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ABSTRACT. Here, we obtain some result about strong expansive homeomor-
phisms on locally connected compact metric space X without any isolated
point. In particular, we prove that strong expansive homeomorphisms have no
almost Lyapunov stable point.
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1. INTRODUCTION

One of the nice topological property of a hyperbolic set is expansivity.In fact,it
is a property shared by a large class of dynamical systems exhibiting chaotic be-
haviour. Roughly, speaking an expansive dynamics is one in which two different
trajectories can be distinguished by an observer with an instrument capable to
distinguish points of a distance greater than a certain constant o > 0, which is
called the constant of expansiveness. The notion of expansivity was introduced
by Utz in [4] with the term of unstable homeomorphisms. Lewowicz in [3] proved
that the local stable and unstable sets for expansive homeomorphisms are arcwise
connected and furthermore, they consists of a finite union of arcs. This leads to
some characterization for expansive homeomorphisms.By using of the results in [1],
Hertz found that the expansive homeomorphisms admit no stable points and that,
there are nontrivial uniformly sized, connected pieces within both the local stable
and unstable sets of each point, see [3]. Also,he proved that any Lyapunov stable
point of a expansive homeomorphism is periodic. Here,we introduce a stronger no-
tion of expansivity, call it strong expansivity,which can be used for describing the
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chaotic dynamics better than expansivity. One of the most important systems ex-
hibit strong expansivity, is Lorenz attractor, called butterfly effect. Also,we define
a weaker kind of stable points, which are almost Lyapunov stable points and prove
that strong expansive homeomorphisms has no almost Lyapunov stable point

Before, we introduce some common notations.

Let (X, d) be a metric space and f be a homeomorphism on it. Put
Onem(@) = {2, £(&),... f™(2)} and Oppyen(w) = {f " (x), () ..., f(x)}

A homeomorphism f on the compact metric space (X,d) is said to be strong
expansive, if there exists an a > 0 such that, for any « # y, there exists N € N such
that

d(O)n<n (2), Olnj<n (¥)) >
« is called the expansivity constant for f. we say that f is expansive, if there
exists an a > 0 such that, for any x # y, there is an integer n, such that,
d(f™(x), f*(y)) > «. strong expansive homemmorphisms are special case of ex-
pansive homemorphisms.
We say that © € X is almost Lyapunov stable if for any € > 0 there exist a § > 0
such that d(x,y) < ¢ implies that for all N € N,

d(On<n(7), Oncn(y) <€

A point x is Lyapunov stable point for f, if for any € > 0, there exists a § > 0
such that d(z,y) < 0, implies that, for any positive integer n, d(f"(x), f*(y)) <
€. Almost Lyapunov stability is an extended notion of Lyapunov stability. In
[1], Hertz proved that a expansive homeomorphism on compact locally connected
metric space X without any isolated point has no Lyapunov stable point and so a
strong expansive homeomorphism does’t too. Here, we obtain stronger result for
strong expansive homeomorphism. We prove the nonexistence of one weaker kind
of Lyapunov stable points, call them almost Lyapunov stable points, for strong
expansive homeomorphisms.

Before stating our results precisely, we introduce some definitions. Let X be
a compact metric space, endowed with a metric d and FX composed of all the
nonempty closed subsets of X. Let A and B be in FX, put

di (A, B) = inf{a > 0; A C Un(B) and B C U,(A)},

where U,(.) denotes the a-ball measured in d. dp is a complete metric on FX,
called the Hausdorff metric ( see [2] ). Here the main goal of us is proving of the
following fact.

From now on, for simplicity, we denote dg by d too.
Main theorem: Let (X, d) be a locally connected compact metric space without any
isolated point( In particular X can be a topological manifold.) and f be a strong
expansive homeomorphism on it, then f has no almost lyapunov stable point.

2. SOME PRELIMINARY FACTS

In this section, we assume that f is strong expansive homeomorphism on X.

Given point z € X, we put w(z, f) = {lim f™(x); np — oo} and a(z, f) =
w(z, f~1). We say that 2 € X is w—recurrent ( or a—recurrent ), if z € w(x, f)
(resp. x € a(z, f)). We define almost stable set of a almost Lyapunov stable point
as follows.
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Definition 2.1. For any almost Lyapunov stable point x € X and each € > 0, put
AE = {y S M; d(OnSN($>7On§N(y)) <eforall N e N}

Remark 2.2. x € X is almost Lyapunov stable if and only if for any € > 0, x is
an interior point of A..

In the following we show that any strong expansive homemorphism has a uniform
expansiveness property.

Theorem 2.3. If f is strong a-expansive then, for any € > 0, there exist N, such
that, for any x,y € M

d(z,y) > e = sup d(Ojm)<n (), Opmi<n(y)) >

Proof. By contraction, suppose that there are ¢y > 0 and a sequence N, € N, x,,
and y,, in M, such that d(x,,, ym) > € and

sup d(O‘m|§n(xm)7O\m\§n(y’m)) <o
<N,

n_

Let z,, — x and y,, — y, so d(z,y) > €. On the other hand, for any N € N,
d(Oppj<n (), Opnj<n(y)) < a and thus by strong expansivity of f, x = y. Which is
contradiction. O

Now, let y € Ao (x). Assume that € > 0 be given. We have d(Op<n (), On<n(y)) <
«. Now let n > N, then

sup d(Om<n(f"(2)), Om<n (f" (7)) <
N<N,

and so by the previous theorem, d(f"(x), f"(y)) < e. Thus for any n > N,
(1) f"(Aa(2)) € Be(f" (@)

In particular for any y € A, (z),

(2) w(z) = w(y).

Theorem 2.4. An almost Lyapunov stable point which is recurrent is periodic.

Proof. Since A, (z) contain an open neighborhood of x, so there is a 0 < § < « such
that, Bs(v) C Aa(x). If s > Ns/4 be large enough such that, f*(x) € Bs/4(x), then

[2(Bs(x)) © f*(Aa(®)) C Bsja(f*(x)) € Bs/a().
Thus f*(Bs(x)) € Bs/2(x) and therefore we have a periodic point z in Bs/o(x) C
As(z) C Ay(z). By (2), z € w(z) =w(z) = O(z) and hence, x is periodic. O

Remark 2.5. The point z is almost Lyapunov stable if and only if A, contain an
open neighborhood of x.

Clearly if « is almost Lyapunov stable point, then A, (x) contain an open neigh-
borhood of z. Conversely, let A, (z) contain an open neighborhood of z and € > 0
be given. Let 6 > 0 be such that Bs(z) C A,(z). Now by (1), for any s > N,
f2(Bs(z)) C f*(An(z)) C B(f*(x)). So for sufficiently small § and any y € Bs(z),
y € A

Theorem 2.6. The set of almost Lyapunov stable points is open.
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Proof. Let = be an almost Lyapunov stable point and let § < «a/2. If y,z €
int(As(z)), then z € A,(y) and so int(As(x)) C Aa(y). Thus y € int(As(z)) C
Ay (y). By remark 2.5, y is almost Lyapunov stable point and thus int(As(z)) is
neighborhood of x which consist of almost Lyapunov stable points. O

Finally we prove the main theorem of this article.

3. PROOF OF THE MAIN THEOREM

By the previous results, it is enough to show that z is recurrent. Let z € a(z).

First, we obtain § > 0 such that for any k > 0,
Bs(z) € Aa(f™"" ()

In which z = limg— o f~™ (z). By contradiction, assume that there is no such
an 0. So f7"(x) € By(z) and Byi(2) € Aa(f~™(x). But f7"(x) € By/k(2)
and thus f="(z) € A.(f~"*(x)) N By/x(z). Since f is continuous and Bj is
connected, so there is yr € M such that f~"*(yx) € By/x(2) N O(Aa(f"*(2)).
By the continuity of f, there is a sequence of even positive integers N with the
following property

(3) d(Oi<n 7™ (1), O [T (2)) =
and for any m < Ny,

d(Opj<ne 7" (Y), Opni<n [~ (7)) < o
Put s, = % Let fo+=Ne(y,) — y* and f5~Ne(z) — x*. Therefore, for any
N € N, we have
d(Opn<n (), Olnj<n (¥7)) < @
By the expansiveness of f, z* = y*. On the other hand
Opnj<n, (F 7™ () = Opy<s, (F55 N5 (i) — O(y*)
Olnj<n, (F7(2)) = Opnj<s, (f4 N4 (1)) — O(a*)

which is contradiction to (3).
Now for any € > 0, we can choose njy > m; > N, such that,

7" (@) € Bs(2) € Aa(f7"*(2))
Using (1), f™~"*(z) € Be(z) and so z € w(x).

Therefore, if x is an almost Lyapunov stable point then it must be periodic. Now
let § be small enough so that d(z,y) < ¢ implies that y € A, (x). For sufficiently
near y, we can asssume y be almost Lyapunov stable and so periodic. By (2),

O(y) = w(y) = w(z) = O(x)

and so x must be an isolated point, contradiction by assumption on X.
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