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ABSTRACT. A space X has the .l7EP-property if for each self-mapping the 
set of nonwandering points is contained in the closure of the set of eventually 
periodic points. A class of A-dendroids is presented each member of which 
has the .l7EP-property for ma.ppings satisfying certain additional conditions. 
These A-dendroids are obtained as compactifications' of some dendrites without 
finite sets. Some related problems are posed. 
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. 1. INTRODUCTION 

Let X be a (metriC) space, and let I: X ~ X be a mapping of X to itseif. For 
any n E N let r :X ~ X denote the n-th composition 01 I. A point x of X is 
said to be: . 

a fixed point of I if I(x) Xi 
a periodic.-point of I provided that there is n E Nsuch that r (x) = x; if, 

moreover, Ik(x) =1= x for all integers k with 1 :::.;: k < n, then x is called a periodic 
point of period nj 
- a recurrent point of I, provided that for each open set U containing x there is 
n such that r(x) E Uj . 

an eventually periodic point o/period n E N 101' I provided that there exists 
mE {O}U N suchthat Im(x) is a periodic point of I of period n;. , 

an eventually periodic point for I provided that there is n E N such that x is an 
eventually periodic point ofperiod n E N for I; . 
- a nonwandering point of I provided that for any open set U containing x there 
exist yE U and n E N such that r(y) E U. 

Note that if the orbit 01 x is defined by orb(f; x) = {r(x) : n E {O} U 
then x is eventually periodic if orb(f; x) is finite, or equivalently if some element.of 
orb(f; x) is periodic. 
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For a mapping f : X ~ X the sets of fixed points, periodic points, recurrent 
points, eventually periodic points and nonwandering points of f will be denoted 
by F(f), P(f), R(f), EP(f) and D(f), respectively. The statement below is a 
consequence of definitions. 

Statement 1.1. For each compact spaceX and each self-mapping f : X ~ X we 
have. 

(1.1.1) F(f) c P(f) c R(f) c D(f) c X, P(f) c EP(f)' 

(1.1.2) f(P(f)) = P(f), f(R(f)) = R(f), f(D(f)) c D(f), 

(1.1.3) D(f) is closed. 

Further; for each kEN, we have 

(1.1.4) p(fk) = P(f), R(fk) = R(f), EP(fk) = EP(f), D(fk) c D(f). 

Remark 1.2. The inclusions in the last formulas of (1.1.2) and (1.1.4) cannot 
be replaced by the equalities, even for mappings of an arc onto itself. Namely, if 
f : [0, 7] ~ [0,7] is a piecewise linear mapping defined by 

f(O) 3, f(l) f(2) 4, f(3) = 7, f(4) = 7, f(5) ~ 1, f(7) 3 

(see [4, Example 8, p. 75]), then 1 E D(f) \ (f(D(f)) U D(P)). In connection with 
this example a question arises. 

Question 1.3. For what mappings f : X ~ X (a) does the equality f(D(f)) 
D(f) hold? (b) does the equality D(f) = D(fk) hold for all kEN? 

Definition 1.4. A spaceX is said to have (a) the periodic-recurrent property (ab­
breviated PR-property), (b) the nonwandering-eventually-periodic property (abbre­
viated DEP~property) provided that each mapping f : X ~ X satisfies 

(a) clx(P(f)) =.clx(R(f)), 
(b) D(f) c clx(EP(f)), 

"respectively. 

Topological dynamics on various spaces star~ed with its study on the interval 
(see for example an expository paper [17J and references therein). In particular, it 
has been shown that the closed unit interval has the PR-property, [10, Theorem 1, 
p. 316], and the .(]EP-property, [3, Theorem C, p. 228J. These results have been 
extended to mappings of trees in [18, Theorem 2.6, p. 349J and in (11, Theorem 
1.2, p. 36J, and to ones of some dendrites in [13] and in [8, Corollary 5.14]. 

The results saying that trees hl\ve the PR-property and the DEP-property can­
,pot be extended to all graphs (i.e., continua that can be written as the union of 
finitely many arcs any two of which are either ~isjoint or intersect only at one or 
both of its end points) because the unit circle 8 = {ZE C : Izl = I} does not 
have the properties. Indeed, if f : 8' ~ 8 is an irrational rotation (i.e'., a rota­
tion by an angle a such that a/1r is irrational), then P(f) = 0 EP(f), while. 
R(f) . 8 n(f) (compare [5, Remarks 1.2, p. 132] and [Il"Example 1.4, p.44]). 

However, as it was presented in [5] and in [2J, the PR-property holds fo.r each 
A-dendroid which is obtained from a treeT by inserting (in a special way) fini~ely 
many A-dendroids having the PR-property and satisfying some additional condi­
tions.. The aim of the present paper is to show that the same method can be applied 
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to obtain another class of>..-dendroids having the DEP-property. A number of re­
lated questions is also asked. 

The paper consists of : six sections. After Introduction and Preliminaries, A­
dendroids as compactifications are considered in Section 3. Some auxiliary results, 
known from earlier papers, are collected the next section. These results are used 

. in Section 5 to prove the DEP-property for a class 6 of A-dendroids . Section 6 
contains a number of related questions and problems. 

Acknowledgement. I thank very much Professor Hector Mendez-Lango for his 
essential help during fruitful discussions on the subject of this paper. 

2. PRELIMINARIES 

All considered spaces are assumed to .be metric, and a mapping means a contin­
uous function. We denote by N the set of all positive integers, by lR the one of all 
reals, and by C the set of a1l.complex numbers. For A c X we denote clx(A) the 
closure of A in X. A continuum means a compact connected space. 

A mapping r : X ---> Y between continua X and Y is called a retraction if Y c X 
and the partial mapping rlY : Y ---> Y is the identity. In this case Y is called a 
retract of X. 

The following lemma on compositions of mappings is known (see [5, Lemma 3.1, 
p. 136] and compare [8, Lemma 2.9]). 

Lemma 2.1. Let X and Y be spaces with Y being a closed subset of X, and let 
g : Y ---> Y be a mapping. If r : X ---> Y is a retraction and f = g 0 r : X ---> Y, 
then: 

(2.1.1) r gn 0 r for each n E N; 
(2.1.2) P(f) = P(g); 
(2.1.3) R(f) = R(g); 
(2.1.4) Y n EP(f) EP(g); 
(2.1.5) D(f) = D(g). 

As a consequence of Lemma 2.1 we get a result below (see [5, Proposition 3.2, 
p. 136] and [8, Proposition 5.1]). 

Corollary 2.2. Both the PR-property and the DEP-property are preserved under 
retractions, i.e., if a space X having the PR-property (the DEP-property) contains 
a closed subspace Y which is a retract of X, then Y has the PR-property (the 
DEP-property), too. 

It is quite natural to ask what kinds of mappings (or what kinds of mappings 
between some special spaces) can be substituted in place of retractions in the above 
result. This question is discussed, and some results are obtained, in 

The following proposition is an immediate consequence of definitions. 

Proposition 2.3. Let A be a subspaceof a space X, and let a mapping f : X ---> X 
be such that f(A) C A. Then 

(2.3.1) P(fIA) = An P(f); 
(2.3.2) R(fIA) = An R(f); 
(2.3.3) EP(fIA) An EP(f); 
(2.3.4) D(fIA) cAn D(f). 
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Remark 2.4. The inclusion in (2.3.4) cannot be replaced by the equality, because 
if f : [0,7J [0,7J is the mapping defined in Remark 1.2 and A = {I, 4}, then 
f(A) c A and An n(f) A, while n(fIA) {4}. 

In connection with the above. mmark the next question is natural. 

Question 2.5. For what mappings f : X -7 Y is the equality n(fIA) = An n(f) 
true for each A c X? 

We use a concept of an order of a point p in a continuum X (in the sense of 
Menger-Urysohn), written ord(p;X), as defined in [16, 9.3, p. 141] or [14, §51, I, 
p.274]. 

A point p E X is called an end point of X provided that ord(p, X) = 1, and it 
is called a branch point of X provided that ord(p, X) ;::: 3. For a continuum X we 
denote the sets of end points of X and of branch points of X by E(X) and B(X), 
respectively. 

Recall that a continuum X is said to be 
hereditarily unicoherent provided that the intersection of any two subcontinua 

of X is connected; 
hereditarily decomposable provided that every subcontinuum of X is the union 

of two of its proper subcontinua; 
a )'-dendroid if it is hereditarily unicoherent and hereditarily decomposable; 
a dendroid if it is hereditarily unicoherent and arcwise connected; 
a dendrite if it is locally connected and contains no simple closed curve; 
a tree if it is a graph containing no simple closed curve. 
Let T denote the cla.':ls of trees, Do' - the class of dendrites, D the class of 

dendroids, )'D of A-dendroids, T £ of tree-like continua, and HU ~- the class 
of hereditarily unicoherent ones. Then we have the following inclusions. 

T C Do c DeAD c T£ c HU. 

The next result is an extension of the one formulated in [7, Proposition 4.1, p. 
(compare also [2]). 

Proposition 2.6. Let f : X -7 X be a mapping of a continuum X into itself. 
Then {r(X)};;:O=l is a decreasing sequence of subcontinua of X and JvI(X, I) = 
n{r(X) : n E N} is a subcontinuum of X such that 

(2.6.1) JvI(X, I) Limr(X); 
(2.6.2) fIJvI(X, I) : M(X, I) -7 JvI(X, I) is a surjectionj 
(2.6.3) P(f) c R(f) c JvI(X,I),­
(2.6.4) P(f) = P(fIJvI(X,.J)) and R(f) = R(fIJvI(X,I)),­
(2.6.5) EP(f) = EP(fIJvI(X, I)) and n(f) = n(fIM(X, I))j 
(2.6.6) JvI(X, I) is a maximal subcontinuum of X satisfiJing (2.6.2). 

Proof. Indeed, (2.6.1)-(2.6.4) and (2.6.6) are proved in [7, Proposition 4.1, p. 113], 
and (2.6.5) follows from (2.6.2) and Proposition 2.3, equalities (2.3.3) and (2.3.4). 

o 
Remark 2.7. As it is indicated in [2J, Proposition 2.6 shows that, when a mapping 
f from a continuum Xinto itself is investigated, the whole dynamics for f is on the 
subcontinuum JvI(X, I) of X. So, in such situation, we can replace X by JvI(X, f) 
and then assume that f is a surjection. However, .we cannot reduce the study 
of the nEP-property of X to the study of this property on JvI(X, I), since for a 
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given mapping I from X into itself, the sets X and IvJ(X, f) do not have to be 
homeomorphic and, in general, a given map 9 from IvJ(X, f) onto itself cannot be 
extended to a map from X into itself. In the next example we see that the DEP­
property on some set M(X, f) for some mapping I from X into itself, does not 
imply the DEP-property of X. 

Example 2.8. There exist a dendrite W which does not have the DEP-pro1Jerty. 
and a monotone retraction jjrom W into itself, such that the subcontinuum IvJ(W, 
has the DEP-property. 

Proof The dendrite W is defined by 

(2.8.1 ) W= [0,1] x {O}UU{{~} x ~]: n E 

So, any homeomorphic copy of W is a dendrite all branch points of which are 
of order 3, all lie in an arc so that one of the end points of the arc is the only 
accumulation point of the set of all branch points of W. 

It is known that W does not have the DEP-property [8, Proposition 5.8]. Let 
I : W -t Y [0,1] x {O} C W be the monotone retraction. Then M(X, f) = Y 
and since Y is an arc, it has the DEP-property. 0 

The following question is related to the above example. 

Question 2.9. Does there exist a continuum X having the DEP-property, and a 
mapping I from X into itself such that M(X, f) does not have the DEP-property? 

3. A-DENDROIDS AS COMPACTIFICATIONS 

Given a A-dendroid X we denote by P(X) the family of all subcontinua S of 
X such that for each finite cover of X the elements of which are subcontinua of 
X, the continuum S is contained in a member of the cover. A (transfinite) well­
ordered sequence (numbered with ordinals 0:) of nondegenerate subcontinua Xa of 
a A-dendroid X is said to be normal provided that the following conditions are 
satisfied: 

Xl X; 

X a+1 E P(Xa); 

Xf3 = n{X", : 0: < for each limit ordinal j3. 

The depth k(X) of a A-dendroid X is defined as the minimum ordinal number 'rJ 
such that the order type of each normal sequence of subcontinua of X is not greater 
than 1]. The reader is referred to [12] and [15J for an additional information related 
to this concept. The following three assertions concerning the depth are known, 
[12, Theorems 1, 2 and 3, p. 94 and 95J. 

Statement 3.1. Let X and Y be A-dendroids. 

(3.1.1) flY c X, then k(Y) ::; k(X). 
(3.1.2) X is locally connected (i.e., it is a dendrite) il and only if k(X) = l. 
(3.1.3) ffY is a continuous image of X, then k(Y)::; k(X). 

A subcontinuum Q of a continuum X is said to be terminal provided that for 
every subcontinuum I< of X if I< n Q i: 0 then either I< C Q or Q C K. We need 
the following result, see [1, Theorem, p. 35] and [7, Theorem 3.1, p.ll1]. 
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Theorem 3.2. If M is a locally compact, noncompact metric space, then each 
continuum is a remainder of M in some compactifieation of M as a terminal sub­
continuum of the compactification. 

To make the paper self-contained and to formulate the needed results we recall 
a construction described in [9, Section 3J. 

Let a dendrite D and points ql, . , . , qn of D be given for (:lome positive integer n. 
Let Ql, ... , Qn be continua. Choose'in D closed connected and mutually disjoint 
neighbor hoods U1, ... , Un of points ql, ... , qn' Then for each i E {I, ... , n} the sets 
U. \ {qd are locally compact and noncompact, thus applying Theorem 3.2 to each 
of them we construct in a standard way a compactification 

([) ,: (D \ {q}" .. , qn}) -> ,(D \ {ql, ... , qn}) 

such that: 

([.1) X clx([(D \ {ql,' .. ,qn})) is a continuum; 
([.2) the remainder X\,(D\ {ql, . .. , qn}) consists of n components Ql, ... , Qn; 
(,.3) for each index i E {I, ... ,n} the continuum Qi is ~ terminal sub continuum 

of X. 

The next quoted result is in Observation 3.3J. 

Observation 3.3. If the inserted continuaQi are A-dendroids, then the resulting 
continuum X satisfying ([.1)-([.3) is a A-dendroid, too. . 

Thus the concept of the depth k(X) is well defined for such X (and for all 
sub continua of X). We say that the inserted continua Qi have the. same finite 
depth provided that there is dEN such that for'each i E {I, ... , n} we have 
k(Qi) = d. 

4. KNOWN AUXILIARY PROPERTIES 

To make formulation of the forthcoming results shorter, accept: the following 
definition (introduced in [9', Definition 3.4]). 

Definition 4.1. Let il denote the class of all A-dendroids which are obtained 
from a dendrite D by replacing finitely many its points ql" .. ·, qn by A-dendroids 
Q1, ... ) Qn of the same finite depth using a compactincation , with ([.1)-([.3). 
For a A-dendroid X E il we put 

(4.1.1) A=U{Qi:iE{I, ... ,n}} and H=X\A. 

Now we recall the main results concerning the members of the class il obtained 
in Section 3 of [9J. . 

Theorem 4.2. Let a A-dendroid X belong to the class il, and let Y be a nonde­
generate subcontinuum of X such that, for some iE {1, ... , n}, 

(4.2.1) Y n Qi # 0 # Y \ Qi' 

Then 

(4.2.2) k(Y) :2: 1 + k(Qi). 

Proposition 4.3. Let a A-dendroid X be in il, and let A and H be defined by 
( 4.1.1). If f : X -> X is a surjection, then 

(4.3.1) A C f(A); 

.f 
!" 

.. 
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(4.3.2) 	 there (lre no indices i,j-E {I, ... ,n} such that f(Qi) n Qj =F 0 =F f(Qi) n 
(X \Qj)'­

(4.3.3) 	 there is no index i E {I, ... ,n}' such that f(Qi) cH. 

Corollary 4.4. Let a A-dend~oid X be in 6.. If f : X -+ X is a surjection, then for 
eachi E {I, ... ;n} there exists j E {I, ... , n} such that f(Qi) . Qj. Furthermore, 
the correspondence between indices i and j is one-to-one and it maps {I, ... ,n} onto 
itself. In other ·words, each surjecti'uemapping f : X -+ X permutes the continua 
Qi for i E {I, ... ,n}, as well as the components of the set H, and .consequently we 
have· 

(4.4.1) 	 f(H) = H. 

For a A-dendroid X E 6. let D be the dendrite as in Definition 4.1, and let 
p :' X D be the natural projection, Le., such a mapping that P(Qi) = {qd for 
each i E {I, ... , n} and that plH = ,},-1 : H -+ (D \ {q1,"" qn}) is a one-to-one 
mapping.· Thus plH is a homeomorphism. Let f : X X be a surjective mapping. 
Define a mapping 9 : D -+ D by 

g(z) = 	p(f(p-1(Z))) for each point' zED. 

In particular, sincep-1(qi)Q,£or each i E {i, ... ,n}, hence g(qi) p(f(p-1(qi)))' 
Therefore 9 is well defined, and its continuity is a consequence of the definition. 
Further, statement 4.3 implies similar statement for the mapping g. More precisely; 
we have the following cor.ollary. 

Corollary 4.5', Let a A-dendroid X be a member of the class 6., a mapping f ; 
X -+ X be a surjection, p : X -+ D be .the natural projection, and let 9 : D -+ D be 
defined by (*). Then the following assertions hold. 

(4.5.1) 	plH : H -+ D \ {ql,"" qn} is a homeomorphism; 
(4.5.2) g({q1, ... ,qn})={qr, ... ,qn}' 
(4.5.3) 	g(D\{Q1, ... ,qn})=D\{ql, ... ,qn}. 
(4.5.4) 	 The mapping 9 permutes the points qi for i E {I, ... )n}. 
(4.5.5) 	QiEP(g) foreach iE{l; ... ,n}. 
(4.5.6~ 	p(f(x)) = g(p(x)) for each point x E X and, i.e., the following diagram 

commutes. 

X~X 

pl 
D D 

(4.5.7) 	p(JID(X)) = gID(p(X)) for each point x E X and for. each m E i.e., the 
following diagram commutes. 

fm 
X -----+ X 

lp 
D D 

(4.5.8) for each mEN 

= A and fID(H) = H. 
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5. QEP-PROPERTY FOR THE A-DENDROlDS OF THE CLASS .6. 

We apply notation introduced in Sections 3 and 4. 

Proposition 5.1. For each point x E H we have the following two equivalences: 

(5.1.1) x E EP(f) is equivalent to p(x) E EP(g); 
(5.1.2) x E Q(f) is equivalent to p(x) E 

Proof. To show (5.1.1) take x E EP(f). This means that there are nE N and m E 
uN such that for each j EN with j m we have r+j(x) fj(x). Since x E H 

and p/H is a homeomorphism (thus one-to-one), this last equality is equivalent to 
p(fMj(x)) p(fj(x)), which in turn is equivalent to gn+j(p(x)) gj(p(x)) by the 
commutativity of diagram (4.5.7). Using the definition EP(g) we see that the 
equivalence (5.1.1) is shown. 

To show (5.1.2) take x E Q(f), and let U be an open neighborhood of p(x) in D. 
Thereforep-1(U) is an open neighborhood of x in X. By the definition of Q(f) there 

yE p-1(U) and a number mEN such that fm(y) E p-1(U). Therefore 
E p(p-l(U)) = U, which gm(p(y)) E U by the commutativity of 

diagram (4.5.7). Thus one implication of (5.1.2) follows from the definition of 
Q(g). 

To see the 'other one, take p(x) E Q(g) and let V be an open neighborhood of x 
in X. Since E is open in X by its definition, and since p/H .: H --> D \ {Q1, ... ,qn} 
is a homeomorphism, the set p(V n is an open neighborhood of p(x). Since 
p(x) E Q(g), there are mEN and y p(V n H) such that gm(y) E p(V n H). 
Further, since p/H is a homeomorphism, ther·ELis exactly one x' E V n H 
such that y = p(x' ). Again by the commutativity of diagram (4.5.7) we have 
gm(y) gm(p(x')) p(fm(x')) E p(V n H), whence p-1(p(fm(x'))) E p-l(p(V n 

= V n He V, which shows that x E Q(f) by the definition of Q(f). Thus the 
proof is complete. 0 

The next theorem corresponds to [9, Theorem 4.2] (where the PR-property is 
considered) . 

Theorem 5.2. a A-dendroid X be a member of the class.6.. If 

(5.2.1) the dendrite D has the QEP-proper.ty, and 
(5.2.2) the union A = Q1 U ... U Qn has the QEP-properly, 

then for each surjective mapping f : X X such that 

(5.2.3) Q(f/A) An Q(f) 

the inclusion Q(f) c clx(EP(f)) holds, that X has' the QEP-property for 
surjections that satisfy (5.2.3). 

Proof. Let a surjective mapping f : X X satisfying (5.2.3) be given. According 
to Definition 1.4 we have to show that 

Q(f) c clx(EP(J)). 

So, take x E Q(f). Since X A u H, con$ider two cases. 
CASE 1. x E A. 
By (5.2.3) x E Q(f/A), whence by (5.2.2) there is a sequence of pOints Xk E 

EP(f/A) such that x = Xk. But since EP(f/A) = An EP(f) by (2.3.3) of 
Proposition we get Xk EP(f) , and consequently x E clx(EP(f)). 

CASE 2. x E H. 

the 'other one, 
definition, 

one 

that 

http:QEP-proper.ty
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This is equivalent to the assertion that p(x) E D \ {q1, ... , qn}. Since D has the 
stEP-property by (5.2.1), the inclusion st(g) C clD(EP(g)) is satisfied, and thus 
there is a sequence of points Yk E EP(g) having p(x) as its limit. Since the set 

... , qn} is finite, we may assume that all points Yk are in D \ {q1 , ... , qn}. Since 
: H ~ D \ {q1, ... ,qn} is one-to-one, for each kEN there is a unique point 

Xk EH such that p(Xk) = Yk EP(g), whence it follows by (5.1.1) of Proposition 
5.1 that Xk E EP(f). Since the sequence {p(Xk)} tends to p(x) and plH is a 
homeomorphism, we conclude that {Xk} tends to x. Therefore x E clx(EP(f)), as 
required, and thus the proof is complete. 0 

As regards assumption (5.2.2) of the above thedrem, note the proposi­
tion. 

Proposition 5.3. Let continua Q1, ... , Qn be mutually disjoint. If the union A 
Q1U· ··UQn has the stEP-property, then each of the continuaQi fori E {I, .. . ,n} 
has the stEP-property. 

Proof. Assume that A has the stEP-property. Then for a fixed iQ and for a mapping 
: Qio ~ Qio one can define f : A A by f(x) = lio(x) for x E QiOl and 

x for x E Qi with i =I- io. Then the stEP-property for Qio follows from 
Proposition 2.3. 0 

Remark 5.4. Note that the assumption that the continua are pairwise U"0JWUO 

is essential in the above proposition, because the circle, which does not have the 
stEP-property, is the union of two arcs having their end points in common only, 
each of which has the property. 

It is interesting to know whether the converse implication to that .of Proposition 
5.3 is true. 

Question 5.5. Let continua Qb' .. , Qn be mutually disjoint and let each of them 
have the the stEP-property. Does it follow that the union A Q1 U ... U Qn has 
the stEP-property? 

As regards assumption (5.2.3) in Theorem 5.2 the next two questions are natural. 

Question 5.6. Is the assumption (5.2.3) necessary in Theorem 5.2? 

Question 5.7. Under what conditions about the union A does the equality in 
hold? 

Accept the definition. 

Definition 5.8. A compact space C is said to have the stEP-property hereditarily 
nrrmirlArl that each subcontinuum of C has the stEP-property. 

Note that each tree has the the stEP-property hereditarily. Other known ex­
amples of continua having the stEP-property have the property hereditarily. Thus 
the following question is of some importance. 

Question 5.9. Let a continuum (or a compact space) have the stEP-property. 
Does it follow that it has the stEP-property hereditarily? 

Let W be (as previously) the dendrite defined by (2.8.1). In connection with 
assumption (5.2.1) of Theorem 5.2 recall the following characterization of dendrites 

the stEP-property is known, see [8, Corollary 

nrrmirlArl 

(2.8.1). 

Theorem 

continuaQi 
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Theorem 5.10. A dendrite X has the nEP-property if and only if X. does not 
contain any copy of W. 

Since each subcontihuum of a 'dendrite X with no copy of W in X also has the 
same property, we have a corollary, 

Corollary 5.11. If a dendrite has the nEP-prope'ity, then it has the property 
hereditarily. 

The next theorem is the main result of the paper. 

Theorem 5.12. Let a 'A-dendroid X be a member of the class~. If 

(5.2.1) the dendrite D has the J2EP-property, and 
(5.12.1) the union A = Q1 u· .. U Qn has the J2EP-property hereditarily, 

then X has the J2EP-property for mappings f : X --+ X that satisfy (5.2.3). 

Proof. Let a mapping f : X --+ X satisfying (5.2.3) be given, and let the continuum 
M(X, J) be as in Proposition 2.6. Since M(X, f) is the maximal sub continuum of 
X such that fIM(X, f) is a surjection by (2.6.2) and (2.6.6), the whole dynamics 
for f is on the subcontinuum M(X, f) (compare Remark 2.7), Thus the following 
three cases have to be considered. 

CASE 1. M(X, f) c;. H = X \ A. 
SinceH is homeomorphic to D\ {q}, ... ,qn} according to (4.5,1), it follows that 

. M(X, f) is homeomorphic to a sub continuum cif D, so it has the J2EP-property by 
(5.2.1) and Corollary 5.11, that is J2(fIM(X, f)) c clx(EP(fIM(X, f))). There­
fore the conclusion follows from (2.6.5) of Proposition 2:6. 

CASE 2. M(X,f) c A. 
Let x E J2(f). Since J2(j) = J2(fIM(X, f)) c M(X, f) c A by (2.6.5), and since 

A has the J2EP-propertJ: hereditarily by assumption, the subcontinuum M(X, f) 
of A ha& the J2EP-property. Consequently, there is a sequence of points Xk E 

EP(fIM(X, f)) such that x = limxk, .and thus x E clM(x,f) (EP(fIM(X, f))) c 
dM(x,J) (M(X, f) rl EP(f)) clx(EP(f)) according to (2.3.3) of Proposition 2.3. 

CASE 3. M(X, f) n A =10 =I M(X, f) n H. 
Then X' = M(X, f) is a 'A-dendroid which is a member of the class ~, and the 

partial mapping fiX' : X' --+ X' is a surjection. Thus. X' has theJ2EP-property 
by Theorem 5.2. , 

Taking once more x E J2(f) c M(X,f) we get x E M(X,f)n,J2(f) = J2(fIX'). 
By the J2EP-property for X' 'we conclude that there is a sequence of points Xk E 
EP(fIX' ) c X' having x as its limit, whence x' 6 clX,(EP(fIX')) clx(EP(f)) 
by (2.3.3) of Proposition 2.3. . . 

The proof is complete. 0 

Remark 5.13. Observe that if a 'A-dendroid X is a member of the class ~, then 
each of sitbcontinua of X is also a member of~. Further, if X satisfies the assump­
'tions of Theorem 5.12, then each subcontinuum of X does. Therefore we have the 
following corollary. .. 

Corollary 5.14. Let a 'A-dendroid X bea member of the class~. 11(5.12.1) holds, 
then X has the J2EP-property hereditarily for mappings f that satisfy condition 
(5.2.3). · 
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Question 5.15. Can the assumption in (5.12.1) of Theorem 5.12 that A has the 
DEP-property hereditarily be relaxed to having the DEP-property only, that is, 
to the assumption (5.2.1)? (Compare Question 

6. FINAL REMARKS AND QUESTIONS 

Taking D = [0,1] and applying the construction (see Section 3) by replacing the 
ql = 0 by a dendrite Q1 which does not contain any copy of the dendrite W 

we a corollary. 

Corollary 6.1. A compactijication X of a ray having a dendrite Q1 without any 
copy of W as the remainder has the DEP-properly hereditarily for mappings f : 
X -4 X such that D(fIQl) = Q1 n D(f). 

In particular we obtain the following result. 

Corollary 6.2. The sin(l/x)-curve S by 

S{(O,y) E JR2 
: y E {(x,sin(l/x)) E : x E (0, I]} 

has the DEP-property hereditarily mappings f satisfying (5.2.3) for A = {O} X 

[-1,1]. 

Consider the following very particular but important version of Question 5.5. 

Question 6.3. Let Ql, ... , Qn be mutually disjoint dendrites no one of which has 
the DEP-property (equivalently, no one of which contains a copy of the dendrite 

Does it follow that the union A Ql U ... U Qn has the DEP-property? 

Observe that if the above question has a positive answer, then the union A 
has the DEP-property hereditarily, so (5.12.1) in Theorem 5.12 is satisfied, and 
therefore if D is as in (5.2.1), then the resulting A-dendroid X has the DEP-
property hereditarily by Corollary 5.14. . 

We do not know if all the assumptions made in the results proved in the pre­
vious sections of the paper are essential, and/or if the results can be extended or 

in a way. So, we close this section with several questions related to the 
concept of the class .6.. and to Theorem 5.12. Similar questions (but connected with 
the PR-property) were already. asked in the last section of 

Question 6.4. Is the assumption that all inserted continua Qi are of the same 
(finite) depth Definition4.1 of the class.6..) essential in Theorems 5.2 and 5.12? 

Question 6.5. Can Theorems 5.2 and/or 5.12 be generalized to A-dendroids X in 
which the depth of some (of all) inserted continua Qi is infinite? 

Questions 6.6. Is the condition that the number n of the continua Qi is finite 
an essential assumption in Theorems 5.2 and/or 5.12? Under what conditions the 
result can be generalized to A-dendroids X in which a) the number of the considered 
continua Qi is countable? b) the union A of the considered continua Qi is closed 
in X? 

As a particular case of the above questions we have the following. 

Questions 6.7. Can Theorems 5.2 and/or 5.12 be extended to some continua X 
obtained as compactifications of complements of closed countable subsets of 
trees (b) dendrites? 

connected 

depth 

(5.2.3) 

does 
contain 

Consider the following very one 

disjoint 
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All of the above questions are very particular cases of more general problems, 
which can be treated as a research program in the area, and which (at the present 
moment) seem to be rather far from any final solution. 

Problem 6.8. What A-dendroids have the J7EP-property? 

Problems 6.9. Let an upper seinicontinuous decomposition V of a continuum X 
into continua (possibly degenerate) be given. Consider the following three condi­
tions; 

(6.9.1) the continuum X has the J7EP-propertYi 
(6.9.2) all (or some) members of the decomposition V have the J7EP-property; 
(6.9.3) the decomposition space X/V has the J7EP-property. 

What are interrelations between these conditions? 

In particular, the following question related to Theorems 5.2 and 5.12 is specially 
interesting. 

Question 6.10. Under what assumptions conditions (6.9.2) and (6.9.3) 
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