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AsgrracT. Exact solution of the filed equations of Bimetric General Relativ-
ity (BGR) are obtained for thé case of static and spherically symmetric dis-
tribution of charged matter. The solutions are obtained by using the method
* of Patino and Rago (1989) for ¢harged sphere in general relativity (GR). The

physical pluasability of the solutions is discussed and it is shown that all the
solutlons agree with Einstien general relativity for a physical system compair
‘to the size-of the universe such as solar gystem.
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1. INTRODUCTION

Exact solution have played a crucial role in the development of general relativity,
many areas of physics and Astrophysics. It is a well known fact that in any physical
theroy such as theroy of gravitation the derivation of Exact solutions is helpful to
get a real physical picture of space time and contains thereof.” :

Einstein was originally very sceptical that it would be possible to find .an exact
solution of the field equations because théy constitute an extremely complicated set
of non-linear partial différential equations. At the advantage of general relativity
the first exact solutions leading to spherical symmetry i.e. of a particle gravitational
field is due to Schwarzchild’s, which is widely known as Schwarchild’s exterior
solutions. Schwarzchild found an exact solution within a year of the field equations
being published. In the ensuing years very few solutions were found until new
invariant techniques were introduced in the mid 1960s. There are various attempt
in obtaining the exact solutions having different symmetries in GR.

The basic difficulty which is inherent is that of solving non linear partial differ-
ential equations (p.d.e) of second order. Since, in the theory of solving non linear

JOURNAL OF DYNAMICAL SYSTEMS & GEOMETRIC THEORIES
VOL. 3, NUMBER 1 (2005) 87-94.
@©TARU PUBLICATIONS

87


mailto:E-MAIL.:GKHADEKAR@REDIFFMAIL.COM

88 KHADEKAR G. 8.

p.d.e. is itself no definite procedure is prescribed one has to resort to another tech-
nic which may finally lead to the solutions may not be an exact solutions. The so
called new technic has been adopted by [5, 1, 2, 7, 3, 8] in GR.

‘We thouht that the same can be exploited to get another picture and the solu-
tions thereof in Bimetric General Relativity (BGR). With this motivation our first
attempt was directed towards getting exact solutions of Bimetric Relativity (BR)

" for uncharged fluid sphere {Khadekar and Kandalkar (2004)] .

In this paper we present a procedure to obtain exact analytical solutions of field
equations for charged sphere in the context of BGR proposed by Rosen (1974,
1978) [9, 10]. The method is a generalization of one originally developed by Berger
et al. (1987) for isotropic fluid sphere, and later applied to charged perfect fluid
case by Pantino and Rago (1989) in GR and Khadekar and Kandalkar (2004)[6]
representing neutral sphere in bimetric relativity. The approach of this work is .
tased on the introduction of the generating function. This functions determine the
relevant physical variables as well as the metrical cofficient.

The -paper is organized as follows. In section 2 we present the field equations of
BR and method used to obtain the solutions. In section 3 some examples are given
for illustrating the method. In section 4 we present the conclusions.

2. FIELD EQUATIONS AND GENERATING FUNCTION

The Bimetric General Relativity (BGR) is a modification of Einstein’s relativity
theory in oredr to eliminate the singularities appearing in it., such as the singularity
at the center of the Black hole or big bang in cosmology. In BGR there is a physical
metric g, as in conventional GR and there is also a background metric ,, having
a curvature tensor Py, given by

‘ 1
(1) P,\p.ua = &‘2‘(’7)‘0'}’;&0 - 'Yua'}’.kr/):

where a is a constant taken to be the order of the size of the universe, a ~ 10%® cm.
The field equations of BGR are taken to be the same as in GR, except for the fact
that ordinary derivatives of g, are replaced by covariant derivative with respect to
Yuw- Falik and Rosen (1980) [11] found that field equations in BGR can be written
in the form of Einstein’s field equations, but with an addltlona,l term on the right
hand side ‘

(2) GY = 8% — 8T

where G, is the Einstein tensor , T, energy stress tensor and

3 v
S;x: = 55(')';:&9 Y 5 '}‘aﬁ)

where a is very large this term is usually neglect;ed 50 that for phenomena in solar
© system, BGR gives agreement with GR.

However, if one has a situation where according to GR g has a singularity, then
this term can not be neglected and the field equation of BGR may gives results
different from those of GR.

We consider the static spherically symmetric system we take a physmal metrlc as

(3) ' ds? = e¥dt? — e dr? — r?(d6? + sin® 9d¢?)
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where A and v being functions of r alone. The energy momentum tensor for the
charged matter can be expressed as

: 1 1
(4) Ty = (p+p) U U —pé}, + Z(~F“Fm + g&FuﬁFaﬂ)

where p,p and U* are respectively the energy density, the isotropic pressure and
the unit time like four velocity of the fluid and F2f is the Maxwell field tensor. If
we take the back ground metric v,g, de-Sitter universe of constant curvature

) 2
do® = (1 = S)ai? - (1 = 57 ar — r2(a® + sin® 0a4?)

For r <<« ¢ this takes on the flat sﬁace form
(5) do? = dt? — dr? — r2(d6? + sin® 0d¢?)

By using equations (3) to (5) the field equations (2) following the procedure of
Rosen (1980) can be written as:

fo1 1 3 Q?
- = P =
, () € (r 7"2) T3 81?() a2t T
~X V’ 1 1 _ 3 _ Q2
L=k a7
N v 932 =N N/ 2
(8) ) 6)‘(—5—{——%— - ):8ﬂpe+%

4 2r 4
where we have defined '

(9) Q(r)=4n /T orleidr
_ 0

which represents the total electric charge obtain with in a sphere of radius r and o
is a charged density. Hereafter a prime denotes differentiation with respect to r.

The consequences of energy momentum conservation Ty, =0 leads to
v 1 d(Q%)

1 ! — =

(10) P+ +p) 2 8art dr

It should be noted that the background metric does not appears in these field
equations, although it is responsible for the presence of the first term on the right
of each ‘equation. One can define the effective density and pressures pe, p. (Harpaz
and Rosen, 1985) [4] as

(1) pe=p—Toze™", Pe=p— i.é.fa.é.
So that equations (8) to {8) can be written as '

(12) e"A(?, - ;5} + ?_12 = 8mpe + g—j

P L S N
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These equations look like the usual Einstein equations with p and p are replaced by
pe and p. respectively. It is interesting that the equation (10) can also be written
in terms of p, and p, as

Vo1 d@)

2~ 8rrt dr

(15) Pe+(pe+ pe)
Integration of equation (12) gives

2me
T

(16) er=1-

where me(r) is the mass function defined as

me(r) = /Or(‘lffpr?‘ 189 yy

Ydr— ) *r2e_"d7'

17) ' =4:#r/0 (pr? +QQI) ?‘iﬂ%—z—/{) riedr?

Substitution of equations (15) and (16) into equation (13) gives

1 Q? 2me(r) Q2 ?3%4)
(18) Bmpet+ 5 -7 =T {1 T3 7'3 27'2(Pe+pe)
We define a function G{r) as

| - + 8;
(19 OO =

In terms of G(r), equation (18) takes the form

, (PG + G
87rpe+ G(G—Ta) 8’1I'p€
S+ G ; felak: , 202
0 +7?<£3-(a—;3—3) # 4+ G20~ @~ [ ”'3] BE Qrs)r

It should be noted that given function G and the charge distribution as a known
function of 7, the solution of the linear differential equation (20) takes the general
form

@) 8mpe = e~ B pg + / Cr)ef B0Ydrgy]

where Po is a constant of integration and B(r)and C(r) are given by

7.3 ! ,’,.2
B(r) = G E(G)(f;r;; )

[7"3 +G'r -2G - Q% - [%3—2}'?3] - @?Qg,

— 7-3)7-

(G+1%)
Gr3(G —r3)
After obtaining effective pressure p, the expression for effective density p, is easily
calculated from equation (17) and (19) as

C{r)y = —

1 1 2 -9 2 , 2
(22) 87 pe = = [l -+ G (8pe + i %} + G(8mpl, ~ 5 {-r-;i—] + Q—)}

r2
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Finally taking into account equations (15) - (17) and (19) the metric coefficient in
terms of G and @ can be expressed as

' ‘ - G 1 Q* 3 _,
(23) e'x:"?(gﬁp“}*r—z—rj“me )
. 2 .
(24) e’ = A7 e~/
ka

where A is a constant.

3. THE SOLUTIONS

The function G must satisfy some general requirement if its associate solution
is to be physmally meaningful. Thus at the origin r = 0 | rr and —é«z — 0 as

r — 0] imply that lim,.q ——‘;;l —1 assuming the non divergent effective pressure
at origin.
For instant, if G(r) = —r% and Q(r) = 0 one obtains Minkowski ﬁatspace—tlme as

a trivial solution. The following choice

_ rL- g
- T

(26) Qr)=e

where M and e are constant.
Equation (21) gives a nonvanishing effective pressure

2n pe=20
| oy
= =P 2

By using (24)

(29) = p= 3r ef Far

and from equation (22)

. 1 e 2 e e? 3 _,
(0) s (146 - 2 -Gl + ()14 [+ g0
From (23)

. _ G e?

(31) e ’\=—T—3(1 - 3)

We now turn to the example:
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3.1. Case (i). As a first case, consider

(32) G(r) =
where « is constant. o
The charge distribution will be choose so that pe = 0
A _ 3

(33) . =P = g€
Making use of (20) we obtain for the Q(r) the expression

’ 2 (1) o+l e
(34) Q¥r)=r= {:C]_ + WT( = ):]

where C is the constant of integration to be calculated from (286).
The metric coefficients and the energy density can be obtained from the equations

(22) - (24)

A gl iz ot l
(35) | e « [1 Cyr . (@172
(36) L er/ — 427__(&“;}:1)
1 1-ay  dofa+1) (et)
e ( =] )
(37) 8mp - {201 r +‘ @12 ] e AT

Using equations (34), (35) with Cy = 0 and equation (9), we obtain for the charge
density the expression

L dala+1)

(38) , SWJ_iTQ(a_l) |

Equation (37) can be expressed as

(39) 8mp = [_Q{CH 1)]. 31

2| (a—-1)2 202 A2
From this Eq. we observe that p is everywhere positive for -1 < a < 0. If 01 #0,
Eq. (34) shows that %— diverges as r — 0.

3.2. Case (ii). As a second case consider G(r) as given by Eq. {32) and consider
that the proper density is constant, then Eq. (9) implies ‘

(40) . Q) = e[—’"—P

where % == —75‘1(“—11 The matter vanables calculated from Eq. (21) and (22) are
found to be »
Bo o, Do 4, 3 4 g
2 A o
AO—QT +Ao+2r +2 r

4e’a) , By 4o
87rp-[5D0a— }r 'A0—2[a+1+1}

(41) 8mp = por~ A0 +

6
T
(42) [za‘%} rhe g A2 ~Eo
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where the constants Ag, By, Do and Ey are given by

4 _{a+1)(Ba+1) B — — (a+1)
0T Tala—1) 0 T Tae—1)
e?(ba — 6o+ 1) o+l
S CCED

A is alrtady defined after Eq.(24).
The neutral sphere is obtained for Dy = 0.

4. CONCLUSION

In the above procedure, we have presented a static analytic solutions for spheri-
cally symmetric distributions of charge matter in the context of bimetric theory of
gravitation by introducing a arbitrary function G(r). In case (i) we observed that
for C1 = 0 the energy density is positive everywhere for —~1 < & < 0 and for C; # 0,

%ﬁ diverges as r — 0. For @Q(r) = 0, we recover a previously known solution of
Khadekar and Kandalkar (2004) for a neutral matter. For a physical systern which
is small compare to the size of the universe for example a solar system, the term
72ze”" in the field equations (6) -(8) is negligible. The present result reduced to
the Einstein general relativity. It is interesting to note that the solution obtained
for case (ii) be the uniformly charged version of the Tolman V solution [12] [with
a slight change in notation, his n corresponding to ~—L"%ﬁ] For a neutral sphere
(i.e. Dy =0), Tolman’s results are recovered.
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