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ABSTRACT. New results on perturbation of continuum-expansive homeomor-
phisms on locally connected compact metric spaces are deduced. For a continuum-
wise expansive homeomorphism f : X — X, it is not true that: any small
perturbation g of it, has continuum-wise expansive property. Here, for small
perturbation g of f, we define an equivalence relation ~ on X and a homeo-
morphism § on the quotient space X/ ~ which is continuum-wise expansive.
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1. INTRODUCTION

We say a point ¢ € X is a Lyapanov stable point for a homeomorphism f on a
compact metric space X if for any € > 0 there exists a § > 0 such that, d{z,y) < &
implies that sup,cn d(f™(z), f*(¥)) < e. f is expansive, if there exists o > 0,
such that, for any z and y in X with 2 # y, there exists an integer n such that,
a(f™(z), f™(y)) > a. A continuum is a nonempty, compact and connected metric
space. In [2], by using of continum a weaker notion than expansiveness is introduced
which is: a homemorphism f : X — X is said to be continuum-wise expansive
‘{cw-expansive) if there exists a constant & > 0 such that each nontrivial continuum
C satisfies sup,, ¢z diam f*(C) > a. « is said to be expancivity constant. In [1] an
example of cw-expansive homemorphism which is not expansive homeomorphism is
presented. ‘

In this paper we are concerned with the perturbations of cw-expansive homeo-
morphisms on metric space X which is connected, locally connected and compact.
Although a homeomorphism g which is sufficiently close to a cw-expansive home-
omorphism f is not (in general) cw-expansive, it has some property resembling
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cw-expansiveness: for any € > 0, if g is sufficiently close to f, then for any contin-
uum C of X, with sup,cz diam g"(C) > a, we have sup, ¢z diam g"(C) > € (see
the next lemma).

This allows us, for g sufficiently close to f , to define an equivalent relation on X.
The quotient space X, given by this relation, endowed with the quotient topology
is a compact metric space (see 2.3 below). In this space two point Z and 7 are close,
if their continuum C containing z € Z and y €.§ and the diameter of its iterations
are small enough. Moreover the map g induces a cw-expansive homeomorphism §
on X (see 2.11 below ). In [1] Hertz proved that, thereis no Lyapanov stable point
for cw-expansive homeomorphisms.

Before stating our results precisely, we introduce some other definitions . Let X
be a compact metric space, endowed with a metric d, and let X composed of all
.~ the nonempty closed subsets of X. Moreover let A and B be in FX, put

dH(A,B) = inf{a > 0; 4 C Uas(B) and B C Ua(A

where U,(.) denotes the a-ball measured in d. Then by [3], dy is a complete metric
on FX, called the Hausdorff metric. It is a well known result that: when C,, is
a-sequence of continua and C, tends to € in the Hausdorff metric, then C is a
. continuum too (see [4]). The main goal of this note is studying the perturbation of -

cw-expansive homeomorphlsm on & locally connected compact metric space, whlch
is precisely as follows: : :

Main theorem: Let f be o cw-ezpansive Ahomeomgm}zz’sm on X with expansiv-
ity constant o > 0. If g. is sufficiently close to f, then, there exists an equivalence
relation on X such that the quotient space corresponding to it, is a Hausdorff com-
pact space. Also g induce a cw-expanswe komeomorphzsm on it with expanswzty :
constant w/2. '

2 PROOF OF RESULTS

~In this section we assume that X is a locally connect‘ed ‘compact metric space,
and f is a cw-expansive homeomorphism on X with the expansivity constant c.

Lemma 2.1: For any € > 0, there exists g nez’ghborhoodyé{;( f) of f such that
any g € U(f) has the following property: if C is any continuum in X with

sup diam g”(C’) > o
nez

then Sup, ez diam g"(C) > €

Proof: Suppose by contraction that the lemma is not true. Then there exists
a sequence of homeomorphisms {gx} converging to f and a sequence Ci of con-
tinuum in X such that sup, ¢z diam g7 (Ci) < o and for some sequence {mg} of
.integers, diam g (C) > e. Without loss of generality, we can assume that my = 0.

Take a 'subsequence {Ck,}, such that Cx, — C. C is continuum in X and
furthermore, diam C > €. Also, sup, ¢z diam f*(C) < o, which is contraction. [

Now let e'< a/2 and g € U.(f). Define the relation ~ on M as the following form:
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T g Y 1f and only if, there emsts a continuum in X,
Wthh is contains = and y and also, sup, 5z diam ¢"(C) < e”

Now if z'~g y and y ~ 2, then there are two continuum C; and C» in X such that
x,y € C1, 3,2 € Oy, sup, gz diam g"(C1) < € and sup, 7 diam ¢g"(Cy) < e. Put
C = C1UCy. C contains ¢ and z and furthermore sup,, ¢z diam ¢"(C) < 2¢ < &
and thus by lemma, 2.1, sup,, ¢y diam g"(C) < e.
So ~g define an equivalence relation on X. Let [z] be the equivalence class of

- |2], and X = X/ ~g. moreover let pg : X — X be the canonical projection. X
- with’ the. quotlent topolog;y is a compact connected and locally connected topolog1» V
cal space : :

Notation: When there is no ambiguity, we put ~=rvg, X=X, andp= Pg-

Lemma 2.2: The‘canomml?mjection p: X — X is closed. In particular, given
“an open set U the one define by V?-'—- {a: € U;[x] C U} is open.

Proof Equwalently we show that, if F C X i is closed then the set
G=pT(p(F)) = {z € X;[z] N F # 0}

is closed too. Let {z,,} be a sequence in-G and z,, — z. Then we show that
x € G. For a given m, since 2., € G, so there exists y,, € F, such that [y,] = [Zm]-
By taking a subsequence (.if it is necessary) assume that y,, — y € F. We claim
that [z] = [y]. For a given m, let Cy,, be a continuum in X which contains x,, and
" Ym and furthermore SUPpez diam g™(Cr) < < e. Taking a subsequence (if it is neces-
. sary).assume that Cp, — C. C is contituum, ¢,y € C and sup,,cz diam g*(C) < e.
Thus z ~y. :

Lemma 2.3: The 'topologica,l épace Xisa Hauédorﬁ space.

Proof Let £, € X, and § # §. p (&) and p~*(§) are compact disjoint sub-
set of X and so there are two disjoint open sets U; and U, which contain p~1(%)
and p~1(§) respectively. Now let V; = {zr € U;[z] € U}, i = 1,2. From the
previous lemma, p(V;), and p(Vg) are dlstnt open subsets of X and they contain
# and § respectively. O

Since X is a compact topological and Hausdorff space, so by Urysohn metrization
theorem [3], it is metrizable. In the following we try to construct it’s metric exactly
and study the action of some homeomorphism which is related to g. First we define
a suitable metric on X and then we prove that, this metric induces the topology
same as quotient topology on X.

In order to do this, we recall that a subset B of X x X is said to be symmetric,
if (z,y) € B, implies that (y,z) € B. For two subset B and C of X x X define

BoC = {(z,y) € X x X; there exists some z € X with (z,2) € B and (z,y) € C}

Clearly ¢ is a associative relation. ~
We use from the following nice lemma to construct the metric on X. Proof of
this lemma can be found in [3].
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Lemma 2.4: Let X be a set and let {B,} be symmetric subsets of X x X such that
each B, contain the diagonal of X x X and furthermore, By 0 Bpy10Bny1 © Ba,
for any positive integer n. Then there exists a pseudo-metric § on X x X such that
the following holds for any positive integer n:

B, C{(z,y) e X x X; §(z,y) <27"} C Bpy

In the following we assert the uniform expansiveness of cw-expansive homeomor-
phisms.

Lemma 2.5: If F is any cw-continuum expansive homeomorphism then f is uni-
formly cw-expansive, that is, for each n > 0, there ezists positive integer N,
such that, for any continuum C of X with diam(C) > 7, we ha’s;e, MaXn|<N,
diam f*(C) > c.

Proof: By contraction, let for some 7 > 0, there exists a sequence {Cy,} of contin-
uums and a sequence {N,,} of positive integers such that diam (Cp,) > n and

max diamf" < o
mex dismf"(Cr)

Taking subsequence ( if it is necessary ), with Cp, — C’ Then C is a continuum in
X. Furthermore diam(C) > 7. But, sup,, .z diam f*(C) < «, which is contraction.[]

Note: From now on, we assume that € < a/3.

Lemma 2.6: There erists a neighborhood Uy of f such that, -any g € U, has
the following praperty: )
For any integer j, and any continuum C of X,

max diam ¢?{C) <
lpi<3+Nc g ( )

implies that, maxp|; diam g?(C) < a/3.

Proof: By contraction let the statement is not true. Then there exists a sequence
{gn} converging to f such that, for every positive integer n, there exist a continuum
¢, and positive integer j,, such that, ma;wa”Ne diam ¢#(Ch) < a and for some
Pr. With pp < Jn,

diam ¢~ (C,) > a/3 « (1).
Taking a subsequence (if it is necessary ) such that gP~(Cp) — C. Then C is

a continuum in X and by (1), diam (C) > «/3 > e. Now for any integer p with
ipl < Ne, we have |p + pn] < jn + Ne, and we can conclude that

diamf?(C) = limoo diamg?*P(C,) > a.

This is a contradiction to previous lemima. ; a

For g € U, NU,;. We define the following subsets of X x X.

By = {(z,y) € X xX; there exists a continuum C contain x and y with diam(C) < a}
and by induction, let By, be the set of all (z,y) € X x X, such that there exists

a continuum C contain x and y with max,j<,n, diam ¢?(C) < .’

Lemma 2.7: For the above family, we have B, 0 By 0 B, C Bn-1, for any positive
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integer n.

Proof: Let (z,y) € By o By o B,. Then there are two point z; and 2z in X,
such that (z,21); (21, 22) and {(zq,y) are in B,. Therefore there are three continu-
ums Cy, Cy and Cy of X such that z,21 € C1, z1,22 € Cy and 29,y € C3. Now if
we use the previous lemma by j = (n — 1)N, we conclude that

‘ i PICs = 1,2,3.

lpl<I(?$ﬁ}Ne diam ¢°(C;) < /3, i = 1,2,

Let C'= C1 UCy UC3. Then maxyy<(n-1)n, diam g?(C) < a. Therefore (z,y) €
B,_1. N ' O

Corollary 2.8: There exists o pseudo-metric § on X such thdt, for any positive
inleger n,

B, C{(z,y) e X x X; §(z;9) < a2} C B,_1.
Proof: Notice that two points = and y are in the same equivalence class if and

only if §(z,y) = 0. Thus without any ambiguity , we can define a metric 5§ onX as
follow:

8(2,9) = 8(z,y), zep~H(E), yEp(D)-

Lemma 2.9: The metric 3, induces the same topology as the quotient topology of X.

Proof: First, let U be any open subset in metric topology, then we show that
U is open in the quotient topology. For this goal, by the definition of the quotient
topology, it is enough to show that p : X' —> (X,4) is continuous. Let {z,} be a
sequence in X which is converging to 2 € X . By local connectedness of X, for any
positive integer m, there exists a positive integer N such that, (z,,z) € B,,, for
any n > N. Thus by the definition,

3(p(zn),p(z)) — 0

So p is a continuous map.

Conversely let U be an open set in X with the quotient topology. Let Z € U.
For any z € p~ (&), let V C p~!(U) be any compact connected neighborhood of z
and choose positive integer n(z) such that, if y € X is a point with the property
(z,y) € Bn(y) then, y € V C p~1(U). From the compactness of p“l(é) we deduce -
that: there is some positive integer N such that, for any 2z € p~1(), n(z) < N.
So for any #z € p~1(&), if y is any point of X with the property (z,y) € By then,
y €V Cp Y (U). Butify € X and §(z,y) < a2~ VTV then, (z,y) € By and
therefore y € V C p~1(U). So if § is any point in X and §(%, 7) < a2~ (N+1) then,
yelU. O

Corollary 2.10: The following statements hold:
(1} There exists n > 0 and Uy of [ such that, if g € U. Uy NUy and d(z,y) <7
then
$(p(z), p(v)) < 0/4.
(2) For all g€ Ut O Us, if 5( ) < af2, then d(z,y) < « for any z € p~ (&)
and

yep @)
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Proof: For the proof of (1), suppose that, y is sufficiently close to z then, (z,y) € U,

and the corollary 2.8 implies that §(p(x),p(y)) < /4. For the proof of (2), let
8(2,9) < /2, z € p~'(&) and y € p~(). Then §(z,y) < a/4. Thus by corollary
2.8, (z,y) € Uy. So d(z,y) < e : '

Finally we introduce the mapping § on X by:
§(p(z)) = p(g(x))

Now we are ready to prove the main theorem of this article. Before it, we recall
that: ‘

Remark: If C is a continuum in X then, p~1(C) is a continuum in X .
. Theorem 2.11: The mapping § : X — X is a cw-expansive homeomorphism
with expansivity constant /2. - :

Proof: Clearly g is a homeomorphism on X. To see that it is expansive. Consider
a nontrivial continuum C of X with sup, ¢, diam §*(C) < @/2. From corollary
2.10, : S

sup diam ¢"(p~1(C)) < a/2.

nE€Z

So lemma 21 implies that sup,c» diam g*(p~(C)) < €. Thus any two point in
p~1(C) has the same class and this means that C is trivial. -
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