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INTRODUCTION 

This paper concludes computations of examples of a functorial invariant. Preced­
ing papers [1, 2, 3] focused on spaces which did not support a classical fundamental 
group. We end the sequence by comparing 7rC with 7rl on spaces for which both 
exist. 

We continue in the of the earlier papers. The following terminology is 
needed for the main theorem of this paper. 

Recall that HT[Z3') is the of topological ;Z-sets, whose underlying topol­
ogy in Hausdorff. Let Path be the category of pairs (Y, Yo) in which 

YE HT[;Z], 
Yo E Y, 

(l.c) the underlying topology of Y is pathwise connected and locally simply 
connected. 

A Path-morphism f : (X, xo) (Y, Yo) is an HT[Z!:}morphism f : X Y for 
which f(xo) = Yd. Composition and identity are induced from set theory. 

As in earlier papers, we let 7rl(*) and 7rc(*) denote, respectively, the classical 
fundamental group functor (of point-set topology) and the adjusted version for 
HT[;Zl developed in [1] (and reviewed in [2]). 

Throughout our discussion, we use the langua.ge of the slice category. Let C be 
a category, and let A E C. In the category an object is a C-morphism into 

JUURNAL OF DYNAMICAL SYSTEMS & GEOMETRIC THEORIES 
VD I,. 3 NUlvIBER J (2005) 15-23. 
@TA1U! PUBLICATIONS 

15 

,j:..!.>.,\"'­

A FUNDAMENTAL GROUP FOR DYNAMICAL SYSTEMS IV:
CONNECTED TOPOLOGIES

PAUL FElT
UNIVERSITY OF TEXAS AT PERMIAN BASIN

ODESSA, TEXAS 79762
E-MAIL: FElT...P@UTPB.EDU

(Received 24 November 2003)

ABSTRACT. This paper continues exploration of a recent homotopy construc­
tion for group-sets. This final paper considers the invariant on topological
spaces which admit a universal covering space. The universal version is an
extension of the profinite completion of the classical fundamental group.

AMS Classification: 55U40, 37BIO
Keywords: Symbolic Dynamics, Homotopy.

INTRODUCTION

This paper concludes computations of of a functorial invariant. Preced-
ing papers [1, 2, 3] focused on spaces which did not support a classical fundamental
group. We end the sequence by comparing 1fc with 1f1 on spaces for which both
exist.

We continue in the of the earlier papers. The following terminology is
needed for the main theorem of this paper.

Recall that HT[.m] is the of topological ;Z-sets, whose underlying topol-
ogy in Hausdorff. Let Path be the category of pairs (Y, Yo) in which

(1 Y E HT[;Z),
(1.b) Yo E Y,
(I.e) the underlying topology of Y is pathwise connected and locally simply

connected.

A Path-morphism f : (X, xo) (Y, Yo) is an HT[Z!:}morphism f : X Y for
which f(xo) = Yo. Composition and identity are induced from set theory.

As in earlier papers, we let 1fl(*) and 1fc(*) denote, respectively, the classical
fundamental group functor (of point-set topology) and the adjusted version for
HT[;Z] developed in [1] (and reviewed in [2]).

Throughout our discussion, we use the language of the slice category. Let C be
a category, and let A E C. In the category an object is a C-morphism into A,
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and C/A-morphism from b : B ---+ A to c : C ---+ A is a C-morphism f : B ---+ C 
such that co f = b. 

Let Prof be the category of profinite groups. Let Zt be the profinite completion 
of 7L. 

This paper proves 

Theorem A. Let E be any Path-object whose space consists of a single point. 
For each (Y, Yo) EPath, let ('Y,YO be the unique morphism (Y, Yo) ---+ E. In earlier 
papers, we set up a canonical Prof-isomorphism 7rc(E) ~ Zt. There exists a functor 
from Path to the category of short exact sequences of groups which-.has the format 

On Objects: (Y, Yo) I-> 

j[Y,yoJ 
1 ---+ 7r1 (Y, Yo) ---+ r(Y, ---+ 7L ---+ 1 , 

On Morphisms: (f: (X,xo) ---+ (Y,yo» H 

7rl(f) : 7r1(X,XO) ---+ 7r1(Y'YO), r(f): r(X,xo) ---+ r(y,yo), lz, 
where the third map is the identity function on 7L, such that 

(2.a) 	The composition of the r assignments (on objects and morphisms) with the 

profinite completion functor on groups is naturally isomorphic to 7rc (* ). 


(2.b) 	Define a functor Path---+ Prof/Zt by sending each (Y, Yo) EPath to the 
composition of 7rC(EY,yO) with the isomorphism 7rc(E) ~ Zt. This func
tor is naturally isomorphic to the composition of the profinite completion 
functor with j [Y, 

1. NOTATION 

Let Top be the category of topological spaces. We apply the slice category 
notation to it. That is, for A ETop, define the category Top/A by 

(3.a) 	an object is a continuous function b : B ---+ A into A, and 
(3.b) a morphism from function 	b : B ---+ A .to c : C ---+ A is a continuous 

function f : B ---+ C such that co f = b. 
For A ETop, let lA denote the identity function on A. 

For the argument here, we name technical properties which are cited repeat­
edly. 

(4.a) Let X E HT[7L]. A subset U ~ X is a weak 7L-component, if . 
• with respect to the topology of X, U is both open and closed, and 
• U is closed under the action by 7L. 

(4.b) Let X ETop. We refer to a connected component of X as a top-component, 

to emphasize the distinction between it and either kind of 7L-component. 


(4.c) Let 	f : X ---+ Y be a continuous function. We refer to f as a tiered 
projection if there is a set F such that (with respect to discrete topology on 
F) f is Top/V-isomorphic to the canonical second projection Fx Y ---+ Y. 
In addition, if V is a subset of Y, we say that f is a tiered projection over 
V ifrestriction of f to f- 1V is a tiered projection to V. 
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Let b : B --+ A be a continuous function. We say that b has the basic 
covering property if 

• A is locally simply connected, and 
• for each yEA, there is a an open neighborhood V of y such that b is 

a tiered projection over V. 
In the definition of tiered projection, we allow the set F to be empty. The tiered 
projections, that we consider, usually meet additional conditions which imply that 
F is non-empty. 

The following remarks are trivial. 

(5.a) 	In early papers, a :E-component of some X E HT[:E] is a weak :E
component, as defined here. The former is defined only when X is a finite 
disjoint union of such subsets. The modified term makes no assumption 
on X. In practice, the "weak" property is useful only for objects whose 
topology fulfills other conditions. 

(5.b) 	An HT[:E]-object X is :E-connected if and only if the only weak :E 

components of X are 0 and X. 


The methods in this paper apply only to HT[:E]-objects whose topology meets 
certain minimal conditions. We assign a name, which is only for the discussion here. 

Definition 1. Let X be either a topological space of an HT[:E]-object. We say 
that X is ~-acceptable if and only if 

(6.a) the topology of X is locally simply connected, 
(6.b) each top-component of X is open in X, 
(6.c) each top-component of X is pathwise connect.ed, 
(6.d) X is :E-connected. 

In the context of the other three conditions, the last can be rephrased as: if U is a 
connected component of X, then 

X=Un*U. 
nEZ 

o 
2. UNIVERSAL COVERING SPACES 

We begin with an adjustment to the notion of universal covering space. 

Definition 2. Let W E HT[:E]. We say ~hat W is universally :E-connected if and 
only if there is a non-empty subset U <;; W such that 

(7.a) 	U is an open subset of W, 
(7.b) 	as. a topological space, U is pathwise connected, simply connected, 
and locally simply connected 

(7.c) W = UnEZ n * U, and 
(7.d) 	Ic/n :E, (n*U)nU=l0 =} n=O. 

Let Y be a :E-connected HT[:E]-object. A universal :E -covering map into Y is an 
HT [:E]-morphism ( : W Y sucr, that 

(8.a) 	W is universally :E-connected, and 
(8.b) ( satisfies the basic covering property. 

o 
Suppose that W is universally :E-connected. Easy consequences are 

http:connect.ed
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(9.a) W is i:Z-connected. 
Every top-component has the properties of U in (7). 

We can extend the mapping properties of universal (that is, simply connected) 
covering spaces to covering maps from universally i:Z-connected objects. 

Proposition 3. Let Y be a *-acceptable HT[i:Z]-object. Then there exists a uni­
versal i:Z -covering map into Y. 

Proof. Let Yo be any top-component of Y. The standard covering space theory 
implies that there exists a simply connected covering space (0 : Wo ---4 Yo. Define 
W to be the topological product Wo x i:Z, in which i:Z is assigned the discrete 
topology. Define ( : W ---+ Y by 

'iz E W, 'ik E i:Z, (x, k) = k * (o(x) . 

Define a binary operation i:Z x W ---4 1¥ by 

'ix E X, 'ik,m E i:Z, m*(x,k) = (x,m+k). 

Proof of the following assertions are left to the reader. 

(lO.a) With respect to this action, W becomes an HT[i:Z]-object. We 
regard it 'as a member in this category. 

(IQ.b) The function ( is an HT[i:Z]-morphism. 
(lO.c) W is universally i:Z-connected. 

The basic covering property requires a short argument. 

Suppose that V is an open, non-empty, connected subset of Y, F is a set, and er 
is a Top/V-isomorphism from projection F x V ---4 V to the restriction of (0 
(0 1V V. We claim that there is a set Ft such that the restriction of (-1 V ---4 V 
is Top/V-isomorphic to projection Ft x V ---+ V. 

Essentially, ( is a diSjoint union of functions on components Wo x {n}, where n 
varies over i:Z. Fix nE i:Z, and let I be the restriction of ( to W x {n}. It suffices 
to find an analogy to F for I. 

The standard theory of covering spaces implies that there exists a continuous 
function v : Wo vVo such that 

Vx E Wo, «0 0 v)(x) = (-n) * (o(x) . 

(Actually, we can index the choices of v by members of any fiber over any point in 
Y.) Any choice is a homeomorphism. Consider the function er" on F x V given by 

er*(t, x) v(er(t, x)) . 

The established properties of er and 1/ easily implies that er* is a Top/V-isomorphislI\ 
from projection F x V ---4 V to the restriction of I from 1-1 V V. 

We conclude 

(11) The function ( has the basic covering property. 

o 
We list two elementary observations. 

Lemma 4. Let ( : W ---4 Y be a universal i:Z-.covering map. Then Y is *­
acceptable. 
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Lemma 5. Let ( : W ---4 Y be a universal ~ -covering map. Let TVo be a top­
component ofW. Note that there is a top-component Yo ofY which contains «(Wo). 
Then restriction of ( to Wo Yo is a universal covering space map. 

Proof. TriviaL 	 o 

Proposition 6. Let Y be a *-acceptable HT[~l-object, and let (j! : X --> Y be 
an HT[~l-morphism with the basic covering property. Let 9 : W --> Y be an 
HT[~l-morphism from a universally ~-connected ohject W. Let Zo E Wand Xo 
such that «(zo) = 4>(xo). Then there is a unique HT[~l-morphism "1 : W --> X 
such that 

(12.a) 4> ° "1 g, and 
(12.b) 'Y(zo) = Xo· 

Proof. Let Wo be the top-component of Zo in Wand let Xo be the top-component 
of Xo in X. Put yo = «(zo) = 4>(xo). Let Yo be the top-component of Yo in Y. By 
standard theory, there is a unique continuous function "10 : Wo Xo such that 
'Yo(zo) Xo and 4> ° 'Yo g. 

Define 7 : Wo x ~ ---4 W by 7(Z, n) = n * z. By hypothesis, 7 is a homeomor­
phism: Define a binary function ~ x (Wo x ~) Wo x ~ 

m*(x,k) (x,m+ 

With this function, Wo x ~ becomes an HT[~l-object. With respect to this 
structure, 7 is an HT[~l-isomorphism. 

Define 'Yt: Wo x ~ ---4 X by 'Yt(z,k) = k*'Yo(z). By inspection, 

(13.a) 'Yt is an HT[~l-morphism, 
(13.b) 4>0'Yt gOT, 
(13.c) 'Yt(zo,O) = Xo and 7(ZO, 0) = ZOo 

It follows that 'Y 'Yt 07-1 has the property of the "1 described in the conclusion. 
Uniqueness is an easy consequence. 0 

Corollary 7. Let ( : W --> Y he a universal ~-covering space map. Let v be an 
HT[~lIY-morphism from ( into itself. If there is Zo E W such that I/(ZO) = Zo, 
then v is the identity morphism. 

Proof. This a special case of Proposition 6. 	 o 
Corollary 8. Let'f be a *-acceptahle HT[~l-object. Suppose that (x : X ---4 Y 
and (w : W ---4 Y are two universal ~-covering space map. Let v be an HT[~l/Y­
morphism from (x to (w. Then v is an HT[~l-isomorphism 

Proof. Pick any Xo E X, and put Zo v(xo). By Proposition 6, there must be a.n 
HT[~l/Y-morphism J.L : (w ---4 (x such that J.L(zo) = Xo. Corollary 7 implies that 
v ° J.L and J.L ° v are identity morphisms. Consequently, v and J.L are inverses to one 
another. 0 

Lemma 9. Let Y be a *-acceptahle HT[~l-object. Let ( : W ---4 Y he a universal 
~-co'Uering map. Let G he the group ofHT[~l/Y-automorphisms of(. . 

(A) The action by G on W is locally free. 
(B) For each Yo E Y: the action by G on (-l{yO} is regular 
(C) 	The function ( is a quotient map, in the sense of the category HT[~J, 
for the a.ction b71 G. 
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By "a quotient map, in the sense of the category HT[:iZ"] ," we mean a quotient 
map q : W Q for equivalence modulo the action by G on the set W, with the 
further assignment 

(14.a) Q receives the quotient topology induced from W, and 
(14.b) each n E :iZ" acts on Q in the unique manner that commutes with q and 


the action bv n on W. . 


Proof Proposition 6 implies assertion (B). It follows that ( is a quotient map, with 
respect to the category of sets. The basic covering property implies (A). Part (C) 
follows. 0 

Corollary 10. Let Y be a *-acceptable HT [:iZ"]-object. Let ( : W ---+ Y be a 
universal $-covering map. Let G be the group ofHT,[:iZ"]IY-automorphisms of (. 
Let C be the set of subgroups of G. To each HE C" assign'­

(15.a) 	a quotient map qH : W QH for the action by H on W, in the 
category HT [:iZ"], and 

(15.b) the facto ring SH : QH Y of ( through qH· 

The following assertions are true. 

(A) For each H E C, qH has the basic covering property. 
(B) Let H, L E C. Put 

K {gEG: g·H· ~L}.-

Let J be the subset of 9 E G for which qL 0 9 factors through qH. For each 
9 E J, let j[g] be the unique morphism such that 9L 0 9 j[g] 0 qH. Let M 
be the set ofHT[:iZ"l/Y morphisms SH ---+ SL. Then 

(16.a) K J, 
(16.b) K is closed underleft multiplication by L, and 
(16.c) 9 I-Y j[g] induces a bijection L\K ---+ M. 

Proof Part (A) follows from Lemma 9.(A). 
Most of the assertions in part (B) follow from the fact that G acts on 

fibers. In particular, elementary consequences are 

(17.a) JIg] exists if and only if 9 E K, 
(17.b) K is closed under left action by L, and 
(17.c) j induces an injection L\K M. 

Suppose f E M. Observe that qL has basic covering property. Consequently, there 
is . W ---+ W such that qLog foqH. We may applyCorollary8tog, using (for 
the (x and of that proposition. Therefore, 9 E G. It follows that f = j[g]: 0 

Corollary 11. Let Y be a *-acceptable HT[:iZ"]-object. Let ( : W --+ Y be a 

. u'(l,iversal :iZ"-covering map. Let G be the group of HT [:iZ"]1 Y -automorphisms of (. 

Let cp : X ---+ Y be a separable HT[:iZ"]-morphism. Then there is a subgroup H ~ G 

and a function q : W ---+ X such that 

(18.a) cp 0 q = (, and 
(18.b) q is a quotient map, with respect to HT[:iZ"J, of equivalence mod(H). 

Moreover, cp is Galois if and only if H is a normal subgroup of G. Furthermore, if· 
cp is Galois, then the group H is uniquely determined by 
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Proof Proposition 6 yields existence of amorphism q : W ----+ X such that cpoq = (. 
By assumption, cp has the basic covering property, and each fiber is finite. It follows 
that each point in Y has an open, connected, neighborhood such that both cp and ( 
are tiered projections over V. From this observatiolf, it follows that q has the basic 
covering property. 

The assumption that cp is separable implies that X is *-acceptable. Lemma 
9 allows us to characterize q as a quotient, which places it in the framework of 
Corollary 10. That proposition implies the comments about the Galois property. 0 

Let Y be a *-acceptable HT[LZJobject, let ( : W ----+ Y be a universal LZ-covering 
map and let G be the group of HT[LZ]/Y-automorphisms of (. Let Yo E Y. Our 
first conclusion is that 7l"a(Y, Yo) is the pro finite completion of group G. . 

We turn to the functorial aspects of universal LZ-covering maps. 
Suppose that Yi and Y2 are two *-acceptable HT[LZ]-objects. Let (1 : W1 Y1 

and (2 : W2 ----+ Y2 be universal .::z-covering maps. Let G1 and G2 be, respectively, 
automorphism groupspf (1 and (2. Let f : Y 1 ----+ Y2 be an arbitrary HT[LZ]­
morphism. If cp : W1 W2 has the property that (2 0 cp f 0 (1, then there is· a 
unique group homomorphism a : G1 ----+ G2 which satisfies 

(19) 	 Vg E Gl, cp 0 9 = a(g) 0 cp . 

Existence and uniqueness follow from Proposition 6, after we choose a point. Let 
Zl E W1. Choose 9' a(g) by the conditions 

(20.a) g' E G2 , 

(20.b) g'(cp(zr) CP(g(Zl». 
This g' will satisfy the identity (19). 

The problem with this construction is that a changes with cp. To avoid ambigu­
imagine the construction on pointed objects (Y1 , Yl) and (Y2 , Y2). We restrict 

"morphism" to functions f with the additional constraint that f(Yd (Y2). In 
selection of (1 and (2, we also choose points Zl E (jl{1iI} and Z2 E G·1{Y2}. Then 
there is a unique choice of cp that satisfies the additional condition CP(Zl) Z2. 

In this manner, we construct a functor r from Path to groups. This the r in 
Theorem A. 

3. REFINEMENTS 

The standing hypothesis for the next discussion is 

(21) 	Let Y be an HT[.::z]-object whose underlying topology is pathwise con­
nected and locally simply cOhnected. Let ....(: W ----+ Y be a universal 
.::z-covering map. Let G be the group of HT[.::z]/Y-automorphisms of (. 
Let Wo be a top-component of W. Let (0 be the restriction of ( to 
Let Go be the group of Top/Y-automorphisms of (0' Regard Wo x LZ as 
an HT[.::z]-object by assigning it the product topology (with the discrete 
topology on .::z) and the action 

VzEWo, Vn,kE.::z, n*(x,k)=(x,k+ 

Define r : Wo x LZ ----+ W by r(z, k) = k * z. 
The axioms on the topology of W easily imply that r is an HT[.::z]-isomorphism. 
Observe that . 

Vz Wo, Vk E LZ, «(r(z, = k * «(z) . 
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For each Yo E there is a standard identification of 'Il"l (Y, Yo) with 
Let H be the set of pairs (v, n) in which n E ~ and v : Wo ---> Wo is a continuous 

function such that 
Vz E Wo, (o(v(z» = (-n) * (o(z) . 

Define a binary operation on H by 

V(v, n), (M, m) H, CV, n) . (M, oM,n+ 

Then 
with respect to this operation, H is a group, 
the identity element is (lwo, 

(22.c) the function (v, n) f-t n defines a surjective group homomorphism H ---> ~ 

whose kernel is Go x {a}. 
There is a binary operation 

HxW--->W, 

characterized 

V(v, n) E H, Z Wo, Vk E ~, (v, n) 1\ r(v(z), k + 
Straightforward algebra shows that 

(23.a) this is a continuous left action by the group H, 
(23.b) the H-stabilzer of any Z E W is trivial, and 
(23.c) for each hE H, the function z f-t hl\z on W is an HT[~l/Y-automorphism 

of (. 

Let'ljJ: H G be the induced group homomorphism. Then (23.b) i"mplies that 'ljJ 
is injective. 

Let Yo E Y. Fix Zo E (Ol{yO}. Suppose that (Zl' k1 ) E «( 0 r)-l{yo}. Then 

*(Zl) = Yo . 

The standard theory of covering spaces implies that there is a continuous function 
v : Wo Wo such that 

(24.a) v(zo) Zl and 
(24.b) Vz E Wo, (v(z» = (-kl) * 
It follows that (v, k1) E H and this element takes 0) to r(zl' k1 ). 

It follo~s that 'ljJ is a group isomorphism. 

All that remains is to convert our structure theory in the language of Theorem 
A. 

Define ~: Go H by (f-t «(,0) and j : H ~ (v, n) f-t n. Then 

~ j 

1 ---> Go H ---> ~ ---> 1, 


is a shO£t exact sequence. We have functorial identifications of Go with 'Il"l (Y, Yo) and 
of H with r(Y, Yo). Now, we define the natural transformations ~[Y, yol and j[Y, yol 
to be the Land j constructed here, filtered through the appropriate isomorphisms. 
All but one of the assertions of Theorem A has been established. 

Put E = EY,YOl as defined in Theorem A. The final detail is to identify 'Il"C(E) with 
the profinite completion of j 

Since'ljJ is an isomorphism, we can use it and (22.c) to define a canonical group 
homomorphism G ---> ~. We can characterize this in terms of 'Il"C. 
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(23.b) the H-stabilzer of any Z E W is trivial, and
(23.c) for each hE H, the function Z f-t h/\z on W is an HT[~]/Y-automorphism

of (.

Let'ljJ: H G be the induced group homomorphism. Then (23.b) i"mplies that 'ljJ
is injective.

Let Yo E Y. Fix Zo E (01{yO}. Suppose that (Z1, k1) E (( 0 T)-1{yO}' Then

k1*((Z1) = Yo .

The standard theory of covering spaces implies that there is a continuous function
v : Wo Wo such that

(24.80) v(zo) Z1 and
(24.b) Vz E Wo, ((v(z)) = (-k1)*((z).
It follows that (v, k1) E H and this element takes T(ZO, 0) to T(Zl, k1).

It follo~s that 'ljJ is a group isomorphism.

~ by (v, n) f-t n. Then

All that remains is to convert our structure theory in the language of Theorem
A.

Define" : Go H by ( f-t ((, 0) and j : H

" j
1 ---+ Go H ---> ~ ---+ 1,

is a sh\Xt exact sequence. We have functorial identifications of Go with '11"1 (Y, Yo) and
of H with r(Y, Yo). Now, we define the natural transformations ~[Y, Yo] and j[Y, Yo]
to be the" and j constructed here, filtered through the appropriate isomorphisms.
All but one of the assertions of Theorem A has been established.

Put E = EY,ya, as defined in Theorem A. The final detail is to identify 'll"C(E) with
the profinite completion of j

Since'ljJ is an isomorphism, we can use it and (22.c) to define a canonical group
homomorphism G ---+ ~. We can characterize this in terms of'll"c.
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Let nE IN, and let C stand for bS/(n) as an HT[bS]-object. We use overbars 
to indicate equivalence mod(n). Now the unique morphism C ----> E is a Galois 
morphismj furthermore, every Galois morphism into E is isomorphic to some such 
C for some. n E IN. One choice for the pullback of this morphism along E is the 
projection Y x C ----> Y. This projection is Galois. 

Now 
6(z,n) «(z),n) 

represents a canonical factoring W ----> (Y x C). Unwinding formulations, 
that the induced map . 

. . 1rG(Y, Yo) ----> Jl ----> bS/ (n) 

corresponds to the profinite completion of 

(v, n) l--t n ·from H ----> bS 

composed with the canonical projection Jl ----> bS/(n). This completes the 
of Theoerm A. 
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Let n E IN, and let C stand for asj(n) as an HT[ZS]-object. We use overbars
to indicate equivalence mod(n). Now the unique morphism C ----> E is a Galois
morphism; furthermore, every Galois morphism into E is isomorphic to some such
C for some. n E IN. One choice for the pullback of this morphism along E is the
projection Y x C ----> Y. This projection is Galois.

Now

This completes the proof

o(z,n) «(z),n)
represents a canonical factoring W ----> (Y x C). Unwinding formulations, it.follows
tha~ the induced map .

ITG (Y, Yo) ----> Jl ----> as j (n )
corresponds to the profinite completion of

(v, n) J---t n ·from H ----> as
composed with the canonical projection Jl ----> as j (n).
of Theoerm A.
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