — 5336499u? + 631382)/(48(4u? — 1)3(25u? — 4)?(16u? + 117))

The second condition of KAM theorem is satisfied if , in the interval 0 < p < fioo,
the mass parameter does not take the value p.3, which makes D = 0. To find p.3,
we note that when A; = Ay = e = ¢ = 0 then from ( 62), D becomes zero if and
only if

(63) Dy =

644u* — 541u? + 36 =0
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This implies that

o _ 541 — /199945

(71) = .0.0728632 = ug(say)

1288
Writing u? = 2710-7%) 4nd v =1 —2u and then solving above, we find
16 ’
(72) v =" =0.9781726... and p= pg=0.0109136...

When Ap, Ay, €, ¢’ are not zero, we assume that D is zero if

(73) p=po+ad; +ad'Ay+a’e+a”'e

(74) vy =10 —2(ad; + ' Ay + a”e + a”'¢) with 9 = 1 — 2y

(75)  u? = ug + (u1 + aug) Ay + (us + /ug)As + (us + o’ ug)e + (ur + a”'ug)e
with

o 17(1-93) a+24yy  a—24y
(76) Uy = usz = 16 , Us = 16 y Ut = 16 ;
27y

a:24—27(1—’y§),uQ:u4=u6=u8: 1

and «, a’a”, /" are to be determined. From ( 62), D is zero when

644u* — 541u? + 36
77 D = Dy + D3v)A
(") s@uz — )5z —ay T P2t Dandi+
(D4 + D5’}/)A2 + (DG + D7")/)€ + (Dg + Dg’y)€/ =0.

Making use of ( 76) in ( 77) and equating to zero the coefficients of A;, As, e and
€, we get

(78) a = - T s

(79) o - (1288uqg — 541)usz + 8(DJ + Do) (4ug — 1)(25up — 4)
uq(1288ug — 541)

(80) o = (1288ug — 541)us + 8(DY + D%70)(4ug — 1)(25ug — 4)
u6(1288ug — 541)

81) o = - (1288ug — 541)uz + 8(D3 + Do) (4ug — 1)(25up — 4)

us (1288ug — 541)

where DY (n = 2,3,4,...,9) are D,, given by( 63) to ( 71)as evaluated for the
unperturbed problem. Numerical computation yields, « = —0.1036878...,a' =
0.5456468 . ..,a" = —0.4748319...,a"" = —0.1432604 . ... We then have

tes = [o + Al + o’ Ay +a’e+ "€
=0.0109136--- — 0.1036878 ... A; + 0.54565468 ... Ay —
0.4748319...¢ — 0.1432604 . . . ¢

Hence in the interval 0 < p < poo,both the conditions of KAM theorem are satisfied

and therefore the triangular point is stable except for three mass ratio pq(i =
1,2,3).
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6. CONCLUSION

We conclude that triangular point is stable in the nonlinear sense for all ratios
the range of linear stability except for three mass ratios;

e = 0.0242938 - - - — 0.1790727... A; — 0.0368505 ... As —
0.3828284...¢+ 0.014776 ... ¢
tez = 0.013516- - - — 0.099383 ... A; — 0.019383 ... Ay — 0.3641983 . ..¢€ +
0.0079002...¢
tes = 0.0109136 - - - — 0.1036878 ... A + 0.54565468 ... Ay —
0.4748319...¢ — 0.1432604 ... ¢

which KAM theorem fails. When A; = A; = € = ¢ = 0, then the values
tei(t = 1,2,3) agree with those found by Deprit and Deprit (1967) and other

researchers.
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