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ABSTRACT. We extend the classical notion of topological entropy of non­
compact in metric spaces, to locally convex bornological spaces. The 
definition of this invariant is based on the dimensional approach of Pesin for 
C ~structures in metric spaces and the limiting procedure of Almeida and 
Barreira for non-metrizable spaces. We present also a functional definition. 
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1. INTRODUCTION 

The study of dimensions of sets constitutes a relevant discipline in the area of 
dynamical systems. For instance, the H ausdorff dimension. is a suitable tool to 
measure the complexity of sets in metric spaces. In dynamical systems is specially 
interesting to investigate the complexity of, for instance, the so called strange at­
tractors. The knowledge of adequate "characteristic dimensions" for this kind of 
sets has been matter of study by pure and applied mathematicians, as well as physi­
cists. Another (dynamic) invariant associated to subsets of a compact metric space 
is the topological entropy. 

A general dimension theory in dynamical systems is due to Pesin. He considers a 
pair (X, F), where X is a set and F is a collection of subsets of X. This family satis­
fies some special conditions and it is called a C-structure (C after Oaratheodory). 
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Thus the above mentioned examples are particular cases which are obtained by con­
sideringspecial C -structures on metric spaces. For a cOqJ.prehensiv~ introduction 
in dimension theory we recommend the book of 

The Hausdorff dimension and the topological entropy definitions consider the 
metric structure of the space, it could be interesting the extension of these notions 
to study the complexity of sets and dynamics in non-metrizablerpaces. There are 
important functional spaces which are, in general, non-metrizable, among these 
we can mention, for instance, certain spaces of holomorphic functions a~d spaces 
of tempered distributions. In [lJ Almeida and Barreira introduced the concept of 
Hausdorff dimension in convex bomological sp~ces by mean of a limiting procedure, 
with limits running through all the bomided discs. This definition agrees with 
classical Hausdorff dimension in normed spaces. 

In this article we continue with this analysis by presenting an entropy dimension 
defined from a structure originated by dynamics f :X -I- X , where X is a locally 
convex bornological space and such that for a metrizable case our invariant· be 
equivalent to the Bowen entropy for non-compact sets [2J. For this the approach of 
[1] is closely followed. 

We also introduce an entropy with dynamics implemented by operators D acting 
on a space of functions F, where D (1) = 1 is not valid in general. This definition 
will be done py using partitions of the unity. A map f : X -I- X induces an operator 
Dj, defined 01]. a space F(X) of functions <p : X -I- R by Dj (<p) (x) = <p (f 
This functional approach, for non-unital operators, is new even in a metric case. 
We shall establish an equivalence between the entropy dimension associated to 

Z c X) and that de.fined for (Dj,F(Z)). A functional definition with dynamics 
implemented by positive and unital was presented in [3] One of the main motivations 
was the ;study of entropy of foliations to give a functional approach to measure­
theoretic entropies earlier defined. Thus, we believe that is justified to extend this 
definition to non-metrizable functional spaces. . 

2. PRELIMINARY DEFINITIONS 

We reviewsome baSic definitions and facts about bornological spaces. Let X be 
a set, a. bomology on X is a covering B of X, such that 13 is closed under finite 
unions and where if BE B, A c B then A E B. The member::; of B are the bounded 
sets. A bomological linear space is a K-vectorial space( K the field of the real or 

. complex numbers) endowed with a bornologyB ,and such that if A, BE B,..\ E K 
then A + BE B, "\AE B. A disc D is a convex subset of a linea~ space X, in 
which holds: x E D, 1..\1 ::; 1 then ..\x E D. For a set A C X,. the convex hull of A 
is CA =n D. A convex bomologicallinearspace is a bornological space in 

D disk:::>A 
which the convex hull of any bounded set is also bounded. 

Let D be a disc in a bornological space X, imdXDthesubspace generated by 
D, recall that the Minkowski semi-no'fm in XD is defined as . . 
PD (x) = inf {t > 0: x E tD}. If D, i5 are discs in X, with D c i5 then the 

~bedding i : XD '--7 X 15 is continuous and C (DU i5) is a disc containing D and 

D. 
. convex bornological space X is the direct indtictiveJimit in the category 

with objects the pairs (XD,PD) and the functorsare ~aps which send bounded 
. sets onto bounded sets .. 

Pesin 

with 
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3. DIMENSION THEORY IN BORNOLOGICAL SPACES 

Let f : X ~ X be a map such that f IXDis continuous in the seminorm PD 
for any bounded disc D c X. We also assume that for every D the set XD is 
f-invariant andpD-compact. In each (XD,PD) we consider the ball B;;'e (;r) = 

{y E XD : max {ph (x - y)} < c, i = 0,1..., n - 1} and the following, at most count­
able, collect.ions QD = {B,f.,e; (Xi)} xiEXD . Let Z c X, not necessarily f-invariant, 

we say that a collection QD covers Z n X D if Z n XD ~ UB£,e (Xi) , Xi E XD. Let 
i 

(1) 	 mv(Z,N,c,s) inf{:LeXp(-sni)},
9D . . , 

where the infimum is tak;en over all the collectiollS QD which cover Z n XD with 
n (QD) := mindnd ? N. We set 

(2) 	 mD (Z,c, s):= lim mD (Z,N,c, s).
N-+co 

This limit does exist, because rrJ, D (Z, N, c. s) is not decreasing with respect to N, 
and there is a critical value s such that 

ligllimmv (Z n XD,C, s) = +00 for s < s
DD. 

and 

(3) 	 lWlilf mv (Z n XD,c, s) 0 for s > s. 

The limits are direct inductive limits in the categories mentioned at the end of the 
precedent section. 

We now define 

(4) 	 dim(f,Z,c) s 
and 

(5) 	 dim (f, Z) = Hm dim (f, Z, c)
15-+0 

An equivalent definition can be done as follows: let UD = {UI, ... , UN} be a finite 
covering of XD and define a string as a sequence L = (£0, £1, ... , £n-I) such that 
{U£o,,,,,Ui'n_l} CU'£i E {l,2, ... ,N}. The length ofthestring L = (£0,£1,"" 
is denoted by n (L) = n. Let call Wn (UD) the set of the strings L with length n 
from the covering UD. 

Let 

(6) X (L) = U"-o n f- 1 (Ue, ) n ... n f-n+l (Uen _1 ) , 

if Z eX it says that a set of strings QD cbvers Z n XD if Z n XD c U X (L). 
LE9D 

In this case the free energy is defined as: 

(7) 	 F (QD, s) = L exp (-sn (L)). 
LE9D 

Let 
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(8) mD (Z,N,UD,S) = infF (9D, s) , 
. gD 

where the infimum is taken over all the collections of strings gD C U Wn (U) 
n?:.N 

which cover Z n XD . Next 

(9) mD(Z,UD,S) = lim mD(Z,N,UD,S),
N_oo 

and 
mn(Z,s)= Hm mD(Z,UD,S),

t:.(UD)-O 

(D.. (UD) =diameter of UD) 
There is an unique number s such that li!;nlim m5 (Z n XD, s) jumps from +00 

DD 
to 0, now let 

(10) dim (f, Z) s = sup {s :l~l~mi5 (Z n XD,s) +00 } = 

(11) inf {s :l~l~mjj (Z n XD, s) = o}. 
To justify the equivalence between the both two. definitions it must be proved 

that Hm mD (Z,UD, s) = lim dim (1, Z,6). This can be done in the following 
t:.(UD )-0 .:-0 

way: let U be a finite covering and (j its Lebesgue number, if x E X (L) for some 
L E Wn (U) , then 

Bn,o/2 (x) eX (L) C B n,2t:.(U) (x). Then the desired equality between the limits 
is achieved by following the proof of the theorem 11.1 (p. 69) of?? 

Remark: if Z is a bounded set, or more generally if Z is contained in X D for 
some disc D is enough to consider lim m5 (Z, 6, s) . 

15 
If there is a fundamental systems of discs (Dn) , then by setting Xn := XD" the 

definitions can ",dopt the following form 

(12) mn (Z,N,6,S) inf{I::eXp(-sn~)}',
gn 

•
. 

where the infimum is taken over all the collections gn which cover Z n Xn with 
n (gn) := mini {nil ~ N. The critical value is found by 

lim Hm mk(ZnXn ,6,s)=+oofors<s
k---+-oo n....-+oo . 

and 

(13) lim lim mk (Z nX n ,6, sf=o for s 
k-+oo n-+oo.:'~'..' 

and the definitions follows similarly. 
If Y is a subspace of X, with the induced bornology, and Z C Y, we denote the 

dimension of (1, Z) relative to Y by dim (1, Z, Y). We have that dim (1, Z, Y) = 
dim (1, Z, X) ,; dim (f, Z) . The proof is similar to the analogue case for Hausdorff 
dimension (theor 1. of [1]). If X is a compact metric space and Y C with the 

.~ 
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induced metric, then, for Z eX, we write htop (j, Z, Y) for naming the topological 
entropy of (j, Z) r~lative to y. Notice that we can write down, by using the definition 
of topologicalentropy from [2]: 

dim (f, Z) = li!].l lim dim (1, Z n XD,Xjj) = li,!lllimhtop (I, Z n XD, X jj) . 
. DD· D D 
To see that dim(j, Z) is really a characteristic dimension, in the sense of the 

CaratModory-Pesin theory, it must be proved: 
Lemma: i) if Zl C Z2 then dim (f, Zl) ::; dim (j, Z2) 

ii) dim (f, yZ) SUPi {dim (f, Zi)} 

Proof' i) follows immediately from the definition and from this is proved " 
in ii), for the other inequality:" let dim (j, Zi) < t, for every i, then for any disc D, 

mD (Zi,e,t) = a,foreveryi andsomD (UZi,e,t) = a. Therefore dim (f,YZ,e) 

t and so dim (f, Yz, e) ::; sUPi {dim (j, Zi, e)}. 
The invariance conditions are deduced according to [4]: Let X, Y be two convex 

bomological spaces and X : X --,; Y. We say X preserves structures if for any discs 
Dx, Dy in X, Y respectively, it holds: . 

i) for any ball BR,: (x), there exist YllY2 E Dy , and positive integers nl,n2 
such that . 

B£.~g (Y1) c X (BR,: (x)) c BR2~g (Y2). 
ii) there is a constant K ~ 1, with K-1e- n1 ::; e-n :5 K e-n2 . 
If the definitions by coverings is considered, the above condition reads: for any 

covering UDx of XDx there is a covering VDy of YD y such that 
i) for every string L = (£0, £1. ... , £n-1) of UDx, there are strings L1 , L2 of VDy 

with 
X (L1) c X(X (L)) c X (L2) 
ii) there is a constant K ~ 1, with 

_ 1 
K 1 exp (-n(L1)) ::; n(L) :5 Kexp(-n(L2)) 

Now by rewriting and modifying conveniently the theorem 1.3 of [4] we obtain: 
Theorem 1: Let X : X --? Y be a bijective map between bomological spaces 

which preserves structures. If f : X --? X, g : Y --? Y are maps with fox = X 0 g, 
then for any Z C Y holds dim (j, Z) = dim (g, X (Z)). 

Example: We apply the above result to a space considered in [1]: let X = H (C) 
the germen of holomorphic functions on C (non-empty, compact) C C. For any 

natural n, let Bn be the 1 -neighborhood of C, thus we can consider a sequence of 
n 

spaces (Xn)n consisting in all bounded holomorphic functions on Bn. Each Xn is 
a Banach space, with the supremum norm, and H (C) is the inductive limit of the 
sequence (Xn)n [lJ. Now, for a calculation in this space, we can use the definition 
given by Eqs. 12-13. For the special case C = {a}, we can identifY X = H ({a}) 

with the space {(an)n : an ER, 1/ hm sup Clanl) ~ > a} , each sequence (an)n
n-+oo 

represents the coefficients of the Mac Laurin series of each function f EX. In this 
case Xn consists of the functions f such that the radius of convergence of its Mac 
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1
Laurin series is > -, or equivalently of sequences which are coefficients of a series 

n 
with radius of convergence > ~. Let A be a bounded subset of R + such that 0 E A 

n 
and· Y = {je : c EA}. For c > 1 let us consider the map X : An -> Yn given by 

n . 

X(e:) = fe(z):= t~r, where An = {CE A:c> ;}, Yn .= {fe :c> ~}. 
The map X is bi-Lipschitz [1] and from this is immediately checked that it preserves 
structure: we have 

Cl le: - fl S Ilx (c) - X (f)11 s Czlc el for some constants Cl, Cz, therefore if 
9 : An -> An and T : Yn -> Yn with T 0 X = X 0 g, then . 

Cl Igi (e:) - gi (e) 1 s IIx (gi (c)) - X (gi (f)) 1I s Czlgi (c) gi (l)1 ' i 0,1, ... , n-
I, so 

Cllgi(e:) gi(s)lsIITi(x(c)) Ti(x(e))IISC2Igi (c)-gi(l)I,i=0,I, ... ,n­
1, therefore for 8 > 0, e E Bn,li (e:) 

Bn,01C2 (X (c)) eX (Bn,o (c)) c Bn,01C1 (X (c)), 

and thus it is pro~d that X preserves structure. Now by the. above theorem 
dim (g, An) = dim (T, Yn) ) for any dynamics g, T such that ToX= xog, therefore 

dim (g, A) = lim dim (g, An) lim dim (T, Yn) dim (T, Y)
n--.oo n-+oo 

We shall see that in seminormed spaces the dimension here def,ined agll'ees with 
the classical Bowen notion of topological entropy for non-compact sets [2]. Now, 
let X be a seminormed space and Bn the ball with centre in 0 and radius n, so for 
every n it·holds X Bn X. The identity 

i. (XBn,PBJ (X, 1111), PBn (x) = Ilx li , preserves structures. This is immedi­
n 

ately justified from IIx - yli = npBn (x -y). We use that 
dim (1, Z, XB,J = htop (1, Z, XB,J , and therefore for Z C X 

dim (1, Z) bm dim (1, Z, XBJ Hm htop (1, Z, XB,J = Bm htop (J, Z, X),
n-+oo n--+oo . n-+oo 

because the invariance property. So that 

dim (1, Z) htop (J, Z). 

Therefore in the above example we have 

dim (T, Y) = htop (g, A) 

4. A FUNCTIONAL APPROACH 

We present here a definition of a dynamical dimerision where the tran'sformations 
are operators on functional spaces. This functional dimension will b~ expressed in 
.terms of partitions of the unity and the approach to define it is based on [3J. Let 
:F be a space of functions ip : X -> R, when~ X is a compact metric space, and 
V an operator defined on the space· of piecewise continuous functions on X. Let 
q;. = {ipl, ... , ips} be a partItion of the unity by uniformly piecewise continuous in 
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the interiors of the members of a partition of X, Let the string L = (eo, .. " en-I) , 
and in this case we set 

(14) X := <Pto V <Pt!... v n - l 
<pen ­ 1 , 

and let call Wn (.p) the set of the strings L with length n from the partition of the 
.p. A subset r of Wn (.p) is partition of the unity if 2: X (L) = 1. 

. LEr 

Let R(L):= sUPi { sup <PdX)} and 'H C F, not necessarily V-invariant, we 
xEX(L) . 

set 

m ('H, N, s) inf L exp(-sn(L))R
rol> 

LErol> 

where the infimum is taken over all the strings r.p Wn (.p) ,n 2: which form a 
partition of the unity by functions in 'H. 

Let 

(16) m('H,.p;s) = N_=Hm m('H,N,.p,s), 

There is an unique number s = s (.p) such that m .p, s)jumps from +00 to 0, 
now let 

(17) dim (V, 'H,.p) = s sup {s: m (ft,.p, s) = +oo} = 
(18) inf {s : m ('H,.p, s) = 

We. similarly obtain a number = Sk (.p) , k a positive integer, by considering the 
sets 
l' X k (L) := <Plo Vk<pel .. , Vk+n -l<Pln_l> Le. using 'Ok instead of V. We can write 

dim ('Ok, 'H, .p) = Sk (.p) . Now dim (V, 'H)is defined as the)nfimum of the numbers 
d with the following property: for any part,ition .p there is a k such that Sk (.p) ::; kd, 

It is particularly interesting the following case: let I : X -> X be a contin­
uous map, and X a compact metric space. Let V J be the operator defined by 
VJ (<p) (x) <p(f(x)); and let Z C X, not necessarily I-invariant, we can con­
sider dim (VJ, F (Z)) ) where F (Z) is a set of functions defined on Z. 

For invariant sets and unital operators, Le. V (1) I, the functional definition 
of entropy introduced in [3] is recovered, 

We give now the definition for convex bomological spaces following,the approach 
of the beginning of this section: let X be a convex bomological spaceihd as before 
X D the set generated by the bounded disc XD' If .pv is a partition of the unity 
by functions of F (XD) ) and W,p (.p) is the set of the strings L with length n from 
the partition of the unity .pD, then we set 

(19) mD l:J- (Z) N, .pD, s) = ~~f L exp (-sn R(L) , 
D LE-,if!D 

where the infimum is taken over all the strings C W,p ,n 2: which form 
a partition of the unity by furictions in F (Z n XD) . 

Let 

subset 
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(20) mD(F(Z),<p,s)= lim m{F(Z),N,<p,s)
N-+oo 

We define the number mi (F (Z), <PD, s) by considering as above the sets Xk (L) := 

'PR.oVjk'PR.l",Vfk+n_l'Pen_l' Le. using the operators V1 = Vjk, Ina similar way as 
before we define mD (F (Z), s) as the infimum of the numbers hD with the following 
property: for any partition <P D there is positive integer k, .enough large, such that 

mi (F(Z),<PD'S):s.: khD. 
. There is an unique number s such that lip1lim m 15 (F (Z n X D) , s) jumps from 

D D	 ­
+00 to 0, now let 

(21)dim(Vj,F(Z»- = S=SUP{s:I~I~m15(F(ZnXD)'s)=+oo} 

(22) 	 inf { s : l~ l~ m 15 (F (Z n X D) , s) = 0 } . 

It can be proved, in a similar way as in the non-operational case, the equivalence 
of these definitions when the functions are defined on semi-normed spaces, ­

We now establish an equivalence between dim (f, Z) and dim (Vj, F (Z» , which 
is new even in a metric case. 

Theorem 2: Let X be a convex bornological space and f : X -+ X . Let us 
assume that for any bounded disc D c X the space XD is f -invariant, and each 
XD admits a decomposition PD = {C1, ... ,Cs } with intCinintCj 0, i i= j. If 
the partitions of the unity are in functions uniformly piecewise continuous in the 
interiors of the Ci, then for any Z c X, not necessarily f-invariant, dim(f,Z) 
= dim (Vj, F (Z». 

Proof: We define a new dimension which will serve to link dim (f, Z) and 
dim(Vj,F(Z». Let PD = {C1,... ,Cs } be a partition with intCi n intCj = 0, 
i i= j, the strings considered are sequences 

L (fo, f 1 , .. " f n - 1) such that {Ceo , ... , Cen _ 1 } C PD , I!i E {I, 2, "', s}, Let us 
call Sn (PD) the set of the strings L with length n from the partition PD. Like in 
the earlier definitions we set . 

'" 
(23) 	 mD(Z,PD(j),S), 

and we say that a collection of strings SD C Sn (PD) is a partition of Z n X D if _ 
ZnXD = U X (L), with intX (L1)nintX (L2 ) = 0, L1 i= 1 2 . The free energy 

LESD 
is 

(24) 	 F (SD, s) = L exp (-sn (L», 
LESD 

Let 

(25) 	 mD(Z, PD, s) = inf F (SD, s),
SD 

where the infimum is taken overall the collections of strings SD C U Sn (PD) 
n?:.N 

which form a partition of Z n XD. Thus 
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(26) mD(Z,PD,S) = Hm mD(Z,N,PD,S),
N_oo 

for j = 1,2, ... , let PD (j) be a the partition obtained from PD successive refine­
ments. The partition PD (j) is formed by a collection of sets obtained by l'nliHiTla 

the members of PD in smaller sets. The numbers of these sets is for a 
For instance if the member of PD are standard cubes or then p can be 
taken as the dimension of these standard sets. In this way we have the number 

mD (Z,PD(j),s) = Hm mD (Z,N,PD (j),s)
N-oo 

We define the number mt (Z, PD (j), s) by considering the sets (L) Clo n 
jk-l (Cl

1
) n ... n jk-n+l (Cln _ 

1
) , and mD (Z,s) is defined as the infimum of the 

numbers bD with the following property: for any j there is positive k, enough 
large, such that 

mt (Z, PD (j) ,s) ~kbD' 
There is an unique number s such that l~ l~ m 15 (Z n s) jumps from +00 

to 0, now let 

(27) D(j,Z) = s=SUP{s:I~I~mB(ZnXD's)=+oo} 

(28) inf {s: 1~I~mi5 (Z n XD,S) o}. 
We shall prove that D (j, Z) ~ dim (j, Z) , firstly notice that, for any string L, 

each member of X (L) is contained in a neighborhood formed by an union of at 
most m-members of X (L), this origins a covering U.· By repeating this argument 
for each refinement j, we obtain a covering Uj . Thus 

exp(-sn(L)):::; L: exp (-sn (L)) mn(L) = 
(j) LEQv(j) 

exp « -s + log m) n (L)), 
LEQv(j) 

here 9D (j) means the strings for the covering Uj which cover Z n X D. Therefore 
mD (Z, PD (j),s) ~ mD (Z,UD (j), s*), s* = s + logm. 

Ifs sup{s: litnlimmB(ZnXD,S) = s+logm, then+oo} and s* 
DD' 


mD (Z,UD (j) ,S*) = +00. We now obtain 


D (j, Z) = S ~ dim (j, Z) . 
We shall establish next that dim (Vf' F (Z)) :::; D (j, Z) , let <PD 

a partition of the unity and AD = {Ae} a partition by sets such that 

c: 
for a c: > 0, where OSCl ri - min ri. Let 

s Ai 

the characteristic function of so that is a We 
have 

1+c: 
:::; --, for any i. Let L £1, ... , 1)rdx) :::; (1 + c:) 

s 
be a with X ) := reOVrll."vn-1ren_l' being a partition of the unity, so 

(l+c:t(L) 
R(L) SUPi ri \X) } card {L1I D : X (L1I D) is a partition of the unity} , 
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c:
for a c: > 0, where OSCl (tpi) := max tpi - min tpi· Let Wi l := =-"----.,,-:=---::-

S At Ai . , sup
At

the characteristic function of A), so that {ii;\e} is a partition of the unity. We
have

1+c: .
tpiCx) ::; (1 + c:) (x) and so sup {tpi} ::; --, for any 2. Let L (fo, £1, ... , f n - 1)

S
be a with X ) := tploVtpl l ... vn-1tpen _ 1 , being a partition of the unity, so

{}

(l+c:t(L)
R(L) sUPi sup tpi(X) { () . .. f . }'

xEX(L) card L1?D : X L1?D IS a partItIOn 0 the umty

{tp1,"" be
{osce(tpi)} <

{tpiIA, }
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c:
for a c: > 0, where OSCl (tpi) := max tpi - min tpi· Let Wi l := =-"----.,,-:=---::-

S At Ai . , sup
At

the characteristic function of A), so that {ii;\e} is a partition of the unity. We
have

1+c: .
tpiCx) ::; (1 + c:) (x) and so sup {tpi} ::; --, for any 2. Let L (fo, £1, ... , f n - 1)

S
be a with X ) := tploVtpl l ... vn-1tpen _ 1 , being a partition of the unity, so

{}

(l+c:t(L)
R(L) sUPi sup tpi(X) { () . .. f . }'

xEX(L) card L1?D : X L1?D IS a partItIOn 0 the umty

{tp1,"" be
{osce(tpi)} <

{tpiIA, }

standard 

defined 

by 

defined 

unity 

unity 

unity 

that 
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therefore 

E exp (-sn (L)) R (L) ::;

L . 

(1 + et(L) 

~ card {L<t>n : X (L<t>n) is a partition of the unity} exp(-sn(L)), 
and thus dim (V" .F (Z)) ::;D (f, Z). 
The inequality dim (V" .F (Z)) ::::: D (1, Z) is obtained immediately by consider-

characteristic functions of the sets PD (j). To finish the demonstration of the 
theorem we rriust prove that dim (1, Z) ::; D (f, Z). Th do this, let j such that 
diamPD (j) ::; '0: =Lebesgue number for a given covering U. Therefore, if SD C 

Sn(PD) is a partition of znxD and QD C Wn (UD) covers znxD, then SD CQD. 
Now the desired inequality is obtained. . 
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