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ABSTRACT. In this paper, we use nonlinear control method for synchronization
of two identical chaotic generalized Lotka-Volterra system. The determination
of the controller is based on the Lyapunov stability theory. Numerical simula-
tion results are shown for demonstration.
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1. INTRODUCTION

Historically, the analysis of synchronization phenomena in the evolution of dy-
namical systems has been a subject of active investigation since the earlier days
of physics. It was started in the 17th century with the finding of Huggens that
two very weakly coupled pendulum clocks become synchronize in phase. Other
early found examples of synchronization are the synchronized lightning of fireflies,
or the peculiarities of adjacent organ pipes which can almost reduce one another
to silence or speak in absolute unison [1]. The existence of chaos in natural and
manmade systems is a well establishes fact. Since Pecora and Carroll introduced a
method [3] to synchronize two identical chaotic systems with different initial condi-
tions, chaos synchronization become very important topic in the nonlinear science.
Over the last decade, chaos synchronization has received increasing attention due
to its potential application in many areas such as secure communication, informa-
tion processing, biological systems, chemical reactions and neural networks. There
exist a large variety of approaches for chaos synchronization such as the feedback
method [4], backstepping design technique [7], adaptive control approach [8], gen-
eralized synchronization [5] and many others. Huang etal. [2] proposed the method
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of chaos synchronization via nonlinear control. In this letter, we use nonlinear con-
trol method to synchronize two identical generalized Lotka-Volterra systems and
determine the controller based on Lyapunov stability theory.

2. SYNCHRONIZATION VIA NONLINEAR CONTROL METHOD
Let us consider the following drive system described by
(2.1) x = Ax + Bf(x)

where x € R™ is the state vector, A € R"*" B € R™ are matrices and vectors of
system parameters, and f : R — R™ a nonlinear function.
Let the controlled response system is given by

(2.2) y=Ay+Big(y)+U

where y € R™ denotes the state vector of the response system, A; € R"*" B; € R"
are matrices and vectors of this controlled response system parameters, U € R" is
an additive control, and g : R™ — R'™ is a nonlinear function.

The problem of synchronization is to design a controller U which synchronizes
the states of both the drive and response systems.

Let us define e = y — z. Now subtracting (1) from (2) we obtain

(2.3) é=A1y+ Big(y) — Az — Bf(x)+ U

The drive and response systems are synchronize if lim;_..e — 0. Now our aim
is to choose U such that we can find a Lyapunov function i.e. a continuously
differentiable real valued function V' (e) with the following properties : (i) Vi(e) > 0
for all e # e* and V' (e*) = 0 where e* is a fixed point of the system (3). (ii) V(e) <0
for all e # e*. Then e* is globally asymptotically stable, for all initial conditions,
e(t) — e* as t — oo and the states of drive and response system are synchronized

asymptotically globally.

3. SYNCHRONIZATION OF TWO IDENTICAL LOTKA-VOLTERRA SYSTEMS

In 1988, Samardzija et al. [6] proposed a two-predator one prey generalization
of the Lotka-Volterra equations, :

d
d—f = z—ay+ Cz? — Aza?
dy
3.1 Yo
(3.1) o y+ay
dz

—Bz + Aza?

dt
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where A, B and C' are three positive parameters.
The system (4) is taken as drive system and the controlled response system is given
by

d
% = —I1y1+0l‘12 —A211‘12+U1
d
(3.2) % = -y +ziy+us
t
d
% = —Bz + Az111% + us

where U = [u1,uz, uz]T is the controller to be designed.
We definee; =x1 —x, es=y1 —y, e3 =21 — 2

Now from (4) and (5) we obtain

d
% = e —my +ay+Cr? — C2? — Azywi® + Aza? + g
de
(33) 7; = ety —TY +u
d
% = —Bes+ Azix1% — Azz® + us

According to Lyapunov stability theory, when controller satisfies the assumption

with V(e) = 1e”e, a positive definite function and the first derivative of V(e), V (e) <

0, the two identical Lotka Volterra systems from different initial conditions will syn-
chronize. We consider a Lyapunov function for system (6) as

1
Vie) = §eTe,

V(e) =e1? —eyxy; + erxy + Cexy? — Cerx® — Aeyzix12 +
Aeqza? + ejug — e9? +

eaT1y1 — 9Ty + eaus — Beg? + Aesgzix1? — Aesza® + esus.

If we choose the control variables such that

w = —2e +zy —ay— Cx? + Cx? 4+ Azya1? — Aza?
(3.4) Uy = TY— T1Y1
ug = Azaz?— Az’

Therefore with these choice of control variables V(e) is positive definite and V (e)
is negative definite in the neighborhood of the zero solution for the system (6).
Therefore the states x1,y; and 21 of the response system (5) and the states z,y and
z of drive system (4) are globally asymptotically synchronized.



16 OMUR UMUT, SWARUP PORIA, RAJAT PATRA

4. RESULTS AND DISCUSSIONS

We present here three simulation results. The parameters of generalized Lotka-
Volterra system are chosen as follows : A = 298518, B = 3.0 C = 2.0 The
generalized Lotka-Volterra system behave chaotically under these values of A, B
and C. The fourth order Runge- Kutta method with step size .005 is used for
solving the coupled driving and driven dynamical system. The initial conditions for
the driving system and driven system are given respectively by, (2(0),y(0),2(0)) =
(.1,-0.1,0.2) and (x1(0),77(0),z(0) = (—0.01,0.1,0.2).

Fig.1, Fig.2 and Fig.3 illustrate the time evolution of e; = x1 —x,e3 = y; —y and
e3 = z1 —z respectively. We observe that the synchronization error converges to zero
and two chaotic generalized Lotka-Volterra systems are synchronized. In this paper
we take two identical chaotic systems for synchronization but this method is equally
useful for control and synchronization of two different chaotic systems.The controller
is determined using Lyapunov stability theory. Since the Lyapunov exponents are
not required for the calculation , this method is very useful for hyperchaotic systems.

Fig.1
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FIGURE 1. Time evolution of e;
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Fig.2
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FIGURE 2. Time evolution of ey
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