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ABSTRACT. This paper deals with a geometric and systematic approach to the
integration of a nonlinear dynamical system: the anisotropic harmonic oscilla-
tor in a radial quartic potential. We study this system from a different angle:
a) We show, using a Lax-type representation of the Hamilton’s equations of
motion, that the system ig linearized in the jacobian variety of a smooth genus
2 hyperelliptic curve. b) We find via Kowalewski-Painlevé analysis the princi-
pal balances of the hamiltonian vector field defined by the hamiltonian and we
show that the system is algebraic complete integrable. ¢) We also describe an
explicit embedding of the abelian variety which completes the generic invariant
surface, into projective space. d) We give a direct proof that the abelian variety
obtained in this paper is dual to Prym variety and can also be seen as a double
unramified cover of the jacobian variety of an hyperelliptic curve of genus 2.
e) We show thatr at some special values of the parameters A; and Az, we can
describe elliptic solutions which are associated with two-gap elliptic solitons of
the Korteweg-de Vries equation.
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1. INTRODUCTION

A symplectic variety (M, w) is given by a 2n-dimensional variety having a closed
non-degenerate differential 2-form w. Let H be a C%-function on M, called the
hamiltonian. A hamiltonian vector field X g or hamiltonian system is the dynamical
system given by w(Xg,v) = {dH,») for all vectors v € TM (tangent bundle of
MY, Such a hamiltonian system is called completely integrable if there exist n
integrals My = H, Hy,..., H, in involution (i.e., such that the associated Poisson
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bracket {H;, H;} = w{Xpy,,Xnj;) all vanish) with linearly independent gradients
(i.e., dH1 A ... AdH, # 0). For generic ¢ = (ci, ..., ¢, ) the level set

Ae ={z: Hi{z) =c1,..., Hp(z) = cu},

is a smooth variety. When A, is compact and connected, it is diffeomorphic to
an n-dimensional torus R™/Z™ and each vector field will define a linear flow there.
To be precise, in some open neighbourhood of the torus one can introduce regular
symplectic coordinates s1,...,8n,®1,--.,@n in which w takes the canonical form
w = dsy Adpy + - -+ dsp Adpn. Here the functions s; {called action-variables) give
coordinates in the direction transverse to the torus and can be expressed functionally
in terms of the integrals H;. The functions ¢; {called angle-variables) give standard
angular coordinates on the torus, and every vector field X g; can be written in the
form ¢; = h;(s1,...,8n), that is, its integral trajectories define a conditionally-
periodic motion on the torus. Consequently, in a neighbourhood of the torus the
hamiltonian vector field Xg; take the following form §; = 0, ¢, = hi(s1,...,8,)
and can be integrated by quadratures. All what precedes is the content of what is
to-day usually called the Arnold-Liouville theorem [22].

In this paper, we consider a 2-dimensional anisotropic harmonic oscillator in a radial
quartic potential which is defined [29] by

2 2 2
(1) H= % (Z(rxi - Awi)) + ;11- (ny) :
k=1

k=1

The corresponding system is given by

(2) o=z, #1= (M-uf-1)u,

P2 = Tg, go= (da—vs—vi)w
The integrability of the system (2) has been studied by several authors [6], [28] , [29]
and others. In section 2, we give a Lax representation of the flow generated by (1)
which depends on a spectral parameter and we prove that the system (2) is com-
pletely integrable. In section 3, we make a careful study of the algebraic geometric
aspects of the level varieties of this integrable system. We find via Kowalewski-
Painlevé analysis the principal balances of the hamiltonian vector field defined by
the hamiltonian and we show that the system is algebraic complete integrable.
We also describe an explicit embedding of the abelian variety which completes the
generic invariant surface, into projective space. In section 4, we give a direct proof
that the abelian variety obtained in section 3 is dual to Prym variety and can also
be geen as a double unramified cover of the jacobian variety of an hyperelliptic curve
of genus 2. The purpose of section 5, is to show that at some special values of the
parameters \; and Ay, we can describe elliptic solutions which are associated with
two-gap elliptic solitons of the Korteweg-de Vries equation.
Among the results presented in this paper, there is an explicit calculation of invari-
ants for a hamiltonian system which cut out an open set in an abelian variety, and
various curves related to this abelian variety are given explicitly. The integrable
dynamical system presented here is an interesting example, particular to experts of
abelian varieties who may want to see an explicit example of a correspondence for
varieties defined by different curves.
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2. LAX REPRESENTATION AND COMPLETE INTEGRARILITY

New examples of completely integrable hamiltonian systems, which have recently
been discovered, are based on the Lax representation of the equations of motion.
By a Lax equation with a parameter h, we shall mean an equation

3) A(h) = [B(h), A(h)] = B(h)A(h) — A(h)B(h),

where
A(h) =" Ag(t)h¥, B(h) =Y Bi(t)hF,

are finité Laurent series in a variable h whose coeflicients are matrices depending on
a parameter. Some hamiltonian flows on Kostant-Kirillov coadjoint orbits in sub-
algebras of infinite dimensional Lie algebras (Kac-Moody Lie algebras) yield large
classes of extended Lax pairs (3). A general statement leading to such situations is
given by the Adler-Kostant-Symes theorem [17]. Using the van Moerbeke-Mumford
linearization method [24], Adler and van Moerbeke [1] showed that the linearized
flow could be realized on the jacobian variety Jac(T") {or some sub-abelian variety
of it) of an algebraic curve I' {spectral curve) associated to (3). Recall that the
jacobian variety of I' is a complex torus Jac(I') = C¢/{n; + Ony} where g is the
genus of ', (ny,ne € Z9), {1 = (f'n wj) , 1 <4, <g, (wi,...,wy) a base of holo-
morphic differentials on T and v; € Hy (I', Z).

A hamiltonian flow of the type (3) preserves the spectrum of A and therefore its
characteristic polynomial P(z, h) = det (A(h) — zI). The curve I' : P(z,h) =0, of
genus g, is time independent, i.e., its coefficients are integrals of the motion (3).
We then construct an algebraic map from the complex invariant varieties of these
hamiltonian systems to the jacobian variety Jace(l') of the curve I". Therefore all the
complex flows generated by the constants of the motion are straight line motions
on this Jacobian variety, i.e., the linearizing equations are given by

9 sit)
Z[ we=cxt, 0<k<g,
=1 v 5i(0)

where wy, ..., w, span the g-dimensional space of holomorphic differentials on the
curve I' of genus ¢.

According to the schema of [7,8,9,25], we consider the Lax representation of the
equations {2) in the form

(4) A(h) = [B(h), A(h)],

with the following ansatz for the Lax operator

s (20 B gy (001,

where 5 )
AU 1 Y1 Ya Y
’U,(h) - 1 2(}L o )\1 + h _ )\2)) 'U(h) - ”2“'(}7’)3
_ 1, af 3 Yoo o . 2.2
w(‘;}')'—' 5 h}-/\l +h“>\2)-/l + 5(?/1 +y'2)’ ?(h') ”h’_yl _y?.,‘

Consider the algebraic curve
{5) I det(A(h) — 2I) =0,
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whose coefficients- are functions of the phase space. Using the van Moerbeke-
Mumford linearization method [24, 18, 20], we show that the linearized flow could
be realized on the jacobian variety Jac(I') of the curve I' (5) associated to (4).
A hamiltonian flow of the type (4) preserves the spectrum of A(h) and therefore
its characteristic polynomial det{A(h) — z7). The curve I'(5) is time independent,
i.e., its coeflicients are integrals of the motion (4). Explicitly, equation (5) looks as
follows

(6) I w? = Ps(h),
where w = (h — A\ ){h — Aa2)z, Ps()\) is a polynomial of degree 5 of the form
Ps(h) = (h* — (A + A2)h® + (Mda — Hih — Ha)(h — A)(h — A2),

Hi = H is defined by (1) with Ay, Ay arbitrary and a second quartic integral Hs of
the form

. 1
(7) Hy = {21y~ z211) = (Aayt + Mus) — (M + Ae)yivs)

1
5 (MAa (vl +3) ~ Qozl + Ai3)).

The curve I' determined by the fifth-order equation (6) is smooth, hyperelliptic and
its genus is 2. Obviously, T is invariant under the hyperelliptic involution (h, w)
(h, —w). The second hamiltonian vector field is cubic and is written as

no= %(2?1?/2 — Tay1)y2 — A1,
(8) g2 = *%(931’3/2 — T2Y1)y1 — M2,
&z = %(3192 — Toy1)zz + Aoys + %(/\1 + A2)p1ys — MAayi,
Ty = ~—%1‘1(331312 — Zoy1)T1 + A1y5 + %(/\1 + A2)Yiy2 — AAaye.

These vector fields are in involution with respect to the associated Poisson bracket.
For generic ¢ = (c1,¢2) € €2 the affine variety defined by

(9) A=Yz Hi(z) = o} € T,
i=1

is the fibre of a morphism from C* to C? and then A, is a smooth affine surface. For
A1 == Ao, it is easy to show that the problem can be integrated in terms of elliptic
functions. For A\ # Aq, we introduce coordinates s; and s2 on the surface A, by
setting :

1
(10) sutss = S(uf +yd) + M+ e

1
5189 = §(A2§f%+)\1@§)+f\1/\z-

After some algebraic manipulations, we obtain the following équations for s1 and

8o !
ds1 _ Ps(s1)

81 = ——
dt 81 — Sa ’

ds2 _ 5 V/Ps(s2)

dt So — 81 !

$2 =
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where Ps(s) is defined by (6). These equations can be integrated by the abelian
mapping -
I'— Jac(I') = C*/A, (p1,p2) — (£1,62),

where the hyperelliptic curve I" of genus 2 is given by the equation (), A is the
lattice generated by the vectors ny + Qns, (n1,n2) € Z%,Q is the matrix of period
of the curve I, (wy,w2) i3 & canonical basis of holomorphic differentials on T, i.e.,

Wy =

fixed point and

a
/ Wi,
o
/P

p1 = (1, /P50, p2= (32, P5(52)) Po is

/

We have g )
N 81 &9
b=—r= + =0,
dt  /Ps(s1) +/Ps(s2)
déa 5181 5282

bg = —=
i /Ps(s1) \/Ps $2)

and hence the problem can be integrated in terms of genus 2 hyperelliptic functions
of time. Consequently, we have

Theorem 1. The hamiltonian system (2) is completely integrable for all A1, Ae and
admits a Laz representation given by (4). The invariants in this case are quartic: the
first integral is given by the hamiltonion Hy = H(1) whereas the second Hy has the
form (7). For Ay = Xqg, the problem can be integrated in terms of elliptic functions.
For A1 s Ag, the flows generated by Hy and Hy are straight line motions on the
jacobian variety Jac(T') of a smooth genus 2 hyperelliptic curve I (6) associated to
Laz egquation (4).

3. LINEARIZING FLOW ON COMPLEX ALGEBRAIC TORI

Consider hamiltonian problems of the form
OH
Xy:a=J-—,2zcR™
(11) gid=J pa T € ,

where H is the hamiltonian and J = J(z) is a skew-symmetric matrix with poly-
nomial entries in z, for which the corresponding Poisson bracket

(H;, H;} = (0H,/0x, JOH,/0x)

satisfies the Jacobi identities. The system (11) with polynomial right hand side will

be called algebraic complete integrable (a.c.i.) when [2,11,13] :

a) The system possesses n + k independent polynomial invariants Hy, ..., Hpax

(Casimir functions) of which & lead to zero vector fields J afé—; () =0,1<i<k,

the n remaining ones are in involution (i.e., {H,, H;} = 0) and m = 2n + k. For
n+-k

most values of ¢; € R, the invariant varieties ﬁ {z e R™: H, = ¢;} are assumed

==
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compact and connected. Then, according to the Arnold-Liouville theorem, there
exists a diffeomorphism

n-k
ﬂ {z € R™: H; = ¢;} — R"/Lattice,
i=1

and the solutions of the system (11) are straight lines motions on these tori.
b) The invariant varieties, thought of as affine varieties in C™ can be completed into
complex algebraic tori, ie.,

n+k )
ﬂ {H; =c¢;,x € C"}UD = C"/Lattice,
i=1

where C™/ Lattice is a complex algebraic torus (i.e., abelian variety) and D a divisor

(i.e. one or several codimension one subvarieties). Algebraic means that the torus
M

can be defined as an intersection ﬂ{Pi(Xo, e XN) = 0} involving a large number
[ES

of homogeneous polynomials F;. In the natural coordinates (1, ..., t,) of C*/Lattice

coming from C™, the functions z; = z;(t1, ..., t,) are meromorphic and (11) defines

straight line motion on €™/ Lattice. Condition &) means, in particular, there is an

algebraic map (z1(t), ..., Zm (t)) — (81(t), .., s (t)) making the following sums linear

int:

n Sa(t)
=1 .S,;(O) .

where wi, ..., w, denote holomorphic differentials on some algebraic curves.
Adler and van Moerbeke [2] have shown that the existence of a coherent set of
Laurent solutions :

oo
T; = ngg)tj—k"’, ki€ Z, somek; >0,
=0

depending on dim (phase space) — 1 = m — 1 free parameters is necessary and
sufficient for a hamiltonian system with the right number of constants of motion to
be a.c.i. So, if the hamiltonian flow (11) is a.c.i., it means that the variables z; are
meromorphic on the torus C*/Lattice and by compactness they must blow up along
a codimension one subvariety (a divisor) D < C"/Lattice. By the a.c.i. definition,
the flow (11) is a straight line motion in C™/Lattice and thus it must hit the divisor
D in at least one place. Moreover through every point of D , there is a straight line
motion and therefore a Laurent expansion around that point of intersection. Hence
the differential equations must admit Laurent expansions which depend on the n—1
parameters defining D and the n + k constants ¢; defining the torus C"/Lattice ,
the total count is therefore m — 1 = dim {phase space) — 1 parameters. For others
aspects concerning a.c.i. systems, see [12,14,15,16,19,21,23]. . ’
The system (11) can be written in the form (11) withm =4, n=2and £ =0. To
be more precise

. H
(12) XH] : Zz : J&— 3 X = (y11y23w11m2)-r1
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where

0H OH OH 0H OH .t _ _ 0 I
—ég“(&yl’ayg’axl’axg) ’ H—_Hl(l), J_< I 0)

The second hamiltonian vector field commuting with the first is regulated by the
equations

(13) Xms $=792 . o= (umenm),

with Hy defined by (7) and is explicitly given by (8).

In section 2, we have shown that the problem can be integrated in terms of genus
2 hyperelliptic functions. In fact , the transformation to the separating coordinates
81 and so which leads to the quadratures in terms of hyperelliptic integrals is quite
involved. Finding this transformation require a great deal of luck and ingenuity. So,
the question is how does one prove directly (i.e., without any reference to a trick
of isospectral deformation with an indeterminate h) that the system is effectively
a.c.i. with abelian space coordinates? The idea of the direct proof we shall give
here is closely related to the geometric spirit of the (real) Arnold-Liouville theorem
discussed in section 1. Namely, a compact complex n-dimensional variety on which
there exist n holomorphic commuting vector fields which are independent at every
point is analytically isomorphic to a n-dimensional complex torus C"/Lattice and
the complex flows generated by the vector fields are straight lines on this complex
torus. Now, the affine surface 4.(9) i3 not compact and the main problem will be
to complete A, into a non singular compact complex algebraic variety .Zc =A.UD
-in such a way that the vector fields Xg, and Xp, extend holomorphically along
the divisor D and remain independent there. If this is possible, A, is an algebraic
complex torus, i.e., an abelian variety and the coordinates z; restricted to A, are
abelian functions. A naive guess would be to take the natural compactification A,
of A, by projectivizing the equations :

A = ﬁ{X CHi (X)) = e X3} < PAC).
=1

Indeed, this can never work for a general reason: an abelian variety A_ of dimension
bigger or equal than two is never a complete intersection, that is it can never be de-
scribed in some projective space P*(C) by n-dim A, global polynomial homogeneous
equations. In other words, if A; (9) is to be the afline part of an abelian surface,
A¢ must have a singularity somewhere along the locus at infinity 4, N{Xy = 0}. In
fact, we shall show that the existence of meromorphic solutions to the differential
equations (2} depending on 3 free parameters can be used to manufacture the tori,
without ever going through the delicate procedure of blowing up and down. Infor-
mation about the tori can then be gathered from the divisor. Here are the main
steps of the method :

STEP 1 : Consider Laurent series solutions

o
(14) y= YN w=g, =12
L
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which depénd on 3 free parameters «, 3, v, Putting (14) into the differential equa-
tions (2), one finds at the 0* step a non-linear system

(15) w” = ") -y ),

2 = () - )2,

‘and at the k" step, a system of linear equations
0 for k=1
_ kDR !
(16) (L —kD)z { a polynomial in z(V, . z®) for k> 1,
where L is the Jacobian matrix of the equations (15). The parameter o appear at
the 0" step, i.e., in the resolution of (15) and the 2 remaining ones 3, at the
kth step, k = 3,4, in the resolution of (16). The Laurent series solutions (14) are
explicitly given by

1Ny = ——+ ((Az—f\l)a + 2X — 3A1)at + St
el X — A1) _ 2 _ L SR
0(24(/\2 1202 — M)e 3A1 4 Ag) + (2+a2))t + N
giv2+a? el 9 ciafl
= BV T e = A1)~ AVt a2 42 Lt g
Y2 ; g (G2 =) 2) =t 7

and x; = 3;1, Tg = 3;‘2 with € = +1.

STEP 2: By substituting these series in the constants of the motion Hy = ¢
and Hj = ¢y, one eliminates the parameter - linearly, leading to algebraic relation
between the two remaining parameters, which is nothing but the equation of the
divisor D along which the y1, ¥2, 1, z2 blow up. The Laurent solutions are parame-
terized by two copies C; (e == £1)of the same genus 3 hyperelliptic curve C defined
by

(18) C: B2=(2+a%)(A10° + Aso* + Azc® + Ay),

Where A= )\] - ,\27 A] = )\3/72, Ag = >\2 (2/\1 — )\2) /36, Ag = )\(/\/\1 - Cl)/lg,
Ag = — (Areg + c2) /9. Moreover, the map

(19) 0:C— C, (o, ) ¥ (~a, 3),

is an involution on € and the quotient Cy == C'//o is an elliptic curve defined by
(20) . Co: =02+ (A + A+ AsC+ Ay)

The curve C is a double ramified covering of Oo,

(21) ' ¢:C— Co,(a,f) — (. 5),

ramified at the four points covering ¢ = 0 and co. The curve C can also be seen as
a 2—sheeted unramified cover

(22) m:C— (e, B) ~ (),
of the following hyperelliptic curve I of genus 2:
(23) ’ D:in?=¢(2+¢) (A® + Ai(® + AsC + Ad) -

STEP 3: As motivation, let us first recall some basics concepts. Let .Zc be a smooth
variety. A divisor T on Ac is a formal sum D = anVZ, ny; € Z, of irreducible
analytic hypersurfaces on A The set of all divisors on .A forms an abelian group.
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Two divisors may be added or subtracted performing the corresponding operation
on the coefficients n; of the corresponding V. A divisor D is said to be effective
or positive if each n; > 0. Two divisors Dy and Dy are linearly equivalent if their
difference D;—D> is the divisor of a meromorphic function f, denoted by (f), i.e.,
(f) = (flo — (f)oo = (zero divisor) — (pole divisor). Here we denote also by A a
smooth variety compactifying A.(9) and D the embedding of C'y1 +C_; into PYN(C).
Consider-a basis 1, f1, ..., fx of the vector space

L(D) = {f: f meromorphic on A, such that (f) > =D },
of meromorphic functions on A, with at worst a simple pole along D and the map

Ae —PY(C), pr= [1, f1lD), ..., Fn (D)),

considered projectively, because if at p some f;(p) = oo, we divide by f; having
the highest order pole near p, which makes every element finite. The Kodaira
embedding theorem tells us that if the line bundle associated with the divisor is
positive, then for & € N, the functions of L(kD) ( i.e., meromorphic functions on
A, having a k-fold pole at worst along D) embed smoothly A, into P¥ (C) and then
by Chow's thec:rem’,ﬁc can be realized as an algebraic variety. In fact in our case,

= 2 suffices, i.e., the divisor-2D provides a smooth embedding into P!3(C), via
the meromorphic sections of L(2C). Put & = 2D and let x(S) = dim L(S) be the
Euler characteristic of §. The adjunction formula and the Riemann-Roch theorem
for divisors on abelian surfaces (see [10]) imply that

9(8) = é- (Kz.8+85)+1,

x(8) =pa (A) 41+ (8.05\K ),

where g (S) is the geometric genus of S, p, (,;-lvc) is the arithmetic genus of ,ZC, K i

is the canonical divisor on ,;fc (i.e., the zero-locus of a holomorphic 2-form) and 8.8
denote the number of intersection points of S with a + & where a + § is a small

translation by a of S on A,. For an abelian surface, we have K i =0 pa(Ae) = —1
and '
8.8
9(8) = 1= —= = x(5)-

Using Kodaira-Serre duality {10, p.153], Kodaira-Nakano vanishing theorem {10, p.154]
and a theorem on theta-functions [10, p.317], it easy to see that

(24) 9(S) —1=dimL(S) = N + 1 = 6,6,

where §;,02 € N*, §; | 83, are the elementary divisors of the polarization of A,
Recall that a Kahler variety is a variety with a Kahler metric, i.e., a hermitian
metric whose associated differential 2-form of type (1,1) is closed. The complex
torus C?/lattice with the euclidean metric 3 dz; ® d%; is a Kihler variety and any
compact complex variety that can be embedded in projective space is also a Kahler
variety. Now, a compact complex Kahler variety having as many independent mero-
morphic functions as its dimension is a projective variety.

Based on this motivation, it is easy to find a set of polynomial functions {1, f1, ..., f~}
in L(S), i.e., L(2D) such that the embedding of S with those functions into P (C)
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vields & curve of genus N + 2. Straightforward calculation, using asymptotic expan-
sicns, shows that the space L(S) is spanned by the following functions

(25) L(8) = {1, f1, fis},
where i
fi=m=24o), fom= DI o,
frmm=-Stol),  fimm=-S2E o)
fo= 1= +ol), fo= £ =-2E2 o),
f7;f1f2=éae—%;-a—ﬁ+o(t),

fe=fifa—fafs =%'045\/(2+C"2)i\1~:;‘*)\£ +o(t),

o2
fo=fifs = “%—'"5 (24+a2) (A — A1) +o(t),

fio = fafs = 2+a (/\2"/\1)%0@)1
2
fuu=fi=-0o* (2+a2) 92_';_22‘L)_+0(t))
f.12 = (fs+ fo) fo — 2 (M fifa — Nafafs) = %2—'1—(2;'%3';55 o(t),
fiz=(fs + fo) frfa +2f3fs = —iaey (2+a?) (o - Al)gad 24 +o(t),

¢
Gice S

fis = fafs ~ Qe — A1) fofr = -9-3' + O(t)

Using these functions 1, fi, ..., f15, one embeds each of the curves Cy and C_1 into
P!5(C). Thus embedded, they have two points in commune s; = (a = iv/2,8 = 0)
and sy = (@ = —iVv2, = 0), at which they are tangent to each other.- The divisor
D = (C4; + C_, obtained in this way has genus 5 and thus & = 2D has genus
17, satisfying the requirement (24). Now we need to attaches the affine part of the
intersection (9) of the two invariants so as to obtain a smooth compact connected
surface in P*® (C) . To be precise, the orbits of the vector field (12) runhing through
S form a smooth surface ¥ near S such that £ \ 'S C A and the variety A, = 4,UD
is smooth, compact and connected. Indeed, let

P(t,p) = {z(t) = (Y1), 2(2), 21(8), 22(t)) : t € C,0(|t] e},
be the orbit of the vector field (12) going through the point p € S. Let &, P15 (C)
be the surface element formed by the divisor & and the orbits going through p,
and set X = U ¥,. Consider the curve S’ = HNE where H C P¥(C) is a
s
hyperplane trafsversal to the direction of the flow. If &' is smooth, then using the
implicit function theorem the surface ¥ is smooth. But if 8 is singular at 0, then
¥ would be singular along the trajectory (t—axis) which go immediately into the

fra= fafs — (de — A1) f1f7 -
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afline part ﬁc. Hence, /TC would be singular which is a contradiction because A,
is the fibre of a morphism from C* to C? and so smooth for almost all the two
constants of the motion ¢;. Next, let A, be the projective closure of A, into P*{C),
let X = (Xo,X1,X2,Y1,Y2) € P4(C) and let I = A. N {X, = 0} be the locus at
infinity. Consider the map - . ‘

Ae CPHC) — P(C), X = f(X),

where f = (1, fi,..., f15) € L(S) and let A, = f(A.). In a neighbourhood V(p) C
IP’ls(C) of p, we have &, = ZC and 2, \ § € A.. Otherwise there would exist an
element of surface E;, - ,ch such that ’

YN X, =t — axis,

orbit Y(t,p) =t ~axis\ p C A,

and hence A, would be singular along the ¢{—axis which is impossible. Since the
variety A, N {Xg # 0} is irreducible and since the generic hyperplane section Hgen.
of A. is also irreducible, all hyperplane sections are connected and hence I is also
connected. Now, consider the graph I'y C P*(C) x P**(C) of the map f, which is
irreducible together with A.. It follows from the irreducibility of I that a generic

hyperplane section Iy N {Hgen. X P3(C)} is irreducible, hence the special hyperplane
section Iy N {{Xo =0} x P**(C)} is connected and therefore the projection map

projpisy{Ts N {{Xo =0} x PPL)}} = f(I) =S,

is connected. Hence, the variety A, UL = A, is compact, connected and embeds
smoothly into P! (C) via f. o

STEP 4: We wish to show that A, is an abelian surface equipped with two every-
where independent commuting vector fields. For doing that, let ¢™ and ¢™ be the
flows generated respectively by vector fields (12) and (13). For p € S and for small
>0, g (p),¥r,0 < |r| < e, is well defined and ¢ (p) € A.. Then we may
define g™ on A, by

g7 (@)=9""g"9™(a), q € U(p) =g~ ™(U(g™(p))),
where U(p) is a neighbourhood of p. By commutativity one cartsee that ¢™ is
independent of ;
€1 T2

g gngn T g) =g g g™ g™ = 97 g™ g™ (@)-
We affirm that ¢™(q) is holomorphic away from 5. This because g™2¢g™ (g) is holo-
morphic away from & and that g™ is holomorphic in U(p) and maps bi-holomorphically
U(p) onto U(g™ (p)). Now, since the flows ¢™ and ¢™ are holomorphic and inde-
pendent on S, we can show along the same lines as in the Arnold-Liouville theorem
that Zc is a complex torus C?/lattice and so in particular JZC is a Kahler variety.
And that will done, by considering the local diffeomorphism

-] = E1 T1+4€1 ( —T1

C* — A, (r1,72) = g™ g™(p),
for a fixed origin p € A.. The additive subgroup
{(r1,m2) € C*: g™ g™ (p) = p},

is a lattice of C?, hence C?/lattice — .Zc is a biholomorphic diffeomorphism and

A, is a Kahler variety with Kéhler metric given by dr ® dF1 + dms @ dFa. As
mentioned above, a compact complex Kéhler variety having the required number
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as (its dimension) of independent meromorphic functions is a projective variety. In
fact, here we have A, C P'% (C) .Thus A is both a projective variety and a complex
torus C?/lattice and hence an abelian surface as a consequence of Chow theorem.
Finally, we have the

Theorem 2. Let A, (9) be the affine invariant variety defined by putting the two
inwariants (1) and (7) (with M\ # A2) of the flow (2) equal to generic constants, then
a) The voriety A which completes A. 15 a Kahler variety with Kdhler metric given
by dry ® d7y + drg ® d7s.
b) Ac is the affine part of an abelian surface A, with Ac \ A. = D where D =
Ci1 + C-1 has genus 5 and consists of two copies C. (e = £1) of the same genus 3
hyperelliptic curve C (18) . The curves C. have two poings in common, at which they
are tangent to each other. The curve C is a double cover of an elliptic curve Co (20)
ramified at four points and can also be seen as a 2-sheeted unramified cover of an
hyperelliptic curve T (23) of genus 2. Moreover, the hamiltonian flows generated by
the vector fields Xy, (12) and Xy, (13) are straight lines on Ag.
¢) The 18 functions: 1, fl,;.., fis (28) form a basis of the vector spuce L (2D) of
meromorphic functions on A, with at worst a double pole along D. Moreover, the
map

A, = C?/Lattice — P (C) | (t1,12) = [(1, f1 (t1,22) , .o» f15 (t1,t2))],
is an embedding of A, into P*3 (C).

4. ABELIAN SURFACE .,Zc AS PRYM VARIETY AND JACOBIAN VARIETY

In the first part of this section, we shall show that the abelian surface Xc can
be identified as the dual of the Prym variety P@m(C/Co) on which the problem
linearizes. In the second part, we show that A, can also be seen as a double
unramified cover of the jacobian variety Jac (I') of the 2-genus hyperelliptic curve
I"{23) and the problem is linearized in this jacobian variety. From the fundamental
exponential sequence

0-%Z— 00" -0,
we get the map

s B (A,0) — B (A, 0°) & B (A 2) — B (3,0) = -,

where ¢; (L) is the first Chern class of a line bundle L on “ch. Therefore the group
Pic® (ﬁc) of holomorphic line bundles on A, with Chern class zero (any line bundle
with Chern class zero can be realized by constant multipliers) is given by

pico (L) = #' (4, 0) / B (X,2) = H* (4, 0°),

and is naturally isomorphic to the dual abelian surface AV of A, (¥ means the
dual abelian surface). The relationship between A, and AV is symmetric like the
relationship between two vectors spaces set up a bilinear pairing. Recall that a
Prym variety Prym(C/Cy) Is a sub-abelian variety of the jacobian variety

Jac(C) = Pic®(C) = HY(O¢)/HY(C, Z),

constructed from the double cover ¢ (21) : the involution o (19) on C' (18) inter-
changing sheets, extends by linearity to a map o : Jac(C) — Jac(C) and up to
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some points of order two, Jac(C) splits into an even part and an odd part : the
even part is an elliptic curve; the quotient of C by o, i.e., Cp {20) and the odd part
is a 2—dimensional abelian surface Prym(C/Co).

Let (ao, bo, a1, b1, az, b2) be a canonical homology basis of C such that o(ag) = ax,
o{by) = b1, olas) = —ag, o(b2) = —by for the involution o (19). As a basis of
holomorphic differentials wg, w1, ws on the curve C (18) we take the differentials

ada o?do do
(26) wo : )8 ¥ w1 = ﬁ 3 Wz == _ﬁ_v '
and obviously 6*(wp) = wyp, ¢*(wi) = ~ws, k = 1,2. We consider the period matrix
A of Jac(C) '

wi(az) wi(be) wila1) wilbi) wila1) wi(br)

wz(az) ‘ wg(bg) wg(ag) wg(bQ} wg(al) wz(bl)
where wi(a;) = [, wi, wi(b;) = f55 Wik, 0 < k, 7 < 2, are the periods of wy, over the
cycles aj, b5, 0 < j < 2. Note that wp{az) = wo(b2) = 0 and wo(a1) = wololao)) =
o*(wo(ao)) = wolao), wila1) = wi(o(an)) = o*(wilag)) = —wrlao), £ = 1,2,
wa(b1) = wo(bo), wi(b1) = —wi{by), k = 1,2 and therefore

( 0 0 wolao) wolbe) wolag).  wolbo) )
A= .

(wo(az) wO(bz) wolag) wolbo) wola1) wo(bl)) |
A= )

wifaz) wilbz) wi{ar) wilb) —wilae) —wilbo)
wolag) wa(b2) walae) wa(bz) —walae) —wa(bg)

By elementary column operations, we obtain the following matrices
‘ 0 0 wo(ao) (A)Q(bo) 2wg(o;0) Zwo(bo)
A= wl(ag) wl(bg) wl(al) wl(bl) 0 0 ,
wo(ae) wa(bz) wolag) walb2) 0 0
and

0 0 u}()(a(]) wo(bg) 0 - 0
A= ( wi(az) wi(bz) wifa1) wi(bi) 2wiag) 2wi(bo) ) .
wolag) walbz) walaz) wg(bg) 2walag)  2walbo)
The elliptic curve Cp and the Prym variety Prym(C/Cqs) have réspective period
matrices (2wpl{ap) 2wolbp)) and

[ wila) wilby) 2wiag) 2wi(bo)
(27) VQ_(w;(ag) w:lg(bz) Zw;(az) sz(bg)).

Next we show, using the Laurent solutions, that the differentials dt, and dts corre-
sponding to the flows generated respectively by H = H; and H, , restricted to the
curve C (18), descend to two differentials on C :

a’do

(28) diile = 5w
do
disle = F = Woy.

4
dt
Let Lo« = {Z Nk ( dtl> (vg) : ng € Z} be the lattice associated to the period
k=1 N

2

matrix

v [ dti(n) dti () dti(vs) dti(va) |
v = ((gubed dalre) dave) A,
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where (11, 9, v3,14) is a basis of‘H1(.ZC,Z) and let

- P (dt
A, = C¥/Lge :p s ( 1),
dto
be the uniformizing map. By the Lefschetz theorem on hyperplane section [10, p.156],

the map H1(C,Z) — Hi(A,Z) induced by the inclusion C — A, is surjective and
consequently we can find 4 cycles vy, 19, 13, 14 0n the curve C such that

qv = [ wiln) wi(re) wi(vs) wi(v)
wo(v1) welve) walvs) wo(va)
4
and Lo~ = {Z Ty (M) (vg) g € Z}. The cycles v, 19,13, 14 in C which we
: Wy

k=1 ,
look for are asg, by, ap, by and they generate H1(Ve, Z) such that
(29) Qv ( wi(ao) wilbo) wifaz) wi(b2) )
wg(ao) wg(bo) LUQ(CEQ) LUz(bz) ’

is & Riemann matrix. Otherwise there would exist a non trivial linear combination
of the 11, ...,y with integer coefficients such that may + nbg + lag + kby = v
v a 2—chain on ,Zc. But dt; and dits are closed differentials on ﬁc, so the Stokes’
formula implies that

m (1) () + (1) (02) +1(27) (a) + 4( 1) (b0) = 9\ 9y = 0,
v wh wa dts

which contradicts the linear independence of the columns of V. Since £ (27) is the
period matrix of Prym(C/Cp), then Y (29) is the period matrix of the dual Prym
variety Prym(C/Cy)¥. Consequently A, and Prym(C/Co)Y are two abelian varieties
analytically isomorphic to the same complex torus C?/Lq-. By Chow’s theorem, A,
and Prym{C/Cy)¥ are then algebraically isomorphic. Using the differentials (26),
the solutions of the problem reads

s1(t) Sz(t)
/ w1 + / wy = [,
51(0) s3(0)

s1(t) s2(t) »
/ wy + / wa = lat,
51{0) 52(0)
for some appropriate coordinates p; and ps. Consequently, we have

Theorem 3. The abelian surface Ac which completes 1v‘he affine surface A. can be
identified as:

Ae = Prym(C/Co)",
and the system (2) or (12) linearizes on this variety, that is to say their solutions
" can be expressed in terms of abelian integrals.

In section 2, we have shown that he system (12) can be integrated in terms of
genus 2 hyperelliptic functions of time. Here we shall show (without reference to
Lax representation as in section 2), using the results obtained in section 3 and
starting from Vanhaecke’s approach [27], that the linearized flow can be realized on
the jacobian variety Jac (T') of the 2-genus hyperelliptic curve I'{23). Remember
that the Laurent solutions (17) restricted to the surface A, (9) are parameterized
by two copies Cy; and C..; of the same hyperelliptic curve C {18) of genus 3. The
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latter is a double ramified cover of an elliptic curve Cg (20) and a 2-1 unramified
cover of an hyperelliptic curve I" {23) of genus 2. The torus A_ can also be regarded
as a double unramified cover of the jacobian variety Jac(T') and the system (12) can
be integrated in terms of genus 2 hyperelliptic functions of time. The differentials
dty and diy, corresponding to the flows (12) and (13), restricted to the curve C, go

down to I'. Indeed, using (28)

2
(30) dale = wlz"‘*g‘)‘:%ﬁ,
i =

yielding the two hyperelliptic differentials on I". The map ¢ (21) extends to a map
3 Ae — Jac(T). We denote by [D| the linear system, i.c., the set of all effective
divisors linearly equivalent to D. We have [D| = P (L (D)), associating to each
non-zero function f € L (D). Recall that an Abelian variety A, ~C™ /Lattice has
a natura! involution 7, induced by the sign flip (21,...,%m) ¥ (—21,...,—2m) in
C™. Tts fixed points are exactly the 22™ half-periods of A,. The quotient A/7 is
called the Kummer surface. In particular, the Kummer surface K of Jac(I") can
be considered as the image of ¥g«|or) : A, — P3(C) with * |2T'| C |2C|. Since I’
is hyperelliptic of genus 2, it has 6 distinct Weierstrass points (Indeed, suppose C
is a smooth hyperelliptic curve of genus g > 2 with g : C — P* (C) the two-sheeted
map, then all the branch points of ¢ are the only Weierstrass points of C. By the
Riemann-Hurwitz formula, the number of these points is equal to 2¢ 4 2). Choose
a Weierstrass point P on the curve I' and coordinates [Zy; Zy, Za, Z3] for 3 (C)
such that ¥g.por| (P) = {0,0,0,1]. Then this point will be a singular point for the
Kummer surface K of equation ’

a(Zo,Z1,22) Z2+b(20,2Z1,22) Z3+c(Zo,Z1,22) =0,

where a,b and ¢ are polynomials of degree respectively 2, 3 and 4. After a projective
transformation which fixes [0,0,0,1] we may assume that a(Zy, Z1,22) = Z2 —
4Z474. We can construct an algebraic map from A, to the Jacobi variety Jac (') :

Ay — Jac(T), pe Ag v {1+ &) € Jac(T),
and the flows generated by the constants of the motion are straight lines on Jac ('),
i.e., the linearizing equations are given by

20t - ‘
/ wkzckt,OSkSQ,

i=1 ¢ G:(0)

where wy,ws (30) span the 2-dimensional space of holomorphic differentials on the
curve I and (4, {» two appropriate variables given by

G= % (_Zl +va (2o, Zy, Zz)> ,

C% = % (—Zl - Va2, 21, Z?)) :

algebraically related to the originally given ones, for which the Hamilton-Jacobi
equation could be solved by separation of variables.
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5. REDUCTION TO ELLIPTIC SOLUTIONS

In this section, we show that at some special values of the parameters Ay and
Ag, the solutions for the integrable case proposed in this paper may be expressed in
terms of elliptic functions. We solve the equations of motion with the help of finite-
gap integration theory. The reader is referred to a recent and excellent baok {5] for
this theory and its applications to nonlinear integrable equations. For doing that,
we need some notions about elliptic Weierstrass g-function which we summarize
here after.

Let A € C be a lattice, which may be taken to be A = {2mw; +2nws, (m,n) € Z2}.
We recall that the elliptic Weierstrass gp-function with respect to A is defined by
1 — 1 1
p(2) 22 + (77;'1)7%;64(0:0){ (z — 2mwy — 2nwse)?  (2mwy + 2nws)? hzeC

(m. n)EEs

This series converges absolutely and uniformly on every compact set in C \ A, thus
giving a meromorphic function having a double pole at each lattice point. This
function is doubly periodic (2 + 2mwy + 2nws) = p(z), (m,n € Z) with periods
2wy, 2w such that Im#2 > 0 and has a singularity at z = 0 such as

g2 g3 #4

1
p(z)--+—~+ L8

6 PEEERY
20° Tas” et T

1
g2 = 60 Z 2wy + 2muwg)?’

(m,n)#(0,0}
(o, €22
— 1
=140 Y
(R (0.0) (mel + 2nwg)8’
(. nyez?

The derivative p’(z) is again an elliptic function. The p-function satisfies the
addition theorem

1 pla) ¢'(a)
det{ 1 ) () | =0, a+b+c=0
1 gl ¢

as well as the differential equation

(0 ()% = 4p” () — g2 (2) —

The map C/A — P?(C), 2z ~ [1,p(2), p(z)],z%OandO = [0,0,1] is an
isomorphism between the complex torus C/A and the elllptlc curve ‘

? =42% - goz — gs,

where = g (2) and y = ¢’ (z) . :
The elliptic solutions for which we look for are given by the spectral problem

(31) LU =AY,
depending in the elliptic potential

N
(32) U)=2) pl@-)+C,
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as
2
L= 6‘ —U(z).
Here ¥ = ¥ (z, ) is an eigenfunction (elhptic Backer-Akhiezer function) of operator

L, g is the elliptic Weierstrass function defined above, C is a constant and z1, ..., on
are on the locus

A= (xla 1581\’ GCN Zp —x.? _0 xi?élejul N
i#j

The geometry of the locus A was studied by several authors (see {3] for example) . It
was shown that A is non-empty if N is a triangular number, i.e., N = g(g+ 1) /2,
where ¢ is the number of gaps (or lacunas) in the spectfum or the genus of the
associated hyperelliptic curve. It is shown in (3] that if z; = z; (), 7 = 1,...., N
evolve according to the law.

& = “1229(%’ —-zj),
. AE]
then the function (32) is an elliptic solution of the well-known Korteweg-de Vries
equation:
Bu du  Bu

ot %8s T o Y

and is connected with the completely integrable Calogero-Moser syétem described
by the hamiltonian:

| Pt

N

CRTOW ) O
i=1 iA]

with ¥, x;, ¢ = 1,..., N being canonical variables.

Let us consider the two -gap potentlal for equation (31) normalized by its expansion
near x =0 as

X 6
(33) U(z) = = +onz? 4+ oot + ox® + 0ga® 4+
This potential satisfies the Novikov equation [30] :

288

=1

where § is the variational operator of the calculus of variations, ¢; are constants and

S—/d S~/3—au2+3d

3= [ udz, S;= 5\ 52 12 z,
e (1) 5t 5
So—/udx, SZ_/(Q(&Q:Q zuax-i—gu dx,
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are the first integrals of the Kortéweg»de Vries equation. Therefore, the algebraic
curve associated with the potential(33}has the form [4]:

w? = 2%~ 35a12® — 630922 + % (567a3 + 297a3) =
(34) +1377a 00 — 12870y, ‘

5
H (z— 2.
g=1

It follows from the trace formulae {26], that

i

N
sitsr=—)Y p@—m)—

i=1

¢
2 ®

Ry 1 1 e 3C & 3¢?
s12=3 ) ple—m)p(e—25) = gNoat5 D zizg+ =5 )z — )+ =,
i1 4j=1 “ =1
24 i(d

where 21, ..., 25 are the branching points of the curve (34).

We want the curve I' (6) to be associated with the elliptic potential curve (34) . Let
Za, 2p be two distinct branch points of the curve (34) which are the shifted values
of the branch points A1, Az of the curve I' (6) . From system (2), we obtain

1= —of —93) v
fo= (N2 — i —13) vo.
This together with (10), (35) and (32) implies that
G —U @)y = (M —2(za +vs)) u1,

o — U (z)y2 = (d2 — 2 (2a + ¥p)) t2-
Consequently, we have '
Theorem 4. Supposé that A1 = 324 +22g and Ao = 2z4 + 3z where z, and zg are

tweo distinct branch points of the curve (34). Then, formula for elliptic solutions of
(2) or (12) is given by :

yzz—%—“{<§+2z2+(30—2z )ip(w—x-)—f—(—g—g——z )C}
1 (3 o 1 4 o H

Zof i=1

Yy = —— @+225+(36’~—2z;;)259(x—3:.5)+ 5 Cy,

Zap da=] :
where 2o8 = 2o — 28,
- Nga :
=6 Z go(:s—:c,;)p(:c—xj)w-z——%— z 2%,

1SN 1Ki<gsh

and 71, ..., 25 are the branching points of the curve (34).
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