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ABSTRACT. We study the quantum cosmology of a stringlike toy model, _We 
show that fluctuations of the third-quantized universe field become exponen­
tially large as cosmic scale factor approaches zero, and in the course of cosmic 
expansion quantum fluctuatio!ls rapidly decrease. 
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1. INTRODUCTION 

In the last years, string theory has been seen, as the main consistent candidate 
for a fundamental theory of gravity [5]. This is based on the assumption that the 
fundamental objects that describe matter and its interactions are not point-like but 
one-dimensional. 

It is widely thought that quantum gravitational effects become important on 
scales of the order of the Planck length. Therefore, quantum cosmology is the nat­
ural framework which may answer questions related to the initial states of the uni­
verse, and one approaCh to the problem is baSed on the WDW equation[2] fI 7f; O. 
However, since the WDW equation is a second-order hyperbolic differential equa­
tion, there is a problem in the interpretation of I 7f; 12 as a probability, because 
the conserved current associated with it is no necessarily semi-positive definite. An 
alternative approach to quantum cosmology is the third quantization in analogy 
with the second quantization of the Klein-Gordon equation[2]. 

In this paper we study the, feature of quantum fluctuations. This problem can be 
addressed by analyzing the tensor metric perturbations[4] or studying the behavior 
of fluctuations around the third quantized solutions to the WDW equation[8, 7]. 
We adopt the second procedure to study a solvable toy string model by means 
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of WDW functional equation. The paper is organized as follows. In Sec. Il we 
describe the canonical formalism of our minisuperspace model and we obtain the 
.WDWequation. In Sec. III we study the quantum fluctuations of the universe field 
by means of the uncertainty relation, and Sec. IV consists of final remarks. 

2. THE MINISUPERSPACE MODEL 

We start from the four-dimensional low energy effective action of string theory 

(1) S = - 1 fM d4xFge-'" [R + 4J; cx 4J;cx + V(4J)] ;2hM d3x Vhe-<I>hij Kij , 

where 9 = det(gp,lI), R is the scalar curvature, >. is the fundamental string length 
parameter and V (4J) is a dilaton potential. The scalar curvature R includes the 
second derivatives of the metric gp,lI, and since in the canonical quantization for­
malism, the dynamical piece of the metric is the induced three-dimensional metric 
hi] (i, j = 1, 2, 3) on the boundary of the manifold M over which integration in (1) 
is performed, we can get rid of these second derivatives terms, by means the second 
integral in (1) which is a surface term where, h is the determinant of the induced 
metric and Kij is the second fundamental form of the boundary [2]. In order to 
study isotropic and homogeneous quantum cosmology, we adopt the Friedmann­
Robertson-Walker flat model for the universe, then the total action (1) becomes 

. 2 3 '2 3 1 
(2) S = ~~ f dt a2a:, a ~ - a t N; V(4J) ,

[ 6

here a is the scale factor of the universe, andthe lapse nmction N(t)represents the 
general time-coordinate transformation freedom. We have introduced the spatial 
volume V of the homogeneous region we consider, this must be some. properly fixed 
finite constant. The dot denotes time derivative with respect to the cosmic time 
t. Now, in order to eliminate the term a2a~/N in action(2), we introduce the 
ind~pendent variable {3 = a2 e-"', then action (2) becomes' . 

(3) S ~~ /dt e! [1;N{3~~2 4~{3~~~2- ~{3~V(4J)] . 

The canonical conjugate moment a corresponding to {3, 4J and. N are 

__ 3V _~!. _ ~ ~ !. _
(4) ITJ3 - >..2N{3 e {3 , IT", - >.2N{3 e. 4J , ITN - O. 

The last equation ITN = 0 is a primary constraint. The total Hamiltonian of the 
system is constructed as 

(5) HT = ITNf.! +NH, 

where 

H /mJ3 + ~IT", L, 

N>.2 !t r 1 2 3 2 V 3 '" ](6) = 6V e- 2 -:-{32 ITJ3 + 3{3- 11IT<I> + >.2 {311 eo/VC4J) . 

Now, in order to make quantum theory of the universe (following the Dirac quanti­
zation), we introduce the wave function of the universe 'IjJ. The constraint equations 
must be imposed as restrictions on the states 

(7) ITN'IjJ = 0 , H'IjJ = 0 , 

J /,. 
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from first equation we conclude that wave function 1jJ does not depend on lapse 
function N. The second equation is the WDW equation, which can be obtained by 
means 'of canonical quantization of H 0 (secondary constraint), Le., the moment a 

(8) fP {)fJ2 3{)(P + VfJ3etPY(4)) 1jJ(fJ, (j)) = O. 

in (4) are converted into 'operators, II~ ~ ­ and II~ ~ - ~. Therefore, the 
WDW equation is 

{)2 {)2 6y2, ] 
-[ 

3. QUANTUM FLUCTUATIONS 

In this section we will calculate the Heisenberg uncertainty relation in order to study 
the fluctuations of the third quantized universe at early times (a(t) ~ 0), and also 
at latter times (a(t) ~ (0). Our starting point is the WDW equation (8). We use 
the Schr6dinger picture in the field representation. Thus we consider the operator 
1jJ(r,4» as the time independent c-number field 1jJ(4)) and use a functional derivative 
to represent the momentum operator 

(9) II(4)) = -i 61jJ~4>)" 
Then, the Hamiltonian operator is given by 

I! [62 {)21jJ 6Yoy2 3]
(10) H Q d4> - 61jJ(4)) 2+ 3 {)4>2 );4fJ , 

we take fJ as time and 4> as space, then the amplitude to find an instantaneous 
field configuration 1jJ(4)) at time, fJ on the corresponding space-like hypersurface 

,fJ = const. in superspace, is obtained by solving the Schrodinger functional equation 

(11) i{)W~~,fJ] = W[1jJ,fJ]. 

In order to get coherent states of the universe we will solve the Eq. (11) by using 
the Gaussian ansatz[6] , . 

w[fJ,4>] = c exp{ ~ Jd4> d4>'ID(fJ, 4>, 4>') + iI(fJ, 4>, 

[1jJ( 4>)?](fJ, 4>)][1jJ(4>') - ?](fJ, 

+ if d4>P(fJ~ 4» [1jJ(4)) ?](fJ, 4»] }, 

the real functions D(fJ,4>',4», I(fJ,4>',4», P(fJ,4», and 7](fJ,4» have to be deter­
mined from Eq. (11), C is a normalization of the wave function. We can take 
D(fJ, 4>, 4>') = D(fJ,4> - 4>') and I(fJ, 4>, 4>') = I(fJ, 4> - 4>'), since there is transla­
tion invariance with respect to 4>. Then, to simplify the analysis, we employ the 
"momentum representation" for the operators 

(13) 'if;(4)) = 1 Jdpe- iPtP1jJ(p), 

61jJ~4» = vk! dp e
iPtP 61jJ~p)' 

D(fJ, 4>, 4>') = 2~ ! dpe-ip(tP-tP') D(fJ,p), 
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1((3,</>,1/) = 2~ Jdpe- iP(1)-rf/)I((3,p). 

The inner product of two functionals 'l,b1 ['I,b, (3] and 'l,b2 ['I,b, (3] is defined by 

(17) < W1 IW2 Jd'l,bWd'0,(3]w;['I,b,(J]. 

We shall calculate Heiserberg's uncertainty relation. From equation (17) and equa­
tion (12) , the dispersion of'l,b is given by 

(18) (D.'I,b) 2 == < >(3 < 'I,b >~, 
1 

2D((3,p) , 

and the dispersion of II is 

(19) (D.II) 2 < II2 >(3 < II 

---"c"":-:--:­ + 12 ((3, P) 
2D((3,p) , 

thus, the Heisenberg's uncertainty relation is 

(20) (D.'I,b)2 (D.II)2 = ~ {I + [1((3,P) ]2}
4 D((3,p)' 

Next we have to evaluate the right-hand side of this equation. In order to obtain 
1((3,p) and D((3,p), we substitute the ansatz (12) into equation (11), with the 
relation 

A((3,p) = D((3,p) + il((3,p), 

then we obtain the equation 'of motion for A((3,p), given by 

.dA 2' 2 6VOv2 
, 

(22) -z d(3 -:-A + 3p + --:>:4(3. 

We can express A((3,p) as 

.d 
, (23) A -z-lnu,

d(3 

where u is any solution of the Fourier transformed classical equation (8) with respect 
to u 

{)2 p2 6Vr V2 ]
(24) [ {)(32 + 3 (32 + +(3 u((3,p) ~ o. 

First, ,we analyze the behavior of u for large scales (a 00), then the second term 
3p2/(32 in the wave equation (24) can be neglected, and its solution in terms of Airy 
functions is 

(25) u((3,p) = Ai(z) + wBi(z), 

where z = (6'1,t) 3 

1 

(3, and w is a complex constant. Substituting (25) into (23), 
we obtain that 

6Vr V2) ~ Ai'(z) + wBi'(z)
(26) A((3,p) = i ( + Ai(z) + wBi(z) , 
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where the prime denotes differentiation with respect to {3, also we have 

(27) D({3,p) = ReA({3,p) = (6VoV2) -!i Imw;\4 ! ,\. -/ \, ·~·I '\ 1<')' 

and 

1 
(28) 

= (6~:2)3_A_i'_A_i_+-'----'-_-:--:--:----'-c=-:--:+-'-____--'­p) = -lmA({3, 

therefore the uncertainty relation becomes 

2 .(D.1jJ) (D.TI)2 ~ {I + (1:)2 [Ai'Ai+ 1w 12 Bi'Bi + (Rew)(Bi' Ai + Ai'Bi)] 2} . 

For large scales (a ---> (0), the above uncertainty relation is given by . 

(D.1jJ)2 (D.TI)2 ~ 1 { 1f2 2 . ( 1f )4: 1+ (Imw)2 l(I w 1 -1) sm 2z + "2 

(30) 2(Rew) 00'3 (2Z + ~)II 
for w = we get that 

(A1jJ)2 (D.TI)2 = !
4' 

This means that the quantum fluctuations of the third-quantized string universe 
field are bounded at a finite value during the universe expansion a ---> 00. On the . 
other hand, if we choose w =1= ±i, we have that the expression among brackets of 
equation (30) is oscillatory and therefore the uncertainty relation is bounded. 

Now we study the behavior of u for small scales a ~ O. The solution to equa­
tion (24) for flat model (where we neglected the term 6VoV2{33 />.4 associated to the 
potential) is 

y
(32) u({3,p) v13 [Jy (2;V {3) + JY (2;V {3)1' 

and Yv are modified Bessel functions, J is a complex constant, and l/ == 
r::--==-~ ~ Substituting the general solution (32) into equation (23), we obtain 

4V3VlmJ
D R A e 12 ' 

and 

ImA 

Jv +JY 12y 
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the prime denotes differentiation with respect to Then, the uncertainty relation 
is 

(35) 	 (61P)2(6II)2 = ~ {l + 

where 

(36). [\2
rr(3 /\ 

+ 8Y;f + Y~Yv+ 1812 J~Jv + Re8(J~Yv + Y,;Jv)] ,n = 21mb" 4V3V(3 

for small scales (a -'> 0) and 1/
2 > O,the dominant asymptotic behavior[l] of 

equation (35) is 

(37) 	 (61Po)2(6IIo)2 = ~ {I + 9(3-4I I} , V 

where 9 is some positive constant. This means that the fluctuation of the third­
quantized universe field becomes large for small scales a -'> O. 

4. FINAL REMARKS 

In this paper we have investigated some issues of quantum cosmology of a solvable 
minisuperspace model in string theory. The result is that, for a string flat toy model 
with dilaton potential V(qS) = Voe-<t>, through the Heisenberg's uncertainty relation 
we found that fluctuations of the third~quantized universe field rapidly decrease in 
the course ofcosmiG expansion. Also, we found an exponentially large dominance 
of quantum effects for small scales. These results shown the importance of the 
third quantization theory in the study of the earliest stage of the evolution of the 
universe. 

5. ACKNOWLEDGEMENTS' 

This work was supported by a COFAA and EDI-Instituto PoliMcnico Nacional 
Grant. 

REFERENCES 

[lJ 	 Abramowitz M. and Stegun l.A., Handbook oJ Mathematical FUnctions, Natl. Bur. Stand. Appl. 
Math. Ser. No. 55 Washington, DC, US Govt. Printing Office, 1995. 

[2J 	 Banks T., Nud. Phys. B 309, 493 (1988); Rubakov V.A., Phys. Lett. B 214, 503 (1988), 
Hosoya A. and Morikawa M., Phys. Rev. D 39,1123 (1989)j McGuigan M" Phys. Rev. D 38, 
3031 (1988). . 

[3J De Witt B.S., Phys. Rev. 160, 1113 (1967). 
[4J Ghosh A., Pollifrone G. and Veneziano G."Pre-Big Bang Cosmology and Quantum Fluctua­

tions", hep-thjOOO1l76, 2000. 
[5J Green M.B., Schwarz J.H. and Witten E. Superstring· Theory, Cambridge University Press, 

1988. 
[6] Guven J., Lieberman B. and Hill C.T., Phys. Rev. D 39, 438 (1989). 

[7) Pimentel L.O. and Mora C., Phys. Lett. A 280, 191 (2001). 

[8) Pohle H. J., Phys. Lett. B 261, 257 (1991); Abe S., Phys. Rev. D47, 718 (1993); Horiguchi 


T., Phys. Rev. D 48, 5764 (1993). 


