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-ABSTRACT. We consider sets of differential equations' with quadratic force terms that have

a structure that can be diagrammed on star polygons. These can be seen as complementary
equations to the ”well-known replicator equations used, for example, to study ” hypercy-
cles. Where as the: hypercycle equations describe systems in which interactions between
components contribute to the “replication of components, the equations studied in this pa-
per” correspond to systems-in which such interactions catalyze the transformation of one
component into another. Both similarities and differences to hypercycles are noted. Equi-
librium manifolds are determined and their stability is studied. It tums out that equilib-
rium manifolds for these équations are sometimes unstable or nentrally stable when the
corresponding hypercycle equilibrium manifolds are stable. In cases where equilibrium
manifolds are stable there are ‘interesting structures that are exhibited in the specific cases
analyzed.
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1. INTRODUCTION

The importance of molecular interaction cycles in biological systems is well known. The
ATP cycle, for example, has been extensively mapped as it provides the basis for energy
exchange in metabolism [1]. In the early 1970’s the idea of a hypercycle was introduced

[2,3,4,5] as a means of explaining pre-Darwinian molecular evolution, A hypercycle con-
sists of a set of n self-replicating units with the property that the replication of unit ¢ is
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FIGURE 1. Simple Hypercycle on Six Variables

catalyzed by the presence of unit 4 — 1, and perhaps other units as well. The system is
closed into a cycle by taking unit indices mod (n).

In the abstract, a hypercycle on n replicators can be schematically represented by a
directed graph with 7 vertices. Each vertex is labeled by one of the replicators, and if there
is an edge directed from vertex ¢ to vertex j it is labeled with a rate constant indicating
the degree to which replicator ¢ acts to catalyze the reproductive rate of replicator j. Since
each unit is self-replicating, there is a loop at each vertex as well.. Flgure 1 shows the graph
representing a simple hypercycle on 6 replicators.

Hypercycle behavior is then modelled by sets of differential equations of

T; = 24 [fz'(x) “"( f(@)]
(.1 @ = fy Zwm(a:)

\/ﬁz/:in, 0<i<mn,
=0
where x; > 0 is the concentration of replicator species 2. These equations have been called
replicator equations [6]. The f(z) term is included as a “dilution flux” in order to maintain
a constant overall concentration. ; .

In addition to providing models of hypercycles in molecular evolution, replicator equa-
tions of the form (1.1) have many other applications. As indicated in [6], they have been
used in sociobiology to model the evolution of behavioral phenotypes. They are also a
continuous version of the selection equations of population genetics, and under a sim-
ple transformation they become the well known Lotka-Volterra equations of mathematical
ecology. More recently, they have also been considered as models of oscillatory behavior
in neural networks [7].



ORDINARY DIFFERENTIAL ... - JDSGT VOL. 3, NUMBER 2 (2005) 123

In the case of simple hypercycles, equations (1.1) are written as [2]:

n—1.

1.2 2 = kyzs + kéxixi_l — \/ﬁzv Z (ijj + k_;-szl:j_l)
J=0 '
with all indices taken mod (). Total concentration is a constant of motion: |
-1
13) > " @1 = /nv = constant,

A comprehensive analysis of the fixed point behavior of equations (1.2) is provided
by Eigen & Schuster [2] for the case in which all rate constants are equal. Restricting
consideration to the concentration simplex

(14 220, Y =V
~ they find that there is a-stable fixed poiiit at the center
1.5 ;=
and there are n fixed points at its vertices. In addition, there may be higher dimensional
equilibrinvm manifolds on the edges and faces of this simplex.

More generally, the functions f; in equation (1.1) are taken as multinomials in the com-
ponents of the concentration vector z:

n—1 -1
(1.6) filz) =k + ZAij.Tj + Z Aurt;Tr + ...
3=0 k=0

In most cases, only the linear terms in this expansion are retained. With this assumption,
equation (1.1) becomes i

¢

- -1 ' -1 n-~1
. . Zz; R
a7 T; = kyxs + x4 E Ai,-a:j —_ \/7?/0 E lﬁijj + E Ajkxj.’l:;{!

=0 G=0 k=0

The constants k; are growth rates, describing the increase of species ¢ due to self-
replication. The entries A;; of the interaction matrix A describe the influence of species
J on the replication of species ¢. In the case of a hypercycle 4;; > 0 and the interpreta-
tion of equation (1.7) is that it describes n self-replicating units joined in a closed cycle
with species j helping to catalyze the replication of species ¢ whenever A;; # 0. Thus,
in addition to the self-replication and catalytic terms, the negative dilution flux is required
to maintain a constant total concentration. Thus, systems described by hypercycle models
have the following general properties:

A. All catalytic interactions influence replication rather than transformation. No term
in equation (1.7) represents a case in which species j catalyzes the transformation
of another species to species 1, or vice versa.

B. All catalytic interaction coefficients are positive, hence excitatory. In application
to neural nets, this means that the dilution flux is to be interpreted as an inhibitory
background, determined by the total activity of the neural assembly being modeled.
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FIGURE 2. (5.2)-Star Representing Interaction Terms in Equation 1,10.

In the present paper, some simple systems of equations lacking these two properties are
considered. In the equatioizs to be studied, there are no self-replication terms. All direct
catalytic interactions are inhibitory, catalyzing transformations rather than replication. As
a result, no dilution flux is required. Such systems could model, for example, inhibitory
interactions in a system residing in an ambient excitatory background.

The basic equations considered have the form

(1.8) T = T Tims + Tim1Timgml
with all indices taken mod (n). These equations can also be written in the form
(1.9) z=z" (6®c™" ' —0°®I) gz, |
where o(zp, . - | ,xn_i) = (Zp—1,%0, .- ., Tn-2) is the shift on mdlées of z.
Equatmns of the form (1.8) or (1. 9) wxll be said to have star structure. That is, their

quadratic terms can be read off from the (n, s)-star polygon inscribed in a circle. For
example, if (n, s) = (5,2) then equations (1.8) become - :

Ty = —TpZs + LeTy
&) = —Z1T4 + ToT3
(1.10) ‘ Tp = —LoTa + T12y
' Z3 = —L123 + ToZ2
G4 = —&aT4 + T1%3,

and the pattem of interactions is schematically represented by the (5, 2) star polygon shown
in Figure 2.

For a (n, $)-star inscribed in a circle o1 is the left shift so that oz corresponds to a
clockwise shift around the circle, corresponding to the transformation z; — ;41. The
shift around the inscribed star is given by o~ °z. The connectivity of the complete graph
is then described by numbers a and-b such that 0=%~% = [, or eqmvalently, 0% = g9,
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Taking ged{n, .é) = d, these numbers are the integer solutions of
: a+ sb=rn, 0<a, b<n

) - - C1<s<|Z]
| 1§r§2.

If d > 1, equations (1.8)-and (1.9) can be considered as representing d identical coupled
subsystems, each represented by a (n/d, s/d)-star. The (5, 2)-star of Figure 2, on the other
hand, represents a situation in which a single system supports two coupled cycles with state
transitions in either cycle directly catalyzed by a state transition in the other cycle. (In Fig-
ure 2, for example, z3 catalyzes the transition £y — =1 and z; then catalyzes the transition

* xa — x4.) For arbitrary n this kind of coupling requires that if x;_ , catalyzes the transition
Z; — Ti+) then 41 must catalyze the transition z;—s — Z;—s+1 and this requues that
i+1=1%~28 mod (n), or equivalently 2s = n — 1. Thus, this pattern of interactions is
only found in (n, 251)-stars with n odd. :

' 2. DETERMINATION OF EQUILIBRIUM MANIFOLDS

For determination of equilibrium maﬂifolds, equétions (1.8) will be embedded in a more
general system of equations exhibiting what will be called weighted star structure.

Q2.0 T = k%% + ki1 T 1T -1 ki >0

This corresponds to labelling the edge from vertex z;_, to vertex x; with a rate constant
k;. Itis easy to verify that the total concentration remams constant so that equation (1.3)
remains valid.

There are two distinct types of equilibria for equations (2.1). The first will be called the
central equilibrium since it corresponds to the stable fixed point of equation (1.5). It turns
~ out, however, that this equilibrium may no longer be point-like, and may not be stable. The -
second type of equilibrium is obtained by finding minimal subsets E of {0,...,n—1} such
that ; = 0 for all  if z; =10 when j € E. Determination of the subsets E is equivalent
to finding maximally independent sets of vertices in the (n, s)-star [8]. If V(n, 5) is the
(n, s)-star vertex set and D is a maximally independent subset of V'(n,s) then setting
z; = 0forz; € V' \ D yields an equilibrium manifold of dimension | D| — 1. Equilibrium
manifolds determined by this procedm'e are independent of the values of the rate constants
ki. Because they are determined by setting subsets of the z; to zero, they lie on edges or
faces of the concentration simplex. The number of such equilibrium manifolds depends -
on the number of distinct maximally independent subsets of V(n, s). Table 1 gives an
enumeration of the equilibrium manifolds for 3 < n < 16. :

The central equilibrium is obtained from equations (2.1). Setting z; = 0 for all %, the star
structure of these equations allows substitutions of the form k;x;x;-s = kj_12;-1%5-5-1
and this can be iterated until one of the z variables can be d1v1ded out. This procedure
yields:

Lemma 1. The central equilibrium for quadratic ODE’s with star structure (n, s) is given
by ‘

k.
2.2) ;= ,;‘*’2" Tit2s
o
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TABLE 1. Numbers of Equilibrium Manifolds Other Than Central Equi-
librium (n{p, ¢) indicates n distinct cases in which there are p equilib-
rium manifolds of dimension q)

(ms) [ 1 2 3 4 5 6 7
31 30
4|1 @y

(LD

5 (5.1) 5,1
6 2,2) 3.1
3.1 6,1)
7 (7,2) (7.,2) (1.2)
81 23 “4,3) (2,3

8,2 (8,2)
9 ©3) | 93) B2 | 93
(3.2 | (32) (3,2)

10 (24) |2(10,3) | (10,4) | 2(10,3)
16,3 | 6.3) | 10,3y | (53)
5,3) (5,3
il | (114) | 014 | 11,4 | (114 | (114
(11,3) | (1L,3) | (11,3) | (1L,3) | (11,3)
12 (@2,5) 4,5) 6,5) [6(123)] (25
2(12,4) | (124) | (2.5 6.3 | 2(124)
(3,3) 6.3) 3,3) 3,3)
, 3.3 A
13 | (13,5) | (13,5) | (13,5) | (13,5) | (135 | (13,5
2(13.4) | 2(13,4) | 2(13,4) | 2(13,4) | 2(13,4) | 2(134)
14 (2,6) (30145 26 |3(145) | (2,6) |4(145).
2(14,5) | (7.5y | (145) | (0.5 (14,5) (1,5)

(1.5 (7,5) (7,5)
(14,4) 2(14,4) 144) | :
15 | (156) | (15.,6) | 7(15,5) | (15,6) | 15(154) | 7(15,5) | (15,6)
3(15,5) | 3(155) | (5,5 |3(55) 3(15,5)
(5,5) 5.5) 3.4 (5,9)

G4 | G4 ~ G4
16 | 27 | &7 | @D | 287 | @D | & | @D

3(166) | 2(16,6) | 3(16,6) 2(16,6) | 2(16,6) | 3(16,6)
2(16,5) | 4(16,5) | 2(16,5) 3(16,5) | 4(16,5) | 2(16,5)
8,5 | (8.5) (8,5) : 8.5)

Equation (2.2) can be written in matrix form as x = Ax where A is given by

ki 25 L A B
@.3) Ay = Fers? =i+
0, otherwise.

By construction, it must be true that A™ = I for every (n, s)-star. If n is even and
ged(n, s) = 1 this leads to a constraint on the possible values of the rate constants.
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Theorem 1. Let n be:even with ged(n,s) = 1. There exists a central equilibrium for
equations (2. I ) lf and- only if )

21

@y . szr—ﬂkzrl

Further, if this is the case, the equilibrium manifold has dimension one and is structurally
unstable.

Proof: The result follows by demonstration that under the stated conditions

. 0’ Z#.%
n ' kar .
(2.5) . [Ai]ij — ﬁﬂk;—_l, i=j,]even,
| LLkar—z

Ha=t, i =j,j odd.

This resylt is obtained from equations (2.2) and (2.3) by observing that since 2s is even,
the non-zero entry Ao 25 of A will be in an even column. Hence in computing powers A™
. of A, this entry will always end up multiplying the unique non-zero entry from an even row
of A™1 . Further, the result will occur in some other even column, in the position Ag 2
of A. Since ged(n, 8) = 1, the smallest » such that 2rs = 0 mod (n) is r = n/2. Thus it
will require m = n/2 multiplication’s for this non-zero entry to appear in the Aoo position,
and the product obtained will have the fonn

21

. H k2r

1

k2r—1

5
| [SEN
= Il

This same form will appear in [A™/2], whenever 7 is even, while if ¢ is odd a similar line
of reasoning leads to the reciprocal of this form.

Thus, if equation (2.4) is nét satisfied then there is no consistent set of z; that can satisfy
equation (2.2) so that no central equilibrium exists. On the other hand, if equation (2.4)
is satisfied then there is a central equilibrium, but it is clearly structurally unstable since a
change in the value of any of the k; which leads to the failure of equation (2.4) will destroy
this equilibrium.

Equation (1.3) leads to the further conclusion that the equlhbnum manifold must have
dimension one. For 1 < m < n/2 let [A™],, be the non-zero entry of the 0-th column
of A™. But this quantity is 0 for all odd j, while for every even j there will be a unique
value m(j) of m such that [Am(f)} # 0. Thus if j is even there is an m(y) such that

[Am(f)} xo. Likewise, [Am(J)] = 0 for all even j, and for odd j, there is a

unique m(j) such that z; = [A™U )} ., 1. Making these substitutions into equation (1.3)
yields

(2.6) 20y [Am(ﬂ} Sy [A’"WL1 — Jnw
7 even 7 odd

where the sums in each case are taken over the appropriate m(3j) values. This indicates,
however, that the equilibrium manifold will have dimension one. O
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The central equilibrium will be a point equilibrium if equation (2.2) can be used to
express all z; in terms of z; for some fixed value of 4. Without loss of generality, this can
be taken as xg.

For ged(n,s) =d,let S(i) = {j =i+2rs mod (n) |1 <r < [23]}.

That is, S(z) contains those indices labelling vertices of the (n, s)-star, together with
their corresponding rate constants, obtained by starting at vertex z; and proceeding along
the directed edges in moves of length two until either vertex z;_s (Z odd ) or vertex
Ti_92s (% even) are reached.

Lemma 2. . Letp; = [[ krandtakel < m < n/d. Then for j = i mod (d), if
reS(i)
(4™, # 0

P p_Llis %even
- (2.7) _ [A™]y; = BL otherwise

Proof: By equation (2.2), for any m

H kz+2rs
(2.8) L mE i
H k1+(2r 1)s

Hence the matrix element [A™],; will be non-zero if m is such that ¢ + 2ms = 0.
mod (n), and if this is so then z; = [A™],; zo. If there is such an m then for ¢ # 0,m <
(n — 1)/d. In addition, the k; appearing in the numerator and denominator of equation-
(2.8) can be read off from the labelled (n, s)-star by starting at vertex ¢ and proceeding
along edges in moves of length two. For the numerator, the label of the second edge of
each move is included (corresponding to k; 25,1 < r < m), and for the denominator the
label of the first edge of each move is included (corresponding to k; 1 (2r—1)s)-

If n/d is odd then, after [ % ] moves this process will have reached the vertex labelled
z;—s while if n/d is even the process will have reached the vertex labelled z;_o;.

In the first case, the process returns to x; after half a move, so in this and the following
moves the edge labels selected for numerator and denominator are interchanged. If the
process continues for the full [231] moves then the second [%1] edge labels in the.
numerator are identical to the first [%7 | in the denominator whlle the final [23] edge
labels in the denominator are equal to the first [ 4 ] edge labels of the numerator

There are three cases to consider. We first assume that d =.1. The more general case
will be considered later.

Case I: m = [”2 dl] In this case there are no common edge labels between numera-
tor and denominator. Further, the numerator is by definition p;, and since i + 2ms = 0
mod (n), ¢ = s. Hence vertex z; is half a move from vertex To SO that the denominator
equals pg.

Case2: [BF] <m < [251]. Now the first [251] edge labels from the numerator
yield p; while the final { ] edge labels in the denommator will equal pg. The remaining
edge labels in numerator and denominator will cancel. Note, however, that there may in
this case be common edge labels in numerator and denominator.. -

Case3: 1 <m < [221] . In this case the product appearing iri the numerator of [A™],,
will be an incomplete portlon of p;. This can be changed to p; by:continuing another [” 1 -|

2d
- m moves, while multiplying the denominator by the same k; terms:that this continuation
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adds to the numerator. What remains to be shown is that the new denominator is just pg.
Since this process of extension begins at z,, these additional terms are clearly a portion
of pg. That the initial m terms of the denominator provide the remaining elements of
the product pg follows from the equation ¢ + 2ms = 0 mod (n), and the form of the
denominator in equation (2.8). In the present case, this denominator will have the form
Kitvokiyss - - - kiy(om=i)s. But in general, i +2ms can be written as i + (2r — 1)s + (2m —
2r+1)sand thus i + (2r — 1)s = n — (2m — 2r + 1)s with 1 < » < m. For r = m this
yields ¢ = n — s, with the corresponding final element k,,_; of py. Likewise, forr =m—1
this yields the penultimate element k.35 of p,, and so on until » = 1. That is, the initial
mm elements in the denominator are the final m elements of pg.

If d > 1then (n,s) =.d(a,b) with a odd and gcd(a,b) = 1. Thus the situation reduces
to a set of d(a, b)-stars with the only difference from previous considerations being that for
+ j =1 mod (d) the matrix element [A™] , is replaced by [Am] Again this leads to the

second part of equation 2.7).
" What remains is to consider the case in which n/d is even. Now the process returns
from z;_o, to ; after [ 11 + 1 moves. Thus,

AlE2+

and the situation has reduced to a set of d(a, b)-stars with a even. To each of these stars,
the conclusions of Theorem 1 apply: there are constraints imposed on the k; for each of
these stars, and the x; on any one such star are not expressible in terms of a single z; on
that star. Therefore, all that can be said is that the denominator of equation (2.8) has the
form p;..s. [

For cases in which n/d is even, Theorem 1 and Lemma 2 imply that the central equilib-
rium manifold has dimension 2d — 1 and is structurally unstable. If n/d is odd the central
equilibrium is a point and is structurally stable with respect to equations (2.1). The location
of this equilibrium is obtained by use of equations (2.7} and (1.3) to obtain

d—1 Z-1

[+2

Z L Z [Am(?‘}]j—i-rd,j =V,

j=0  r=0

¢

2.9 m(r) = (“""‘ 1) r,

28

where a is the smallest number such that the coefficient of r is an integer.
If d = 1 this simplifies to

(2.10) - Z [Amw} N
= .
which by equation (2.7) yields
2.11) fp oY
E Pr
=0
{2.11) from which the remaining z; can be seen to be
(2.12) z; = ‘/—7””.
' Z P

ra=()
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If d > 1 then use of equations (2.7) and (2.9) yields

d-1 F-1
(2.13) 3 Z Pitrd V.
) j=0 r”O J

In thls case a further reduction is possible through use of the equilibrium versions of
equations (2.1). These can be wntten as

kiiXims = ki 105 1%5—5—1.

With (n,s) = d{a, b) and for all §, z; and z;_., lie on the sarme (a,b)-star. Thus, equation
(2.7) can be used in these equilibrium equations to express x.t s and ;o1 interms of z;
and x;.-1. This gives the equations

ki'pi—-s 2 kz lpz*s-—l 2

214) | 2 o
@19 N pi-i Y

and since x; > 0 for all 7 this gives

_ 1

ki 1Dipi_s1 ] K .
2.15 Ly = | By,
( ) ) - ¢ { k;zpz 1Pi—s ot

This same process can be used to obtain z;_; in terms of m,,_z, eventually leading to an
expression in terms of zg: : »

1
kopiPr—s ] 2
( ) [ kzp()pz -5

Substitution into equation (2.13) and use of equatlon 2. 7) now detenmnes the. coordmates
of the central equilibrium as :

o \/h—pi-%;md’u [kopipn—s K
Titmd =

. ;
2

,0<m<d,0Li<d,
pik(n, s) kz‘popi——s]' ST T

@17

d—1%~1 P
k(?‘? Z {:3 —~1PjPj g 1] p}vl—rd.

= :)pg 1py —s P

It is of interest to note that although the position of the central equilibrium depends on the
rate constants, the other ethbna do not. That is, they are embodiments of the basic star
structure while the central ethbnum involves the rate constant. structure

3. STABILITY OF THE CENTRAL EQUILIBRIUM

In this section consideration is restricted to the case in which all rate constants are equali
to one. Thus the central equilibrium is given by equation. (1.5). The perturbation z; —
\/— + g; in equations (1.8) leads to the set of linearized equatlons

- ) v : .
3.D ' £y = T (6s + €igs) + N (€1 + Eki-'—s-lb) .
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The ;oefﬁcient matrix for this system is the circulant mattix C= %circ(co} CiyeryCnoi)
with the ¢; defined by : :
‘ ' -1 i=0,n—ss8>1,
3.2) C; = 1 i=n~s—1,n—1,5>1,
' - 0 otherwise, '

-1 i=05=1,
“T1 1 i=n-2s=1.

Properties of circulant matrices are well known. A matrix is circulant if and only if it
commutes with the shift operator o, and in fact can be expressed as a polynomial in o.
If this polynomial is denoted P for the matrix C, then the eigenvalues of C are given by
P(w") for0 < r < n ~ 1 where w = e?™%/™ is the first of the n-th roots of unity. P is the
complex polynomial defined by

G» . P(z) = 2"t = gmo el

Forr = 0, P(1) = 0 indicgting neutral stability. The corresponding eigenvector lies
along the line z; = t(0 < 4 < n), hence is orthogonal to the surfaces defined by equation -
(1.3). Within these surfaces, stability of the central equilibrium is determined by the sign
of Re (P (w"))forl<r<n-1.

Theorem 2. If n is odd, the central equilibrium of the (n, 1)-star is a structurally stable

“attractor in the hypersurfaces of constant v. If n is even this central equilibrium is neutrally
stable in the direction corresponding to the eigenvalue P(—1) of C.

Proof. For s = 1,’equation (3.3) becomes P(z) = z*~?—1. Thus P (w") = w271
and since Re (w™) < 1 for alk-m # 0 this can never have a positive real part. Further, the
real part of P (w") will be zero if and only if w27 = 1 for some value of r. This
requires that (n — 2)r = 0 mod (n) for some r between 1 and n — 1. This can occur
only if 7 = n/m for some m, in which case (%-2)n = 0 mod (n). But both of these
conditions are satisfied only if both » and n — 2 are divisible by m and this occurs if and
onlyif nisevenandm = 2. Thus forevery evenn, P (w™/2) = 0. Also, since n is even, so -

is n — 2 and use of equation (3 2) indicates that the vector with components e;(z) = L‘Z\/%
is an eigenvector of C' with eigenvalue 0, lying along the line equilibrium for the (n, 1)-star

with n even, which exists by Theorem-1. O
Theorem 3. If n is odd then the (n, %51)-star has a stable central equilibrium.

Proof. For this case, equation (3.3) becomes P (w") = w17 —,(nt1)r/2.4 ,(n=1)r/2_
1, but w(n+17/2 — (n=1)7/2 hag zero real part, hence Re (P (w")) = Re (w17 ~ 1) <
0 L

Theorem 4. Let n be even. Then for s = (n — 2)/r the real part of P (w") is zero if v is
even and negatsve ifrisodd.

Proof. P (w") = w17 —(n+2) ’/2+w("“ )T/2 —1andw™ = 1, w™? = —1. Hence
this becomes P (w") = w™" — (—1)"w" + (—1)" — 1. If r is even this becomes w™" — w"
which has zero real part. If » is odd, it becomes w™" -+ w" ~ 2 which has negative real part.
0 ,

Lemma 3. Let P, (") be the r-th eigenvalue for perturbations about the central equilib-
rium of the (n, 8)-star. Then Pr,p (™) = P, (w™).
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Theorem 5. Sufficient conditions for neutral stability of the central equilibrium of the
{(n, s)-star are: .

A. Forsomer < n, (s+ 1)r =0 mod (n).

B. Ifn is even there exists an r such that sr = ~1 mod (n).

Evaluation of P(w") for various (n, s)-stars indicates that unlike the case of hypercy-
cles, the central equilibrium for equations (1.8) may sometimes be unstable.
Table 2 lists the values of r for which this equilibrium is unstable for n < 16.

TABLE 2. Stability of Central Equilibrium for Different r Values. (All
r-values not listed are stable)

n/s 2 3 4 5 6 7
5 stable
6 | neutral
2,4
7 | unstable | stable
2.5
8 | neutral | neutral
2,6 24,6
9 | neutral | unstable | stable
3,6 2,7
10 | unstable | unstable | neutral
3,7 2.8 2,4,6,8
11 | unstable | unstable | unstable
3,8 2,9 2,9

12 | neutral | neutral | unstable | neutral
3489 123910 2,10 2,4,6,8
‘ 10
13 | unstable | unstable | unstable | unstable stable
4,9 3,10 2,5,8,11 | 2,49,11
14 | unstable | unstable | unstable | unstable | neutral

4,10 3,11 2,12 2,12 24,68
neutral peutral - | 10,12
7 ] 7
15 | unstable | unstable | unstable | unstable | unstable stable
4,11 3,12 2,13 213 24,1113 |
neutral neutral | neutral |
5,10 3,6,9,12 5,10,

16 | unstable | unstable | unstable | unstable | unstable | neutral
5,11 3,13 3,13 2,5,11,14 214 | 24,68
neutral | neutral | neutral neutral | neutral | 10,12,14
4,12 | 48,12 126,10,14; 8 4,12 '

4. EXAMPLES
A. (n,s) = (3,1).
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The simplest case is the (3, 1)-star, for which equations (1.8) become

Ty = —z2(xo — Z1)
4.1 ’ Xy = -—-.’30(3’:1 - :122)
Ty = —z1(22 — o)

Since 29 + 21 + 2o = v/3v is a constant of motion, the system orbits are most easily
represented in coordmates (z,y,v) defined by:

. 2 1 1
‘ : N (VB VB TVBY (%o
@.2) vi=510 L 2=
3 Pl 3
: v \vs V& 5/ \*™
In these coordinates equations (4.1) become
V3 ’ zy V3 v
4—.3 x:-———.—a;z—— 2 ‘_""—"U(E"}"—',
“3) 55 (2% — ) N 5Y
V3 v V3

V=575 (z? —yz)'— BT 5T W
The central equilibrium is now located at the origin (z,%) = (0,0) in the two dimen-
sional surfaces orthogonal to the ¢ axis. By Theorem 2 it is a stable attractor. Eigenvalues
for linear perturbations about this equilibrium are —%v & %v. There is only one max-
imal set of independent vertices, {z¢, 21,22} which gives rise to three point equilibria:
(v/3v,0,0), (0,4/3v,0), and (0,0, v/3v). In the (z,y) coordinates these become respec-
tively the points

(v, 0) VB ana (=2 —Y3)
f 7z v2' V2
Eigenvalues for hneanzcd pemlrbanons about each of these points are — i/-;@ (1++5),
indicating that each of these: ‘pointsis-a hyperbolic saddle.
Figure 3 shows ethbnum ‘manifolds, some plots of system orbits, and the basin of
attraction for this example, - -

Similar results hold for the more general case of equations (2.1). The three saddle
equilibria remain the same, but the elgenvalues for linearized perturbations about them are

now, respectively,
/ 4k
144/14 —kg—}

V3uk? 4k \/' vko
5 (1 1+ o=
Ak
144/1+ —‘I;l—]

V3vk;
d 2

while the central equilibrium is Iocated at
o — v3uks . V3ukg V3uk;
T RE ) T KE1) P KB
4.5) K(3, 1) = ko + ki + ke,
_ V20(2ky — kg — ki) v _ V3u(k, — k1)
K(3,1) ' V2K (3,1)
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FIGURE 3. Orbits and Basin of Attraction for Equat»ionm(l‘s)‘ for (n, s)'z (3,1).
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- with eigenvalues for"lineari‘zed perturbations given by

“46) K‘g"’l) [- (kc.kl + koky + kkp)E
\/EW Rk - k%z — AkokikyK(3,1)]
B. (n,5) = (4,1).

By Theorem 2, the central equilibrium manifold is one dimensional. There are two
maximal sets of mdependent vertices, {#o, 3} and {x1,z3}, so there will also be two line
equxhbna defined by z; = 23 =0 and zp = 25 = 0.

Again, it is useful to'introduce new coordinates:

1\

' /0 1 0
. Y .10 -1 .0 |[%
4.7 vl Ll a1 o | ]m
v L1 1 1 | \zs
\VZ V2 V2 V2 :
In these coordinates, equations (1.8) take the form
. . £b=_, 23’,‘(2*‘}-’0),
“38) - - g=V2y(z - v),
' ' z = 2xy.

The central equilibrium line is the z-axis while the two other equilibrium manifolds are the
lines z = v, z = 0 and z = —v, y = 0. Otbits for initial conditions chosen as small circles
about the z-axis for z values of 1.1, +.5, and 0 are shown in Figure 4, withy = 1.

Eigenvalues for perturbations about the z-axis are 0, f 2(z + v), and v/2(z — v). These
have corresponding eigendirections along the z, z, and y axes respectively. Thus, stability
of the z-axis against perturbations in the (z, y) plane depends on the value of z:

~ z < —v unstable in z direction,
“9) o " —u < z < v stable,
2 > v unstable in y ditection.
The lines z =v,z = 0and z = —v, y = 0 are neutrally stable in the y and z directions
respectively, and stable in the respectlve directions

C.(n,s)=(52)

- By Theorems 2 and 3 the central equilibrium for these cases is a stable point attractor.
For both cases, there are five maximal sets of independent vertices. For the (5, 1)-star
these are {1, 23}, {2, 24}, {20, 23}, {x1, 24}, {To, T2}, while for the (5, 2)-star they
are {xo,z1}, {Z1,22}, {z2, 23}, {23, z4}, {z0,z4}. Thus, each case admits five line
equilfbria. Linearization-of equations (1.8) about these equilibrium lines yields two zero
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FIGURE 4. Initial conditions taken as small circles about z-axis for z = —1,-.5, 0, .5, L.

eigenvalues, with corresponding eigenvectors along the equilibrium line, and orthogonal to
the hypersurfaces of constant v. The remaining eigenvalues are obtained from solutions of

(4.10) Nt -r—t21-t)=0

with the actual eigenvalues being equal to v/5v\. The parameter ¢ varies from 0 to 1 along
the equilibrium line z; = VBut, z; = VBv(l — t), zx = 0, k # i, j. Figure 5 shows a
plot of the real part of the roots of equation (4.10) for values 0 < ¢ < 1. Near 0 and | there
are three real roots, two negative and one positive. The positive root is real for all values of
t while the two negative roots become complex, with identical'real parts.

" Thus, at least within the concentration simplex, these equilibrium manifolds are unsta-
ble. Figures 6 - 9 show some typical orbits, both near the central equilibrium and near the
equilibrium lines.

These figures show orbits in both the z; coordinates, and in a coordinate system adapted
to the hypersurfaces of constant v, determined in terms of the z; by the orthonormal trans-
formation shown in equation (4.11). Orbits shown in Figures 6,and 7 are near the central
equilibrium. In the (z,y,p,¢) coordinates these show convergence to the central equilib-
rium in the (p, g) plane, and a more complicated form of convergence in the (z, y) plane.
In Figures 8 and 9, initial conditions are taken as small circles ‘about the equilibrium line
defined by v = (0,0,1,0,—1)¢ + (0,0,0,0, v/5). The orbits show divergence away from
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Posltions of Real Rools

0 0.1 02 03 0.4 0.5 0.6 0.7 0.8 0.8 1

FIGURE 5. Real part of roots of A% + A2 + £(1 — t)A — £2(1 — ).

this line both toward the central equilibrium, and away from it.

% V202 V202 —V2a2 V202 ,
x V2 2 /5.2 2 2 o
Y Z V2l Vv2ei V201 V2ol | |
Z “lo a4 -0 o g zz ’
v/ 0 o oy —~ 0y -0 24
A 1 . A A
VG V5 V5 V5 V3
1/2 1/2
1{v5+1 1 [vE-11"
(411) CY+=§ \/5 N CY__=§ \/,5

D. (n,s) = (6,2)

This example shows some particularly interesting structures, most apparent in coordi-
nates adapted to the three equilibrium lines defined by zg = z; =23 =24 =0, 1 =
Ty=Ty=25 =10, Tg =29 =33 = 25 = 0.
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FIGURE 6. Projection of orbits of equations of (1.8) in original coordi- -
nates. Initial conditions taken as a small circle ‘about the origin in the
(w0, 1) plane. ' :
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FIGURE 7. Projection of orbits of equations of (1.8) for (n, s) = (5, 2)
in simplex coordinates. Initial conditions taken as a small cxrcle about
the origin in the (zg, 1) plane.
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FIGURE 8. Projection of orbits of equations of (1.8) for (n,s) = (5,2)
in original coordinates. Initial conditions taken as a small circle about an
equilibrium line.
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FIGURE 9. Projection of orbits of equations of (1.8) for (n,s) = (5,2)
in simplex coordinates. Injtial conditions taken as a small circle about an
equilibrium line. Note the instability as orbits either £0 to infinity or to
the central equilibrium.
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These are defined by the transformation

(4.12)

S T 2 M3

(4.13)

BURTON VOORHEES & ALEXANDER NIP

0 0 -1 0 0 1y
0 1 0 0 =1 0 Ty
1 0 0 -1 0 0 T3
1l 1 1w o ]
SA|VA TV TV VB TVE VB | | as
1 1 : 1 1
C B SR . St B B Bk
Ts
U T S S S o
Vi Vi V3 B VA A
In these coordinates, equations (1.8) bécome
. 1 : : V3
= — +\/§v—-\/§v —&+) - —=vm,
=275 (u )(?? ¢ ,,7) 75
; V3
b (w A Va) (&) - s
: V3
’Y~7g(\/§ﬂ+v)(ﬁ+f+7)—'ﬁw,
==&y u+\/§ v,
-8y - w
-né — 5 2 +‘\/§‘“

The five dimensional hypersurfaces of constant v partition naturally into three dimen-
sions coordinatized by (7, ¢, v) and two dimensions coordinatized by (4, v) with the central
equilibrium located at the origin (0, 0,0, 0,0). There are nine equilibrium lines. Three of
these are the 7, £, and -y axes, which project to points in the {4, #)-plane. The remaining
six of these equilibrium lines are obtained by taking z; = 41 = ZTipo = Ti43 = 0 for

0 €4 < 5. Equations for all of these lines are given in Table 3.

TABLE 3. Equilibrium Lines for (6, 2)-Star

E=v=0, u=—-%, V——%v ) —.axis
n=vy=0, u:——%, vn%v & — axis
£=77:51?0‘, : p=v2, v=0 y — axis
L.é=n—+3u, =0, p= - v—\/—n
2y=v3v—n  £=0, ,w=‘\/§v—?§=§m V=%-%v
3y=v3v—-§ =0, p=vIv-¥E v=3Z_L4&
4.6=V3v—n v=0, B=—"T5 2/=i/%v+\/§n
5.7y=—V3v—1n, £=0, p=2v+ Yn, 'fz,'v%“‘l%”
6.v=-Vv3v—¢& n=0, M*\/ﬁv+%£, v=§v—;ﬁ%
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Figure 10 shows the prcgecuons of these six equ1hbr1um lines in the (1, £,+) and (u,v)
spaces.

Only segménts of the lines, labelled 1 — 6 are shown in the (1, £, v) space—it is only
along these segments that these line equilibria are stable. The six lines project into the
(i, v) space in pairs, as indicated, and the three points of intersection are the point projec-
tions of the 77, £, and v axes.

Linearization of equations (4. 13) about the central equilibrium yields a coefficient ma-
trix having eigenvalues ‘

23
4.14) ) : twice), — —=v, :l:z
~piee) = U ki
In a neighborhood of the origin, (7, £, v, i, ¥) are normal coordinates. The (u, v) plane
is a center manifold in this neighborhood, and the corresponding stable mamfold is the

(n,€,7) 3-space.
Eigenvectors for the negative eigenvalues are:

2\/“1
ff

v 1
- . _.(1,0,1,0,0), —(0,1,1,0,0),
7 A0 100 ﬁ( )

while the imaginary eigenvalues indicate closed orbits about (u, ) = (0,0). The center
manifold lies in the interior of the triangle in the (p, v) plane formed by the projections of
the equilibrium lines 1 - 6. Perturbation of equations (4.13) about (7, £, v) = (0,0, 0), with
{1, v) located at one of the vertices of this triangle yields eigenvalues 0, + %fu.

Table 4 shows the corresponding eigenspaces for each case.

(1, 100)

4.15)

TABLE 4. Eigenvectors for Perturbations About (7,&,v) = (0,0,0)

: v V3., v V3
#-%) | Ha) (v22,0)
0 (1,0,0,0,0) (0,1,0,0,0) (0,0,1,0,0)
77 — axis & — axis ¥~ axis
~Ly | (r+s,7,-5,0,t) | (r+s,7,5-t1t) | (r+s—r,—s31)
n—&+y=0 ?7—5—7:«9 n+§+7;0
k1] e 2 - 2
b=-p | YV=oBETAY| V=R
o | (0,0,0,v3,1) (0,0,0,0,1) (0,0,0,~+/3,1)
- B V2 N = _ ¥2
V=T r=-0 v=—pt Y

Inspection of this table indicates that the 7, €, or -y axis whose projection is a particular
vertex of the triangle in the u, v plane will be the neutrally stable direction out of n, £,y =
(0,0,0) at that vertex. The eigenspaces corresponding to the negative eigenvalue are three
dimensional, breaking down into a two dimensional plane in the 7, £, v space and one of
the pairs of projected equilibrium lines in the g, plane. Eigenspaces corresponding to
the positive eigenvalue lie in the u, v plane along the projections of the equilibrium lines.
Each vertex of the triangle formed by these projections is a saddle for n, £, v near (0,0,0),
as indicated by the direction of the arrows in Figure 10.
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Y

2,6

FIGURE 10. Equilibrium lines projected into (5, £ ,fy) ‘,sp,;éce and (e, v)
plane. Arrows indicate directions in and out of saddle points in (u,v)
plane. '
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TABLE 5. Eigenvectors corresponding to eigenvalues in (4.16).
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Introducing a scale factor k such that distance along the 7, ¢ and -y axes is measured
by kv, linear perturbations about each of these axes, with u and v perturbed about the
corresponding point in the p, v plane, yields eigenvalues

(4.16) 0, »Ngjk)”, :q/g Qk .

Corresponding eigenvectors are listed in Table 5. :
With this parametrization, the points determined by k = ++/3 are the points where
each axis intersects two of the equilibrium lines 1 — 6. Inspection of Table 5 indicates that

for —v/3 < k < /3 the 7,¢, and -y axes are stable and the dimension of the eigenspace
3tk
2

for the eigenvalues — (

(m,¢,7) = (0,0,0).
A similar analysis for perturbations about the equilibrium lines 1 - 6 yields three 0
eigenvalues, and eigenvalues —v/2kv and —v/2 (\/§ — k).

) v changes from one to three at & = {, corresponding to

Table 6: Eigenvectors for perturbations about equilibrium lines 1-6.

X=0
k#0,v3 k=0,v3
1 (1,1,0,0, —v/2) (trs:%i\}%) k=0
(0,58, o) b= V3
2 (1,0,—1,—7\?,;—%) (t,r,s,%,s;gr) k=0
3 (0.1,-1,=,34) (trs, =080, 5t) k=0
| (e G —ooft) k=3
4 (1,1,0,0,3) (t,r,s,—j—;,—s;gt k=0
(t,r,s,ﬂxgg,—s;‘%’ k=3
5 (1,0,—1,%,%) t,r,s, =38, —e=r) k=0
(t,r,s, “gs,s;%*) k=3
A= —v2kv
| ] k=3
1 (1,1,0,0,-‘—/-§—(‘—r}§12i)> (1,1,0,0, V2)
2 (1,0,—1,—(ﬁJ§2k),—(“§J§2k) | (1,0,-1,@,%)
continued on the next page ‘
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4 (1 1,0,0, fl\;;jk-)) (111’0’07“\/2')
o] (11 ) | (1-u-9)
A= —\/ib/g —k)v

OIS ol
1, Y352 0, —iﬁii) (1,1,0,0,v2)

[\]
/-""“\

LA -5 ,

3| (BB EEEE) T (i —Lﬁ %)
4] (Bpon - S —A2) | (0L-L8-3)
5 (1 L2k 2% ﬁ%ﬂ’j (1,1,0,0,-v/3)

6 (ﬁ’v‘fﬁ»%’%’f»-[ﬁ"gf #) | (L0145 -3)

Parameterization has been choosen sothat 0 < k < V3 corresponding for each of the
equilibrium lines to the segments shown in Figures 8 and 9. The lines themselves are the
eigenspaces corresponding to the 0 eigenvalues. Thus, the indicated segments are stable
for 0 < k < +/3 and unstable for values of k outside of this range.

Eigenvectors for perturbations about these equilibrium lines are shown in Table 6.

* Some system orbits are shown in Figures 11-14.

In Figures 11-13 initial conditions are taken as small circles about the origin with (u, V)
equal to (0,0) in 11, (0, .25) in 12, and (0, —.25) in 13. Orbits converge towards the origin
in the (7, &, vv)-space and show an orbital flow about (0, 0) in the (u, v)-space.

Figure 14 shows orbits computed for initial conditions taken as small circles about the

n-axis for -2 < n < 2 and (u,v) = (—-% —-V\f/——-ﬁ) Note the complex behavior that

appears for || > /3 which is where the 7-axis intersects the other equilibrium lines, and
also the point where these lines become unstable.

5. DISCUSSION

We have considered a family of ordinary differential equations with quadratic force
terms exhibiting a structure diagrammed by (n, s)-star polygons. These equations are
taken as representing n component systems in which interactions catalyze transformations
between components rather than replication of components. Results on equilibrium man-
ifolds are given for these systems, showing both similarities to, and differences from the
usual replicator equations used to describe hypercycles.

If n is even there will be a central equilibrium if and only if equation (2.4) is satisfied -
and if this equilibrium exists it will be structurally unstable in the more general parameter
space. If n is odd, the central equilibrium is stable. There are also equilibrium manifolds
that reside on the edges and faces of the concentration simplex and while the location of
the central equilibrium depends on the rate constants, the locations of these other equilibria
do not.
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FIGURE 11. Orbits of equations (4.13) for (n, s) = (6,2) with initial
conditions taken as a small circle about the origin in (n, £, v)-space and
at (0,0) in (u, v) plane. ; V
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FIGURE 12. Orbits of equations (4.13) for (n,s) = (6, 2) with initial
conditions taken as a small circle about the origin in (7, £, v)-space and
at (0, .25) in (i, v) plane.
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FIGURE 13. Orbits of equations (4.13) for (n,s) = (6,2) with injtiali
conditions taken as a small circle about the origin in (, &, 7)-space and
at (0, —.25) in (u, v) plane.
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0.15

FIGURE 14. Orbits of equations (4.13) for {n, s) = (6,2) with initial
conditions taken as a small circle about the 77-axis and at point of projec-
tion of n-axis in (u, v/) plane.

Examples have been discussed for dimensions 3, 4, 5, and 6 with the most interesting
geometric configurations of the equilibrium manifolds showing up in dimensions 3 and 6.
In dimension 5 the five equilibrium lines lying along boundaries of the concentration sim-
plex are unstable, with orbits either running off to infinity, or into the central equilibrium,

In computing the stability criteria the rate constants k; were all set equal to one. This
allowed use of well-known results on circulant matrices for computation of eigenvalues
of the perturbation coefficient matrix. An interesting question remains as to whether or
not there are results on the eigenvalues for the matrices that would result from allowing
arbitrary rate constants.
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