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ABSTRACT. New results on perturbation of continuum-expansive homeomor­
phisms on locally connected compact metri:c spaces are deduced. For a continuum­
wise expansive homeomorphism f : XX, it is not true that: any small 
perturbation g of it, has continuum-wise expansive property. Here, for small 
perturbation g of f, we define an equivalence relation rv on X and a homeo­
morphism 51 on the quotient space XI rv which is continuum-wise expansive. 
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1. INTRODUCTION 

We say a point x E X is a Lyapanov stable point for a homeomorphism f on a 
compact metric space X if for any E > 0 there exists a fJ > 0 such that, d(x, y) < () 
implies that sUPnEN d(r(x), r(y)) < E. f is expansive, if there exists a > 0, 
such that,for any x and y in X with x =F y, there exists an integer n such that, 
d(r(x), f"'(y)) > a. A continuum is a nonempty,compact and connected metric 
space. In [2], by using of continum a weaker notion than expansiveness is introduced 
which is: a homemorphism f : X ---+ X is said to be continuum-wise expansive 
(cw-expansive) if there exists a constant a > 0 such that each nontrivial continuum 
C satisfies sUPnEZ diam r(C) > a. a is said to be expancivity constant. In [lJ an 
example of cw-expansive homemorphism which is not expansive homeomorphism is 
presented. , 

In this paper we are concerned with the perturbations of cw-expansive homeo­
morphisms on metric space X which is connected, locally connected and compact. 
Although a bomeomorphism 9 which is sufficiently close to a cw-expansive home­
omorphism f is not (in general) cw-expansive, it has some property resembling 

JOURNAL OF DYNAMICAL SYSTEMS & GEOMETRIC THEORIES 
VOL. 3, NUMBER 2 (2005) 115-120. 
©TARU PUBLICATIONS 

115 

HOMEOMORPHISMS 


mailto:GHANE@MATH.UM.AC.IR


116 A. FAKHARI AND F.H. GHANE 

cw-expansiveness: for any E > 0, if 9 is sufficiently close.to f, then for any contin­
uum C of with sUPnEZ diam g"i(C) > a, we have sUPnEZ diam gn(c) > E 

the next lemma). 
This allows us, for _g sufficiently close to f, to define an equivalent relation on X. 

The quotient space X, given by this relation, endowed with the quotient topology 
is a compact metric space (see 2.3 below). In this space two point x and y are close, 
if their continuum C containing x E x and yEfj and the diameter of its iterations 
are small enough. Moreover, the map 9 induces a cw-expansive homeomorphism g 
on X 2.11 below). In [1] Hertz proved that, there is no Lyapanov stable point 
for cw-expansive homeomorphisms. 

Before stating out results precisely, we introduce some other definitions . Let X 
be a compact metric space, endowed with a metric d, andlet:Fl(. composed of all 
the nonempty closed subsets of X. Moreover let A and B be in :FX, put 

. \'. 

dH(A, B) == inf{a > OJ A C Uo;(B) and.ij CUo;(A)}, 

where Uo;(.) denotes the a-ball measured in d. Th~n by [3], dH is a complete metric 
on :FX, called the Hausdorff metric. It is a well known result tha.t: wpen Cn is 
a· sequence of continua and On tends to C ih the Hausdorff metric, then C is a 
continuum too [4]). The main goal of this note isstuq.ying the perturbation of 
cw-expansive homeomorphism on a locally connected' compact ,metric space, which 
is precisely as follows: ' . 

Main theorem: Let f be acw-expansive homeomcwphism on X withexpansi'V­
ity constant a > O. If 9 is sufficiently close to f, then, there exists an equivalence 
relation on X such that the quotient space corresponding to it, is a Hausdorff com­
pact space. Also 9 induce a cw-expan/1ive homeomorphism on it with expansivity 
constant CY./2. 

2 PROOF OF RESULTS 

In this section we assume that X is a locally connected compact metric space, 
and f is a cw-expansive homeomorphism on X with theexpansivity constant a. 

Lemma 2.1: For any € > 0, there exil.its q neighborhood U€(f) of f such that 
any 9 E Ue(J) has the following property: if C is any continuum in X with 

supdiam gn(c) > a 
nEZ 

then sUPnEZ diam gn(c) > 10. 

Proof: Suppose by contraction that· the' lemma is not true. Then there exists 
a sequence of homeomorphisms {gk} converging tof a:nda sequence Ck of con'"' 
tinuum hi X silch that sUPnEZ diam g'k(Ck) :5 a and for some sequence {mk} of 

. integers, diam gr-I< (Ck) > 10. Without loss of generality, we can assume that mk = 0. 
Take a subsequence {Ckn }, such that Gkn --7 C. C is continuum in X and 

furthermore, diam C > 10. Also, sUPnEZ diam fn(c) a, which is contraction. 0 

Now let E'< a/2 and 9 E Ue(J). Define the relation rv on Mas the following form: 

(see 

(see 

(see 
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"x "'g y if and only if, theFe exists a continuum in'X, 
which is contains x and y and also, sUPnEZ diam gn(c) ::s; E." 

Now if X"'-'g Y and y ""gZi thenthen~ are two continuum Cl and C2 in X such that 
x,y Cl, y,z E C2 , s~PnEzdiam gn(cl ) ::s; t and sUPnEzdiam gn(c2 )::; E. Put 
C Cl U C2. C contains x and Z and furthermore sUPnEZ diam gn(c) :::; 2E < Q 

and thus by lemma 2.1, SUPnEZ diam gn(c):::; E. 

So "'g define an equivalence relation on X. Let [x] he the equivalence class of 
an4 Xg = XI "'g. moreover let Pg : X ---'> Xg be the c,anonical projection. Xg 

withthe.quotient topolow is a compact connected and locally connected topologi­
cal space., 

Notation: When 'there is no ambiguity, we put "'-'="'g, X Xg and P = Pg. 

Lemma 2.2: The canonical projection p : X ---'> X is closed. In particular, given 
~ an open set U the one d.efine by V~ {x E Uj [xl'~ U} is open. 

Proof: Equivalently we show that, if F ~ X is closed, then the set 

. G = p-l(p(F)) = {x E X; [xl n F 1= 
is closed too. Let {xm} be a sequence inG and Xm ~ x. Then we show that 
x E G. For a given m, since Xm EG, so there exists Ym E F, such that [Yml = [xml. 
By taking a subsequence (if it is necessary) assume that Ym ---'> Y E F. We cl(lim 
that [x] = '[yJ. For a given m, let Cm be a continuum in X which contains Xm and 
Ym andJurthermore SUPnEZ diam gn(cm ) :::; t. Taking a subsequence (if it is neces­
sary} assume that Cm '---,> C. C is continuU:m, x, yE C and sUPnEZ diatn gn(c) :::; €. 

Thus x", y. 0 

Lemma 2.3: The topologi~l space X is a Hausdorff space. 

Proof: Let x,y E X, and fj; 1= y. p-l(X) and p-l(Y) are compact disjoint sub­
set of X and so there are two disjoint open sets Ul and U2 which contain 
and p-l(fj) respectively. No.w let Vi ~ {x E' U; [xl ~ Ui}, i = 1,2. From the 
previous lemma, p(Vl ), and P(V2) are disjoint open subsets of X and they contain 
x aI1d y respectively. 0 

Since X is a compact topological and H.ausdorff space, so by Urysohn metrization 
theorem [3], it is metrizable. In the following we try to construct it's metric exactly 
and study the action of some homeomorphism which is related to g. First we define 
a suitable metric on X and then we prove that, this metric induces the topology 
same as quotient topology on X. 

In order to do this, we recall that a subset B of X x X is said to be symmetric, 
if y) E B, implies that (y,x) E B. For two subset B and C of X x X define 

B 0 C = {(Xl y) E X x X; there exists some z E X with (x, z) E Band (z, y) E C} 

Clearly 0 is a associative relation. 
We use from the following nice lemma to construct the metric on X. Proof of 

this lemma can be found in [3]. 
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Lemma 2.4: Let X be a set and let {Bn} be symmetric subsets of X x X such that 
each Bn contain the diagonal of X x X and furthermore, Bn+! 0 Bn+! 0 Bn+! ~ B n , 

any positive integer n. Then there exists a pseudo-metric 0 on X x X such that 
the following holds for any positive integer n: 

Bn ~ ((x,y) E X x Xi o(x,y) < 2-n} ~ B n- 1 

In the following we assert the uniform expansiveness of cw-expansive homeomor­
phisms. 

Lemma 2.5: If F is any cw-continuum expansive homeomorphism then f is uni
formly cw-expansive, that is, for each r] > 0, there exists positive integer N'1' 
such that, for any continuum C of X with diam(C) 2: 'r/, we have, maxlnl~N'1 
diam r(C) > a. 

, 
Proof: By contraction, let for some 'T] > 0, there exists asequence {Cm} of contin­
uums and a sequence {Nm} of positive integers such that diam (Cm) 2: 'T] and 

max diamr(Cm ) Sa 
Inl~Nm 

Taking subsequence (if it is necessary), with Cm ----. C: Then C is a continuum in 
X. Furthermore diam( C) 2: r]. But, sUPnEZ diamr(C) S a, which is contraction.D 

Note: Prom now on, we assume that E S a/3. 

Lemma 2.6: There exists aneighborhood Ul of f such that,. any g E Ul, has 

the following property: . 

For any integer j, and any continuum C of X, 


max diam gP(C) < a 
Ipl:S:j+N, 

implies that, maxlpl<i diam gP(C) < a/3. 

Proof: By contraction let the statement is not true. Then there exists a sequence 
{gn} converging to f such that, for every positive integer n, there exist a continuum 
Cn and positive integer jn, such that, maxlpl:S:j+N. diam gP(Cn) < a and for some 
Pn with Pn < jnl 

diam gPn (Cn) 2: a/3 (1). 

Taking a subsequence (if it is necessary) such that gPn(Cn) ----. C. Then C is 
a continuum in X and by (1), diam (C) 2: a/3 2: E. Now for any integer p with 

< Ne, we have Ip +Pnl < jn + N., and we can conclude that 

diamjP(C) = Hm diamgP+Pn(Cn ) 2: a. 
n_OO 

This is a contradiction to previous lemma. o 

For 9 E Ue nUl' We define the following subsets of X xX. 

Bo = {(x, y) E XxX; there exists a continuum C contain x and y with diam(C) < a} 
and by induction,,let Bn be the set of all (x,y) E X x X, such that there exists 

a continuum C contain x and y with maxlpl<nN. diam gP(C) < a. 
Lemma 2.7: For the above family, we have Bn 0 Bn 0 Bn ~ Bn- l , for any positive 

the 
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integer n. 

Proof: Let (x,y) E Bno Bn 0 Bn- .Then there are two point Zl and Z2 in X, 
such that (x,zr), (ZI,Z2) and (Z2,y) are in Bn. Therefore there are three continu­
ums Cl, C2 and C30f X such that X,Zl E Cl, Zl>Z2 E C2 and Z2,Y E C3. Now if 
we use the previous lemma by j = (n - l)N" we conclude that 

max diam gV(Ci ) < 0./3, i = 1,2,3.
Ivl«n-1)N. 

Let C Cl U C2 U C3 - Then maxlvl«n-l)N. mam gV(C) < a. Therefor.e (x, y) E 
Bn - l . 0 

Corollary 2.8: There exists a pseudo-metric 15 on X such that, for any positive 
integer n, 

Bn {(x, y) E X x X; l5(x; y) < 0.2-n } ~ B n- l . 

Proof: Notice that two points x and y are in the same equivalence class if and 
only if l5(x, y) = O. Thus without any ambiguity, we can d~fine a metric 8 on X as 
follow: 

8(x, ii) = o(x, y), xE (x), y E p~l 

Lemma 2.9: The metric 8, induces the same topology as the quotient topology of X. 

Proof: First, let U be any open subset in metric topology, then we show that 
U is open in the quotient topology. For this goal, by the definition of the quotient 
topology, it is enough to show that p: X -+ (X, 8) is continuous. Let {xn } be a 
sequence in X which is converging to x EX. By local connectedness of X, for any 
positive integer m, there exists a positive integer N such that, (xn,x) E Bm, for 
any n ~ N. Thus by the definition, 

8(p(xn ),p(x)) -+ O. 

So P is a continuous map. 
Conversely let U be an open set in X with the quotient topology. Let x E U. 

For any Z E p-l(x), let V ~ p-l(U) be any compact connected neighborhood of z 
and choose positive integer n(z) such that, if y E X is a point with the property 
(x, y) E Bn(z) then, y E V ~ p-l(U). From the compactness of p-l(X), we deduce 
that: there is some positive integer N such that, for any Z E p-l(x), n(z) ~ N. 
So for any z E p-l(X), if Y is any point of X with the property (x, y) E BN then, 
y E V ~ p-l(U). But if y E X and o(x, y) < 0.2-(N+1) then, (x, y) E BN and 
therefore y E V p-l(U). So if ii is any point in X and 8(x, y) < 0.2-(11(+1) then, 
yEU. 0 

Corollary 2.10: The following statements hold: 
There exists 'Tj > 0 and U2 of f such that, if g E Ue nUl n U2 and d(x, y) < 'Tj 

then 

8(p(x),p(y)) < 0./4. _ 
(2) For all g E Ul n U2, if o(x, ii) < 0./2, then d(x, y) < a for any x E p-l(X) 

ood . 

y E p-~(Y). 
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Proof: For the proof of (1), suppose that, y is sufficiently close to x then, (x, y) E U2 
and the corollary 2.8 implies that J(p(x),p(y)) < 0'./4. For the proof of (2), let 
J(x,y) < 0'./2, x E p-l(X) and y E p-l(iJ). Then J(x,y) < 0'./4. Thus by corollary 
2.8, (x, y)E Uo. So d(x, y) < 0'.. 

Finally we introduce the mapping 9 on X by: 

Now we are ready to prove the main theorem of this Before it. we recall 
that: 

Remark: If C is a continuum in X then, p-l (C) is a continuum in X. 

Theorem 2.11: The mapping 9 X ---* X is a Gw-expansive homeomorphism 
. with expansivity constant 0'./2. 

Proof: Clearly 9 is a homeomorphism on X. To see that it is expansive. Consider 
a nontrivial continuum C of X with sUPnEZ diam gn(c) < 0'./2. Prom 
2.10, 


sup diam (C)) < 0'./2. 

nEZ 

So lemma 2.1 implies that sUPnEzdiam gn(p-l(C)) < E. Thus any two point in 
has the same class and this means that C is trivial. 0 
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