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ABSTRACT. This paper continues exploration of a recent homotopy construc-
tion for group-sets. This final paper considers the invariant on topological
spaces which admit a universal covering space. The universal version is an
extension of the profinite completion of the classical fundamental group.
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" INTRODUCTION

This paper concludes computations of examples of a functorial invariant. Preced-
ing papers {1, 2, 3] focused on spaces which did not support a classical fundamental
group. We.end the sequence by comparing n¢ with m on spaces for which both
exist.

We continue in the language of the earlier papers. The following terminology is
needed for the main theorem of this paper.

Recall that H'T{Z] is the category of topological Z-sets, whose underlying topol-
ogy in Hausdorff. Let Path be the category of pairs (Y, yo) in which

(1.a) Y ¢ HT[Z),
(1.c) the underlying topology of Y is pathwise connected and locally simply
connected. .
A Path-morphism [ : (X, z¢) — (Y,yo) is an HT[Z)-morphism f : X —— Y for
which f(zg) = yg. Composition and identity are induced from set theory.

As in earlier papers, we let 7 (*) and wg(*) denote, respectively, the classical
fundamental group functor (of point-set topology) and the adjusted wversion for
HT[Z] developed in [1] (and reviewed in [2]).

Throughout our discussion, we use the language of the slice category. Let C be
a category, and let A € C. In the category C/A, an object is a C-morphism into A,
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and C/A-morphism from b: B — Atoc: C — A 1s a C-morphism f : B — C
such that co f = b.

Let Prof be the category of profinite groups. Let Z be the profinite completion
of Z.

This paper proves

Theorem A. Let F be any Path-object whose space consists of a single point.
For each (Y,yo) €Path, let ey,y, be the unigue morphism (Y yo) — E. In earlier
papers, we set up a canonical Prof-isomorphism ng(E) = Z. There exists a functor
from Path to the category of short ezact sequences of groups which-has the format

On Objects: (Y, yo) —

t[Y, yo} J1Y, v :
1—mypw) — Tw — Z-—1,

On Morphisms: (f : (X, z¢) — (Y,y0)) =
Wl(f) ; ?TI(X>$0) I WI(Y) yU)a F(f) : P(X7 220) R F(Ya ?Je),‘ lg,
where the third map is the identity function on Z, such that

(2.8) The composition of the T' assignments (on objects and morphisms) with the
profinite completion functor on groups is naturally isomorphic to wa(x).

(2.b) Define a functor Path— Prof/Z by sending each (Y,yo) €Path fo the
composition of mg(ey,y,) with the isomorphism ng(E) = Z. This func-
tor is naturally isomorphic to the composition of the proﬁmte completion
Functor with 31V, yg].

1. NOTATION

Let Top be the category of topological spaces. We apply the slice category
notation to it. That is, for A €Top, define the category Top/A by
(3.a) an object is a continuous function b : B — 4 into A, and
(3.b) a morphism from function b : B — A to ¢: C — A is a continuous
function f: B — C such that co f = b. »

For A €Top, let 14 denote the identity function on A.
For the argument here, we name technical properties which are cited repeat-
edly. ‘
{(4.2) Let X ¢ HT[Z]. A subset U C X is a weak Z-component, if -
» with respect to the topology of X, U is both open and closed, and
e [J is closed under the action by Z.
(4.b) Let X €Top. Werefer to a connected component of X as a top-component,
to emphasize the distinction between it and either kind of Z-component.
{4.c) Let f: X — Y be a continuous function. We refer to f as a tiered
" projection if there is a set F' such that (with respect to discrete topology on
FY f is Top/V-isomorphic to the canonical second projection FxY — Y.
In addition, if V' is a subset of V', we say that f is a tiered progectwn over
V if restriction of f to f~1V is a tiered projection to V.
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(4. d) Let4: B — A be a continuous function. We say that b has the basic
covering property if
o A is locally simply connected, and
o for each y € A, there is a an open nelghborhood V of y such that b is
a tiered projection over V.
In the definition of tiered projection, we allow the set F to be empty. The tiered
projections, that we consider, usually meet additional conditions which imply that
F' is non-empty.
The following remarks are trivial.

(5.a) In early papers, a Z-component of some X € HT{Z] is a weak Z-
component, as defined here. The former is defined only when X is a finite
disjoint union of such subsets. The modified term makes no assumption
on X. In practice, the “weak” property is useful only for objects whose
topology fulfills other conditions. ' :

(6.b) An HT[Z]-object X is Z-connected if and only if the only weak Z-
components of X are §# and X.

The methods in this paper apply only to HT[Z }-obJects whose topology meets
certain minimal conditions. We assign a name, which is only for the discussion here.

Definition 1. Let X be either a topological space of an HT[Z]-object. We say
that X is *-acceptable if and only if

(6.a) the topology of X is locally simply connected,

(6.b} each top-component of X is open in X,

(6.c) each top-component of X is pathwise connected,

(6.d} X is Z-connected,
In the context of the other three conditions, the last can be rephrased as: if U is a
connected component of X, then

X={JnxU.
- nED

2. UNIVERSAL COVERING SPACES
We begin with an adjustment to the notion of universal covering space.

Definition 2. Let W € HT[Z]. We say that W is universally Z -connected if and
only if there is a non-empty subset U € W such that
{(7.a) U is an open subset of W,
(7.b) as a topological space, U is pathwise connected, simply connected,
and locally simply connected '
(7¢) W=,z nxU, and
(7.d)Vne Z, (nxU)NU#0D = n=0.
Let Y be a Z-connected HT[Z]-object. A universel Z -covering map into Y is an
HT[Z}-morphism ¢ : W — Y such that
(8.a) W is universally Z-connected, and
(8.b) ¢ satisfies the basic covering property.
(

Suppose that W is universally Z-connected. Easy consequences are
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(9.a) W is Z-connected.
(9.b) Every top-component has the properties of U in (7).

We can extend the mapping properties of universal (that is, simply connected)
covering spaces to covering maps from universally Z-connected objects.

Proposition 3. Let YV be a *-acceptable HT{Z]-object. Then there exists o uni-
versal Z -covering maop into Y.

Proof. Let ¥y be any top-component of Y. The standard covering space theory
implies that there exists a simply connected covering space {p : Wy — Y. Define
W to be the topological product Wy x Z, in which Z is assigned the discrete
topology. Define ( : W — Y by

- Vze W, Yke Z, ((z,k) =kx{o{z) .
Define a binary operation Z x W — W by

Ve X, Veeme Z, mx(z,k)=(z,m+k).

Proof of the following assertions are left to the reader.

(10.a) With respect to this action, W becomes an HT[Z]-object. We
regard it as a member in this category.

(10.b) The function ¢ is an HT[Z]-morphism.

(10.¢) W is universally Z-connected.

The basic covering property requires a short argument.

Suppose that V' is an open, non-empty, connected subset of ¥, F' is a set, and ¢
is a Top/V-isomorphism from projection F' x V — V to the restriction of ¢p to
(5 'V — V. We claim that there is a set F such that the restriction of 7!V — V
is Top/V-isomorphic to projection F' x V — V.

Essentially, ¢ is a disjoint union of functions on components Wy x {n}, where n
varies over Z. Fix n € Z, and let f be the restriction of ¢ to W x {n}. It suffices
to find an analogy to F for f.

The standard theory of covering spaces implies that there exists a continuous
function v : Wy — Wy such that

Yz € Wo, (¢oov)(@) = (—n)*(o(®) .

(Actually, we can index the choices of v by members of any fiber over any point in
Y.} Any choice is a homeomorphism. Consider the function ¢* on F' x V given by

o*(t,x) =vio(t,x)) .

The established properties of o and v easily implies that o* is & Top/V -isomorphism
from projection F x V — V to the restriction of f from f~1V —s V.
We conclude

(11) The function ¢ has the basic covering property.

We list two elementary observations.

Lemma 4. Let { : W — Y be a universal Z-covering mep. Then Y is *
acceptable.
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Lemma 5. Let { : W — Y be g universal Z-covering map. Let Wy be a top-
component of W. Note that there is o top-component Yy of Y which contains ((Wy).
Then restriction of ¢ to Wy — Yo is a universal covering space map.

Proof. Trivial. O

Proposition 6. Let Y be o *-acceptable HT[Z)-object, and let ¢ : X — Y be
an HT{Z)-morphism with the basic covering property. Let g : W — Y be an
HT[Z]-morphism from o universally Z -connected object W. Let zo € W and zg
such that ((zg) = #{zp). Then there is ¢ unique HT[Z]-morphism v : W — X
such that

(12.a) doy=g, and

(12b) ’Y(ZQ) = Zg.

Proof. Let Wy be the top-component of zp in W and let X be the top-component
of g in X. Put yo = ((20) = ¢(wp). Let Yy be the top-component of 3o in Y. By
standard theory, there is a unique continuous function vy @ Wy — X such that
Yo(2z0) = %o and poy = g.
Define 7 : Wy x Z — W by 7(z,n) = n* z. By hypothesis, 7 is a homeomor-
phism: Define a binary function Z x (Wy x Z) — Wy x Z by
mx{(z,k) = (z,m+k) .
With this function, Wy x Z becomes an HT[Z]-object. With respect to this
structure, 7 is an HT[Z]-isomorphism.
Define v : Wy x Z — X by w{z, k) = k x v (z). By inspection,
(13.a) 7; is an HT[Z]-morphism,
(13.b) goyy =gor,
(13.c) 7e(20,0) = mq and 7(20,0) = 2.
It follows that 4 = y; o 77 has the property of the v described in t;he conclusion.
Uniqueness is an easy consequence. O

Corollary 7. Let (: W — Y be a universal Z -covering space map. Let v be an
HT[Z]/Y -morphism from { into itself. If there is zp € W such that v(2) = zo,
then v is the identity morphism.

Proof. This a special case of Proposition 6. O

Corollary 8. Let YV be a *-acceptable HT[Z]-object. Suppose that (x : X — Y
and Cw : W — Y are two universal Z -covering space map. Letv be an HT{Z]/Y -
morphism from Cx to Cw. Then v is an HT[Z]-isomorphism

Proof. Pick any z¢ € X, and put zg = v(zp). By Proposition 6, there must be an
HT[Z]/Y-morphism p : (w — (x such that u(zg) = zp. Corollary 7 implies that
voyu and i o v are identity morphlsms Consequently, v and p are inverses to one
another. O

Lemma 9. Let Y be a *-acceptable HT[Z]-object. Let (W — Y be a unwersal
Z -covering map. Let G be the group of HT[Z]/Y -automorphisms of .
(A) The action by G on W s locally free.
(B) For each yg € Y, the action by G on ("' {yo} is regular
(C) The function ¢ is a quotient map, in the sense of the category HT[Z],
for the action by G.
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By “a quotient map, in the sense of the category HT[Z],” we mean a quotient
map q : W — @ for equivalence modulo the action by G on the set W, with the
further assignment

(14.a) Q receives the quotient topology induced from W, and
(14.b) each n € Z acts on Q in the unique manner that commutes with g and
the action by non W. |

Proof. Proposition 6 implies assertion (B). It follows that  is a quotient map, with
respect to the category of sets. The basic covering property implies (A). Part (C)
follows. _ me

Corollary 10. Let Y be a *—acceptablé HT[Z]-object. Let ( : W — Y be a
undversal Z-covering map. Let G be the group of HTF[Z]/Y -automorphisms of ¢.
Let L be the set of subgroups of G. To each H € L. assign

(15.a) a quotient map qu : W — Qu for the action by H on W, in the
category HT[Z], and
(15.b) the factoring sy : Qu — Y of ¢ through qp.

The following assertions are true.

(A) For each H € L, qu has the basic covering property.
(B) Let H L ¢ L. Put .

K={geG:g - H-go'CL} .~

Let J be the subset of g € G for which qr, o g factors through qy. For each
g € J, let j]g] be the unique morphism such that gz, 0 g = jlgloqu. Let M
be the set of HT[Z]/Y morphisms sg — sr,. g'hen

(16.a) K =J,

(16.b) K is closed under left multiplication by L and

(16.c) g 7lg| induces a bijection INK — M.

Proof. Part (A) follows from Lemma 9.(A).
Most of the assertions in part (B) follow from the fact that G acts regularly on
fibers. In particular, elementary consequences are
(17.a) 7lg] exists if and only if g € K,
(17.b) K is closed under left action by L, and
(17.c) 7 induces an injection I\K — M.

Suppose f € M. Observe that ¢;, has basic covering property. Consequently, there
isg: W — W such that grog = fogy. We may apply Corollary 8 to g, using ¢ for
the ¢x and {w of that proposition. Therefore, g € G. It follows that f = jlg]. O

Corollary 11. Let Y be a *-acceptable HT[Z)-object. Let ¢ : W — Y be a
untversal Z -covering map. Let G be the group of HT[Z]/Y -automorphisms of (.
Let ¢ : X — Y be a separable HT[Z)-morphism. Then there is a subgroup H C G
and a function ¢ : W — X such that

(18.2) $pog =, and

(18.b) g is a quotient map, with respect to HT[Z], of equivalence mod(H).
Moreover, ¢ is Galois if and only if H is a normal subgroup of G. Flmffzermom if -
¢ is Galois, then the group H is uniquely determmed by ¢.
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Proof. Proposition 6 yields existence of a morphism ¢ : W — X such that ¢gogq = (.
By assumption, ¢ has the basic covering property, and each fiber is finite. It follows
that each Point in ¥ has an open, connected, neighborhood such that both ¢ and ¢
are tiered pz*OJeCtlons over V. From this ohservation, it follows that ¢ has the basic
covering property. :

The assumption that ¢ is separable implies that X is ”‘—acceptable Lemma,
9 allows us to characterize g as a quotient, which places it in the framework of
Corollary 10. That proposition implies the comments about the Galois property. [J

. Let Y be a *-acceptable HT[Z]object, let  : W —- ¥ be a universal Z-covering
map and let G be the group of HT[Z]/Y -automorphisms of ¢. Let yg € ¥. Our:
first conclusion is that #g (Y, yo) is the profinite completion of group G.

We turn to the functorial aspects of universal Z-covering maps.

Suppose that ¥; and Y; are two *-acceptable HT[Z]-objects. Let i : W1 — Y3
and ¢y : Wo — Y2 be universal Z-covering maps. Lét G and Gy be, respectively,
automorphism groups-of {; and {o. Let f: Y7y — Y3 be an arbitrary HT[Z]-
morphism. If ¢ : Wy — Wa has the property that {2 0 ¢ = f o (3, then there is'a
unique group homomorphism ¢ : G; —— G2 which satisfies

(19) Vg€ Gy, pog=oc(g)o¢.

Existence and uniQueness follow from Proposition 6, after we choose a point. Let
21 € Wy. Choose ¢’ = o(g) by the condltlons

(20.a) g E Ga,

(20.b) g'(¢(21)) = B(g(21))-

This ¢’ will satisfy the 1dent1ty (19).

The problem with this construction is that o changes with ¢. To avoid ambigu-
ity, imagine the construction on pointed objects (Y1,v1) and (Y2, y2). We restrict
“morphism” to functions f with the additional constramt that f (3;1) (y2). In
selection of ¢; and ¢z, we also choose points z; € ¢ {71} and 23 € ¢;*{y2}. Then
there is a unique choice of ¢ that satisfies the additional condition ¢(21) = 22.

In this manner, we construct a functor I" from Path to groups. This the I' in
Theorem A.

3. REFINEMENTS

The standing hypothesis for the next discussion is

(21) Let Y be an HT[Z]-object whose underlying topology is pathwise con-
nected and locally simply connected. Let¢ : W —— Y be a universal
Z-covering map. Let G be the group of HT[Z]/Y -automorphisms of ¢.
Let Wy be a top-component of W. Let {3 be the restriction of ¢ to Wy.
Let Gp be the group of Top/Y -automorphisms of {o. Regard Wy x Z as
an HT[Z]-object by assigning it the product topology (with the discrete
topology on Z) and the action

Vze Wa, VYn,k € Z, nx{z, k) = (z, k+n)

Define 7: Wo x Z — W by 7(z,k) = kxz.

The axioms on the topology of W easily imply that 7 is an HT[Z]-isomorphism.
Observe that :
Vz € Wy, Yk € Z, ((7(2,k)) =k x((z) .
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For each yg € Y, there is a standard identification of 71 (Y, yo) with Gy.
Let H be the set of pairs (v,n) in whichn € Z and v : Wy — W, is a continuous
function such that
Yz € Wy, Co(l/(z}) = (—n) * (0(2) .
Define a binary operation on H by
Y(v,n), (k,m) € H, (v,n}-(u,m) = (vop,n+m).
Then
(22.a) with respect to this operation, H is a group,
{(22.b) the identity element is (1yy,,0),
(22.¢) the function (v, n) = n defines a surjective group homomorphism H — Z
whose kernel is Go x {0}.

There is a binary operation
HxW —W,

characterized by v
Y(v,n) € H, z € Wy, Vk € Z, (v,n) At(z,k) = 1(v(2),k +n) .
Straightforward algebra shows that

(23.a) this is a continuous left action by the group H,
(23.b) the H-stabilzer of any z € W is trivial, and
(23.c) for each h € H, the function z — hAz on W is an HT{Z]/Y-automorphism
of (. -
Let ¢ : H — G be the induced group homomorphism. Then (23.b) implies that ¢
is injective. .
Let o€ Y. Fix 26 € g,’l{yo}. Suppose that (z1,k1) € ((o7) " {yo}. Then

k,l *C(Z]) =Yg -
The standard theory of covering spaces implies that there is a continuous function
v: Wy — Wy such that
(24.2) v(zg) = 21 and
(24.b) Vz € Wy, C(v{(z)) = (—k1) x¢{(2).
It follows that (v, k1) € H and this element takes 7(zp,0) to T(z1, k1).
It follows that 1 is a group isomorphism.

All that remains is to convert our structure theory in the language of Theorem
A. .
Define ¢ : Gy — H by ¢ = ({,0) and j: H — Z by (v,n) > n. Then
L : j _
1—Gy — H — Z-—1,
is a short exact sequence. We have functorial identifications of Go with 7 (Y, vg) and
of H with I'(Y, yo). Now, we define the natural transformations ¢[Y, o] and 5[Y, yo)
to be the ¢ and j constructed here, filtered through the appropriate isomorphisms.
All but one of the assertions of Theorem A has been established.
Put € = €y,y,, as defined in Theorem A. The final detail is to identify ng(e) with
the profinite completion of j A
Since ¢ is an isomorphism, we can use it and (22.¢) to define a canonical group
homomorphism G — Z. We can characterize this in terms of 7¢.
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Let n € IN, and let C stand for Z/(n) as an HT[Z]-object. We use overbars
to indicate equivalence mod(n). Now the unique morphism ¢ — E is a Galois
morphism; furthermore, every Galois morphism into E is isomorphic to some such
C for some.n € IN. One choice for the pullback of this morphism along ¢ is the
projection ¥ x C — Y. This projection is Galois.

Now ’

§(z,n) = ({(2),7) .
represents a canonical factoring W — (¥ x ). Unwinding formulations, it follows
that the induced map .

- me(Y,yo) — Z — Z/(n)
corresponds to the profinite completion of
(v,n)y—»nfrom H — Z

composed with the canonical projection Z— Z /{n}. This completes the proof
of Theoerm A,
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