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AHSTltACT. \Ve consider systems of nonlinear third-order differential equations
depending on a small parameter such that the unperturbed system has a three
dimension manifold of periodic solutions. \Ve impose some conditions on the
system in order to reduce the third order perturbed system to the second one.
fly using Poincare-Andronov-TTopf theorem we prove the existence of many
periodic solutions the perturbed system.
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1. I.'HHODLCTIO.'i

Suppose that we have the system

(1) ;r;"1 + 0.)2;[:' = fF(;r;, ;r;', ;r;", f)

where f is a real parameter characterizing the strength of the external driving force.
The third order differential equations which are of the form (1) usually arise in
problems related to energy and acceleration. For E = 0 the equation (1) has periodic
solutions. Although there are some papers about existence of the periodic solutions
of a nonlinear third order differential equation, for examples see [1,2,8,9, ..]. But
finding periodic solutions for this kind of system is not very easy. In 2003 Rabiei
and Afsharnejad [8] proved that under some conditions on function F(x, X, x) there
exist many periodic solutions for system

(2) III 2 I F( I ")X + 0.) x = E X, x, X

Ylehri and Kiksirat in [6] considered the nonlinear third-order (2) and obtained
some conditions for the existence of a periodic solution for it. They use the fixed
point theorem and they impose the boundary values for the equation for finding one
periodic solution for the system (2). In this paper we suppose that the function F is
depending on parameter f and we have no restriction on the parameter f. Also we
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omit the condition D f(O, 0, 0) = 0 as it is in paper [8] and present a new condition
for the system (1) in order to have many periodic solutions. Let us suppose that
the function F (;r, ;r' , ;r" , f) is

(3) F(;r, ;1:', ;r", f) = ;1:'.fJ;(;r, ;1:', f) + ;r".fJ;' (;r, ;r', f)

where .I is cT (7" 2' 2)and IE' f~ arc derivation of .I with respect to ;r and ;r' respec­
tively. We show that if fx'(Xo,X~,fO) cJ 0, then (1) has many periodic solutions.
Section 2 of this paper is devoted to some preliminaries. In section 3, we discuss
about the existence of fixed points and periodic solutions. In section 4 we give some
applications about the existence of periodic solutions and homoclinic orbits.

2. P H.ELlMI'i AHlES

We write the equation (1) as

(4) X' = A.X + fG(X, f)

where X = (x, y, z) = (x, x', x") E k'

A ~ 0_~, n,G(X,,) ~ ( P(x}x",J

and F(;r, ;r', ;r", f) as in (3). By using theory of ordinary differential equations it is
not difficult to see that

<l>(t) = ( ~
o

1- sin wt
OJ

coswt
-w sinwt

~(1 - coswt) )
~ 1- sinwt

OJ

coswt

is a fundamental matrix of the unperturbed system

(5) X' = A.X

So every point of R 3 is on a periodic orbit of (5). By considering (3) we have

d (" 2 f( ')) ", 2' ('f ( ') "f ( ')) ()dt x +W X-f X,X,f =X +W X -fX x X,X,f +X x' X,X,f =

Therefore
x" +w2x - ff(x,x',f) = k

where k is a real constant. If we put k = ff.1 then we get

;r" + w 2
;r - f(.f(;r, ;1:', f) + fl.) = 0

or

(6) X"+W 2X-fg(X,X',f,tt) =0

in which g(x,X',f,tt) = f(X,X',f) + tl. Also we can write (6) as

{

X' = Y
(7) y' = -w2x + fg(X, y, f, f.1)

Therefore the following lemma is obvious.

Lemma 1: The curve (;r(t), ;r' (t)) is a (periodic,homoclinic)solution of (6) if and
only if (;r (t), ;r' (t) , ;r" (t)) is a (periodic,homoclinic) solu tion of (1).

Proof: The proof of this lemma is same as [8, Theorem 3.1 ]. D
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Since we are going to use the Hopf bifurcation theorem, we give it at the end of
this section.

Theorem 2(Poincare-Andronove-Hopf): Let X' = A.(f)X + G(X, f) =
F (;r, f) be a c r

, r :;:. 3 planner vector field depending on a scalar parameter f
such that G(D, E) = D and D xG(D, E) = D for all sufficiently small Itl. Assume that
the linear part F, that is to say A.(E)X ,at D , has the eigenvalues a(E) ± i3(E) with
(t(O) = 0 and 3(0) -::j::. O. If n/(O) -::j::. 0, then in any neighborhood 1; of origin in R 2

and for any given fO > 0 , there is a f with IfI < fO such that X' = A.(f)X + G(X, f)
has a nontrivial periodic orbit in U.

For proof and more information see [5]

3. PERIODIC SOU;TIOKS

The origin is the only fixed point of the unperturbed system (5). By lemma 1
for studying fixed points of (1) it is enough to find fixed points of (7). In fact we
look for the zeroes of -w2;r + fg(;r, 0, f, IL) = 0 , so we define

cp : R 3 ---+ R

cp(;r, f, IL) = -w2 ;r + fg(;r, 0, f, p.)

We see that cp(D, D, It) = D and CPx (el, D, fL) = _w 2
-::j::. D , then by Implicit function

theorem for each It there exists an open set U/i containing (D, It) and a C 1 map
;rp : Uti ---+ R such that for each (f,P.) E Up ,we have

Theorem 3: For each positive real number K, there exists an open rectangle
M S;;; R 2 containing {D} x [-N,N] and a C 1 map x: NI ---+ R such that (X(E,lt),D)
is a fixed point of (7).

Proof: By the above arguments since {O} x [-N, N] is compact we can find
- N <::: ILl, ... , IL n <::: N such that {O} x [-N, N] S;;; UU/Ii . Let NI be an open rectangle
with {D} x [-N, N] c NI C UUpi ' If (E, fL) E UPi n UPj , then by uniqueness of the
solution of the Implicit function theorem x/ii(E,lt) = Xpj(E,fL). This shows that we
can define the C 1 map

x:NI---+R

(f, IL) ---+ ;rP.i (f, IL) (f, p.) E UPi

such that (X(E, fL), D) is a fixed point for (7). D

Remark : The linear part of (7) at (;r( f, IL), 0) is

A.(E, It) = ( -w2~ fg:r f.~Y)
where all partial derivatives of g are computed at x(E, It), D, E, fL). So the eigenvalues
of A.(f, IL) are

(8)
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In the rectangle NI if we consider small enough values of E then (Egy)2 +4(Egx_w2) <
o , thus the real part of )'1,2 is f.~'I.

Lemma 4: Suppose that NI is as in the previous theorem and f is small enough
Then the fixed point (:1:( f, IL), 0) is isolated.

Proof: Define

h:R----'tR

2h(x) = -W X + Eg(X,O,E,IL)

Then h(X(E,IL)) = 0 and hx(X(E,fL)) = _w 2 + Egx = H. ~ow if H < 0 then his
decreasing in a neighborhood of X(E,IL). But by the remark we take the values of E

in lVf such that H < O. Therefore the fixed point is isolated. D

1\ow we use the Hopf bifurcation theorem ( Poincare-Andronov-Hopf) in order
to prove the existence of periodic solutions for (7). By relation (8) the real and
imaginary part of ).1,2 are

a(E) = Egy 3(E) = J4(w 2
- f9,,) - (f9y)2

2 2

It is easy to see that a(O) = 0,3(0) = w cJ O,a'(O) = ~gy(X(O,fL),O,O,IL). There­
fore the following theorem is true.

Theorem 5: Consider the system (7), where (:1:(f, IL), 0) is a fixed point for it.
If 9y (:1:(0, IL), 0, 0, fl.) cJ 0 , then at f = 0 the Hopf bifurcation occurs at (:1:(0, fl.), 0)
for each fL E [-N,N].

Indeed by verifying the Hopf bifurcation at (x(O, IL), 0), we can see that whether
the system (7) has periodic solutions for f > 0 or f < O. Here we assume that it has
periodic solutions for f E J ( J = {flf > O} or J = {flf < O}).

Theorem 6 : If !x'(X(O,IL),O,O) cJ 0 then for each E E J, the system

(9) 'j.'11 + '11,2'j.' f(f' ('j' 'j.' f)'j.' + f' ('j' 'j.' f)'j.") - 0./ " ',- - -.;r '-'j'-' j.- ,-, • :r' ',",',-, - ',- -

has many periodic solutions.
Proof: By theorem 5 the system (6) has a periodic solution for each IL E [-N, N]'

so lemma 1 implies that there are many periodic solutions for the system (9). D

Corollary 7 : Let

(x, Y,E) ----'t h(x, Y,E)

be a C2 map such that h(O, 0, 0) = 0 and hy(O, 0, 0) cJ -a , where a E R is a real
constant. Then for each f E J, the equation

has many periodic solutions.
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4. SOME APPLICATIO"lS

In this section we consider the system (7) where g(x, y, f, f.1) = f(x, y, f) + tL. If
we suppose that .I is a c" function (r 2: 2), the Taylor expansion of.f at (0,0,0) up
to 0(3) as follows:

.I (:r:, y, f) = (La + 01:r: + (L2Y + 03f + (L4:r:2 + (L.');t/ + 06f2 + 07:r:y + (Ls:I:f + (LoYf + 0(3)

in which:

aO = f(O, 0, 0), a1 = fx(ll, 0, 0), a2 = fy(ll, 0, 0), a:, = fE(ll, 0, 0),

a1 = fxx(ll,O,O),as = lyy(O,O,O),a(j = fEE(ll,O,O),a7 = 2fxy(O,O,O),

as = 2fXf (ll, 0, 0), ag = 2lYE (ll, 0, 0).

We can suppose that f(O, 0, 0) = °(otherwise put h(x, y, f) = f(x, y, f) - f(O, 0, 0)).
So by truncating the Taylor expansion at 0(3), the system (7) has the following
form:

{

:r:' = Y
() , 2 ( 22210 y = -w x + f a1 x + a2Y + a:,f + a1X + a.')y + a(jf + a7xy + asxf +

agYf+tL)

Lemma 8 : If 02 of. 0 , then the equation

(11) x'" + w2x' - f(a1 + 2a1x + a7x' + aSf)x' - f(a2 + 2asx' + a7x + agf)x") = °
for each f E J has many periodic solutions.

Proof: If (L2 of. 0 then .fJ;' (:r:(0, 11),0,0) of. 0, so the theorem 6 implies that the
system (11) has many periodic solutions. D

Example 1: Put in the system (10) for 1 :S i :S 9, i of. 2,4, ai = 0, a2 = b, a1 = a.
So we have

(12) { .:1;'~ 91 (:~:,y, f, fl.)
Y - 92 (.1, Y, f, fl.) )

where g1 (x, y, f, tL) = Y and g2(X, y, f, tL) = -w2x + f(by + ax2+ tL). It is easy to see
that

. w2 + Jw1 - 4f2atL w2 - Jw1 - 4f2atL
A=( ,O),B=( ,0)

2f(L 2f(L

are the fixed points of (12). The eigenvalues of D(g1,g2) at A and Bare

bf ± V(bfF + 4Jw1 - 4f2atL bf ± V(bfF - 4Jw1 - 4f2a f.1,A ,B
/\1.2 - 2 ' /\1.2 - 2

Hence for small values of f , A is a saddle point and B is the point at which the
Hopf bifurcation occurs.

Example 2: \Ve consider 10 with b = 11 = 0 and (L of. 0, i.e.

{

X' = Y
(13) y' = -w2x + mx2 = p(x)

The equations (13) is Hamiltonian with potential energy

J W2X2 fax:'
P(x) = - p(x)dx = -2- - -3-
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FIGURE 1. The left one for w < 0 and the right one for w > 0

FIGURE 2. The left one for w < 0 and the right one for w > 0

2 2 2 3

and Hamiltonian function H(x, y) = .If + w 2
x - Ea3X •

2

The potential function P(x) has one local maximum (x = ~a) and one local mini-
mum (x = 0). See figure 1.

The fixed points of (13) which are correspond to these exterma of P(x) are (0,0),
2 2

(~a ,0). By Theorem 3 of page 155 in [7], (0,0) is a center and (~a ,0) is a saddle
for (13). Note that

w2 w2 w6

P(-) =P(--) =-
w 2w 6E2 a2

2 2

so for x = ~a or x - ~a ' y must be zero for (X, y) lie on the level curve
6 2 2

H-1(6(2a2)' Also since H(x,-y) = H(x,y), then for -~a < X < ~a there are two
6

points ±y on H-1(6~a2)' Then the level curve of the energy is shown in the figure
2.

2

Hence (~a ,0) is a homoclinic point and the homoclinic orbit is filled up with the
periodic solutions. Now we apply these results to the system (1).
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(14)

Lemma 9: For each E E R, the equations

{

X' = Y
y' = Z

Zl = -w2 x + 2Eaxy

has a homoclinic orbit and many periodic solutions.
Proof: By lemma 1 and example 2 the proof is obvious. 0
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