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ABSTRACT. This paper deals with a geometric and systematic approach to the 
integration of a non linear dynamical system: the anisotropic harmonic oscilla­
tor in a radial quartic potentiaL We study this system from a different angle: 
a) \Ve show, using a Lax-type representation of the Hamilton's equations of 
motion, that the system is linearized in the jacobian variety of a smooth genus 
2 hyperelliptic curve. b) We find via Kowalewski-Painleve analysis the princi­
pal b~lances of the hamiltonian vector field defined by the hamiltonian and we 
show that the system is algebraic complete integrable. c) \Ve also describe an 
explicit embedding of the abelian variety which completes the generic invariant 
surface, into projective space. d) We give a direct proof that the abelian variety 
obtained in this paper is dual to Prym variety and can also be seen as a double 
unramified cover of the jacobian variety of an hyperelliptic curve of genus 2, 
e) \Ve show that· at some special values of the parameters ),1 and ),2, we can 
describe elliptic solutions which are associated with two-gap elliptic solitons of 
the Korteweg-de Vrip..s equation. 
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1. INTRODUCTION 

A symplectic variety (M,w) is by a 2n-dimensional variety having a closed 
non-degenera.te differential 2-form w. Let H be a COO-function on Ai, called the 
hamiltonian. A hamiltonian vector field or hamiltonian syst.em is the 
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ABSTRACT. This paper deals with a geometric and systematic approach to the
integration of a nonlinear dynamical system: the anisotropic harmonic oscilla­
tor in a radial quartic potential. We study this system from a different angle:
a) \Ve show, using a Lax-type representation of the Hamilton's equations of
motion, that the system is linearized in the jacobian variety of a smooth genus
2 hyperelliptic curve. b) We find via Kowalewski-Painleve analysis the princi­
pal b~lances of the hamiltonian vector field defined by the hamiltonian and we
show that the system is algebraic complete integrable. c) \Ve also describe an
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obtained in this paper is dual to Prym variety and can also be seen as a double
unramified cover of the jacobian variety of an hyperelliptic curve of genus 2.
e) 'Ve show that- at some special values of the parameters ),1 and ),2, we can
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the Korteweg-de Vri"..s equatioll.
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1. INTRODUCTION

A symplectic variety (M,w) is by a 2n-dimensional variety having a closed
non-degenerate differential 2-form w. Let H be a COO-function on Al, called the
hamiltonian. A hamiltonian vector field or hamiltonian system is the dynamical
"Y<."",j.U given by W(XH,V) = (dH,v) for all vectors v E TM (tangent bundle of

Such a hamiltonian system is called integrable if there exist n
ml;eg:rals IiJ H, H 2 , ..• , Hn in involution such that the associated Poisson
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bracket {H;,Hj } = W(XH"XHj) all vanish) with linearly independent gradients 
(i.e., dH1 1\ ... 1\ dHn =/:. 0). For generic C = (Cl, .'" cn) the level set 

Ac = {x: =Cl, ... ,Hn(x)= 

is a smooth variety. When Ac is compact and connected, it is diffeomorphic to 
an n-dimensional torus JRn jzn and each vector field will define a linear flow there. 
To be precise, in some open neighbourhood of the torus one can introduce regular 
symplectic coordinates SI," . , Sn, rpl, ... ,rpn in which w takes the canonical form 
w dS l 1\ drpl + ... + dSn 1\ drpn. Here the functions Si (called action-variables) give 
coordinates in the direction transverse to the torus and can be expressed functionally 
in terms of the integrals Hi. The functions rpi (called angle-variables) give standard 
angular coordinates on the torus, and every vector field XHi can be written in the 
form yji = hi (SI, ... , sn), that is, its integral trajectories define a conditionally­
periodic motion on the torus. Consequently, in a neighbourhood of the torus the 
hamiltonian vector field XHi take the following form Si = 0, yji = hi (SI, ... , sn) 
and can be integrated by quadratures. All what precedes is the content of what is 
to-day usually called the Arnold-Liouville theorem 
In this paper, we consider a 2-dimensional anisotropic harmonic oscillator in a radial 
quartic potential which is defined [29] by 

(1) 	 H ~ (t,(X; -AkYl)) + ~ (t, y1)' 

The corresponding system is given by 

(2) 	 iJI = Xl> (>'1 - yi yD Yl, 
2 2) Y2·Y2 = X2, = (A2 - Y2 - Yl . 

The integrability of the system (2) has been studied by several authors [6] , [28] , [29] 
and others. In section 2, we give a Lax representation of the flow generated by (1) 
which depends on a spectral parameter and we prove that the system (2) is com­
pletely integrable. In section 3, we make a careful study of the algebraic geometric 
aspects of the level varieties of this integrable system. We find via Kowalewski­
Painleve analysis the principal balances of the hamiltonian vector field defined by 
the hamiltonian and we show that the system is algebraic complete integrable. 
We also describe an explicit embedding of the abelian variety which completes the 
generic invariant surface, into projective space. In section 4, we give a direct proof 
that the abelian variety obtained in section 3 is dual to Prym variety and can also 
be seen as a double unramified cover of the jacobian variety of an hyperelliptic curve 
of genus 2. The purpose of section 5, is to show that at some special values of the 
parameters Al and A2, we can describe elliptic solutions which are associated with 
two-gap elliptic soli tons of the Korteweg-de Vries equation. 
Among the results presented in this paper, there is an explicit calculation of invari­
ants for a hamiltonian system which cut out an open set in an abelian variety, and 
various curves related to this abelian variety are given explicitly. The integrable 
dynamical system presented here is an interesting example,particular to experts of 
abelian varieties who may want to see an explicit example of a correspondence for 
varieties defined by different curves. 
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2. LAX REPRESENTATION AND COMPLETE INTEGRABILITY 

New examples of completely integrable hamiltonian systems, which have recently 
been discovered, are based on the Lax representation of the equations of motion. 
By a Lax equation with a parameter h, we shall mean an equation 

A(h) = [B(h),A(h)J == B(h)A(h) A(h)B(h), 

where 

A(h) = I:
q 

AkCt)hk, B(h) = I:
q 

BkCt)hk, 
-p -p 

are finite Laurent series in a variable h whose coefficients are matrices depending on 
a parameter. Some hamiltonian flows on Kostant-Kirillov coadjoint orbits in sub­
algebras of infinite dimensional Lie algebras (Kac-Moody Lie algebras) yield large 
classes of extended Lax pairs (3). A general statement leading to such situations is 
given by the Adler-Kostant-Symes theorem [17J, Using the van Moerbeke-Mumford 
linearization method [24], Adler and van Moerbeke [lJ showed t.hat the linearized 
flow could be realized on the jacobian variety Jac(r) (or some sub-abelian variety 
of it) of an algebraic curve r (spectral curve) associated to (3). Recall that the 

Cgjacobian variety of r is a complex torus J ac (r) = / {nl + nn2} where 9 is the 

genus of r, (nI, n2 E zg), n (i"Y' Wj) , 1 ::; i,j ::; g, (Wl,'" ,Wg) a base of holo­

morphic differentials on rand 'Yi E HI (r,Z). 
A hamiltonian flow of the type (3) preserves the spectrum of A and therefore its 
characteristic polynomial P(z, h) = det (A(h) zI) . The curve r : P(z, h) = 0, of 
genus g, is time independent, Le., its coefficients are integrals of the motion (3). 
We then construct an algebraic map from the complex invariant varieties of these 
hamiltonian systems to the jacobian variety J ac(r) of the curve r. Therefore all the 
complex flows generated by the constants of the motion are straight line motions 
on this Jacobian variety, the linearizing equations are given by 

I:9 lS'(t) 
Wk Ckt , 0::; k g, 

8;(0) 

where Wl, ... ,Wg span the g-dimensional space of holomorphic differentials on the 
curve r of genus g. 
According to the schema of [7,8,9, 25J , we consider the Lax representation of the 
equations (2) in the form 

= [B(h), 

with th.e following ansatz for the Lax operator 

( v(h) ), B(h) ( ° ~ ), 
where 

1 
v(h) ~iL(h),-1 2 ( It Al + h A2' 

1 xI 1 2 h- 2 
2( ~ + h - A2 - h + 2(Yl + Y2' 

Consider the algebraic curve 

(5) r : det(A(h) zI) = 0, 
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whose coefficients' are functions of the phase space. Using the van Moerbeke­
Mumford linearization method [24,18, 20J, we show that the linearized flow could 
be realized on the jacobian variety Jac(f) of the curve f (5) associated to 
A hamiltonian flow of the type (4) preserves the spectrum of A(h) and therefore 
its characteristic polynomial det(A(h) - zI). The curve r(5) is time independent, 
Le., its coefficients are integrals of the motion (4). Explicitly, equation (5) looks as 
follows 

(6) 	 f : w2 P5 (h), 

where w (h Ad(h A2)Z, P5 (A) is a polynomial of degree 5 of the form 
3 ?Ps(h) = (h (AI + A2)h- + (A1A2 H1)h - H2)(h A1)(h - A2), 

HI H is defined by (1) with AI, A2 arbitrary and a second quartic integral H2 of 
the form 

(7) Hz ~«XIY2 -	 X2Yl)2 (A2yi + A1yi) (AI + A2)YfY~) 

+~(A}/\2(Yf + yD (A2Xi + AlX~)), 
The curve f determined by the fifth-order equation (6) is smooth, hyperelliptic and 
its genus is 2. Obviously, f is invariant under the hyperelliptic involution (h, w) f--+ 

(h, -w). The second hamiltonian vector field is cubic and is written as 

1
Yl 2(XlY2 X2Yl)Y2 A2XI, 

1 
(8) -2(XIY2 - XZY1)Y1 ­

13 1 2:h 2(XIYZ - XZYl)X2 + A2Yl + 2(Al + A2)Y1Y2 - AI AZYI, 

1 ) 3 1( ) 2X2 2 1;1 (X1YZ - X2Y1 Xl + A1YZ + 2 Al + A2 YlY2 - Al'\ZY2' 

These vector fields are in involution with respect to the associated Pbisson bracket. 
For generic C (Cl, cz) E the affine variety defined by 

2 

(9) 	 Ac = n{x : Hi(X) = Ci} C ([:4, 

i=1 

is the fibre of a morphism from ([:4 to ([:2 and then Ac is a smooth affine surface. For 
Al = A2, it is easy to show that the problem can be integrated in terms of elliptic 
functions. For Al =I A2, ,ve introduce coordinates SI and 052 on the surface Ac by 
setting 

1 (2 2(10) 	 81 + S2 2 Yl +Y2)+A1+ AZ; 

1 
Sl S2 + AIY~) + AI AZ.

2 
After some algebraic manipulations, we obtain the following equations for SI and 
82 	: 

. _ dSl JP,5(S )
81- - = 2 1 

dt SI 82' 

S2=dsZ=2~ 
dt S2 - SI ' 

+ 
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where P5 (s) is defined (6). These can be integrated by the abelianUaLIUHt; 

mapping 
r __ Jac(r) = <e2 ; A, (PI, f-> (6,6), 

where the hyperelliptic curve r of genus 2 is given by the equation (6), A is the 
lattice generated by the vectors n1 + nn2, (nI, 11,2) E :£:2, n is the matrix of period 
of the curve r. (W1, W2) is a canonical basis of holomorphic differentials on r, 

ds sds 
W1 = W2 = ---;== 

PI = (SI, y'P5 (st)), P2 = (S2, y'P5 (S2)), Po is a fixed point and 

i
P1 lp2

6 = Wl + W1, 
. Po Po

P1 iP26 W2 + W2·i• PO • Po 

We have 
. SI 
c - dt + y'P (S2) -- ° ,<,1 ­

5 

= d6 2 
dt ' 

and hence the problem can be integrated in terms of genus 2 hyperelliptic functions 
of time. Consequently, we have 

Theorem 1. The hamiltonian system (2) is completely integrable all AI, and 
admits a Lax representation given by (4). The invariants in this case are quartic: the 

integral is given by the hamiltonian HI H(l) whereas the second H2 has the 
form (7). For Al = ).2, the problem can be integrated in terms elliptic function 
For A1 i= A2, the flows generated by HI and H2 are straight line motions on the 
jacobian variety Jac(r) of a smooth genus 2 hllverelliptic curve r (6) associated to 
Lax eq'uation (4). 

3. LINEARIZING FLOW ON COMPLEX ALGEl3RAIC TORl 

Consider hamiltonian problems of the form 

. J8H rr.m:x= ~,x 1&, 
ux 

where H is the hamiltonian and J J(x) is a skew-symmetric matrix with poly­
nomial entries in x, for which the corresponding Poisson bracket 

} (8Hi /8x, J8Hj /8x), 

satisfies the Jacobi identities. The system (11) with polynomial right hand side will 

be called algebraic complete integrable (a.c.i.) when [2,11, 

a) The system possesses n + k independent polynomial invariants HI, ... , 

(Casimir functions) of which k lead to zero vector fields Jaf~'~+i (x) 0,1 i:::; k, 

the n remaining ones are in involution (i.e., {H" H j } = 0) and rl! = 211, + k. For 


most values of Ci E the invariant varieties {:1; E jR7n : = cd are assumed 

form 
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compact and connected. Then, according to the Arnold-Liouville theorem, there 
exists a diffeomorphism 

{X E IR'" : Hi cd IRn 
/ Lattice, 

i=1 

i=l 

where en / Lattice is a complex algebraic torus (Le., abelian variety) and 1) a divisor 
(i.e. one or several codimension one subvarieties). Algebraic means that the torus 

M 

can be defined as an intersection n{Pi(XO, •.• ,Xiv) O} involving a large number 
i=l 

of homogeneous polynomials p;,. In the natural coordinates (tl, ... , tn) of en / Lattice 
coming from en, the functions Xi = Xi(tl, ... , tn) are meromorphic and (11) defines 
straight line motion on en / Lattice. Condition b) means, in particular, there is an 
algebraic map (Xl (t), ... , Xm (t)) f--+ (SI (t), ... , Sn (t)) making the following sums linear 
in t : 

L " 
Wj fJ.jt 1 :S j :S n, fJ.j E1 

i=l 

where WI, ... , w" denote holomorphic differentials on some algebraic curves. 
Adler and van Moerbeke [2] have shown that the existence of a coherent set of 
Laurent solutions :. 

L 
00 

k i Il, some ki > 0, 
j=O 

Xi 

depending on dim (phase space) 1 = m-I free parameters is necessary and 
sufficient for a hamiltonian system with the right number of constants of motion to 
be a.c.i. So, if the hamiltonian flow (11) is a.c.L, it means that the variables Xi are 
meromorphic on the torus en / Lattice and by compactness they must blow up along 
a codimension one subvariety (a divisor) 1) C en/Lattice. By the a.c.i. definition, 
the flow (11) is a straight line motion in en / Lattice and thus it must hit the divisor 
1) in at least one place. Moreover through every point of 1) , there is a straight line 
motion and therefore a Laurent expansion around that point of intersection. Hence 
the differential equations must admit Laurent expansions which depend on the n-1 
parameters defining 1) and the n + k constants Ci defining the torus en / Lattice , 
the total count is therefore m 1 = dim (phase space) - 1 parameters. For others 
aspects concerning a.c.i. systems, see [12,14,15,16,19,21, 
The system (11) can be written in the form (11) with m 4, n 2 and k = O. To 
be more precise 

(12) X H , : X= X= , Y2, Xl, X2) T, 

30 A.LESFARI,A. ELACHAB

compact and connected. Then, according to the Arnold-Liouville theorem, there
exists a diffeomorphism

n+kn{x E IR"" : Hi cd IRn I Lattice,
i=l

and the solutions of the system (11) are straight lines motions on these tori.
b) The invariant varieties, thought of as affine varieties in em can be completed into
comple?, algebraic tori, Le.,

n+kn{Hi = C;,X E em} U 1) = en/Lattice,
i=l

where enI Lattice is a complex algebraic torus (Le., abelian variety) and 1) a divisor
(i.e. one or several codimension one subvarieties). Algebraic means that the torus

M

can be defined as an intersection n{Pi(XO, ... ,Xiv) O} involving a large number
i=l

of homogeneous polynomials p;,. In the natural coordinates (tl, ... , tn) of en / Lattice
coming from en, the functions Xi = Xi(tl, ... , tn) are meromorphic and (11) defines
straight line motion on en /Lattice. Condition b) means, in particular, there is an
algebraic map (Xl (t), ... , xm(t)) f---+ (Sl(t), ... , sn(t)) making the following sums linear
in t :

n 18i (t):L Wj
i=l s,(O)

where WI, ... , W n denote holomorphic differentials on some algebraic curves.
Adler and van Moerbeke [2] have shown that the existence of a coherent set of
Laurent solutions :.

00

Xi :L x~j)tj-kl, ki E Il, some k i > 0,
j=O

depending on dim (phase space) 1 = m - 1 free parameters is necessary and
sufficient for a hamiltonian system with the right number of constants of motion to
be a.c.i. So, if the hamiltonian flow (11) is a.c.L, it means that the variables Xi are
meromorphic on the torus en / Lattice and by compactness they must blow up along
a codimension one subvariety (a divisor) 1) C en/Lattice. By the a.d. definition,
the flow (11) is a straight line motion in enI Lattice and thus it must hit the divisor
1) in at least one place. Moreover through every point of 1) , there is a straight line
motion and therefore a Laurent expansion around that point of intersection. Hence
the differential equations must admit Laurent expansions which depend on the n-l
parameters defining 1) and the n + k constants Ci defining the torus en / Lattice ,
the total count is therefore m 1 = dim (phase space) - 1 parameters. For others
aspects concerning a.c.i. systems, see [12,14,15,16,19,21,23].
The system (11) can be written in the form (ll) with m 4, n 2 and k = O. To
be more precise

(12)
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where 

oH oH oH oH, oH )T, H = HI J=( I)0-I 0 .OY2' OXl OX2 

The second hamiltonian vector field commuting with the first is regulated bv the 
equations 

XH2: x J 
oH2 
ox ' X (Yl,Y2,Xl,X2)T, 

with H2 defined by (7) and is explicitly by (8). 
In section 2, we have shown that the problem can be integrated in terms of genus 
2 hyperelliptic functions. In fact, the transformation to the separating coordinates 
81 and 82 which leads to the quadratures in terms of hyperelliptic integrals is 
involved. Finding this transformation require a great deal of luck and ingenuity. 80, 
the question is how does one prove directly (i.e., without any reference to a trick 
of isospectral deformation with an indeterminate h) that the system is effectively 
a.c.i. with abelian space coordinates? The idea of the direct proof we shall give 
here is closely related to the geometric spirit of the (real) Arnold-Liouville theorem 
discussed in section 1. Namely, a compact complex n-dimensional variety on which 
there exist n holomorphic commuting vector fields which are independent at every 
point is analytically isomorphic to a n-dimensional complex torus <en / Lattice and 
the complex flows generated by the vector fields are straight lines on this complex 
torus. Now, the affine surface Ac(9) is not compact and the main problem will be 
to complete Ac into a non singular compact complex algebraic variety Ae = Ae U1) 

,in such a way that the vector fields XH1 ' and X H2 extend holomorphically along 
the divisor 1) and remain independent there. If this is possible, is an algebraic 
complex torus, i.e., an abelian variety and the coordinates Xi restricted to Ae are 
abelian functions. A naive guess would be to take the natural compactification 
of Ac by projectivizing the equations: 

2 

Ae= {X : Hi(X) = CiX~} C jp>4(C). 
i=1 

Indeed, this can never work for a general reason: an abelian variety Ae of dimension 
bigger or equal than two is never a complete intersection, that is it can never be de­
scribed in some projective space jp>n(C) by n-dim Ae global polynomial homogeneous 
equations. In other words, if Ac (9) is to be the affine part of an abelian surface, 
Ac must have a singularity somewhere along the locus at infinity Ae n {Xo = a}. In 
fact, we shall show that the existence of meromorphic solutions to the differential 
equations (2) depending on 3 free parameters can be used to manufacture the tori, 
without ever going through the delicate procedure of blowing up and down. Infor­
mation about the tori can then be gathered from the divisor. Here are the main 
steps of the method: 
STEP 1 : Consider Laurent series solutions 

00 

Yi = I: Xi = Vi' i = 1,2 
J=O 

explicitly 

genus 
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which depend on 3 free parameters 0:, /3, /. Putting (14) into the differential equa­
tions (2), one finds at the oth step a non-linear system 

(15) 	 2yiO) -(yiO»)3 yiO) (y~0»)2, 

_(y~0»)3 _ (YiO»)2y~0), 

. and at the kth step, a system of linear equations 

for k 1,
(16) (L _ kI)x(k) { 	 0

a polynomial in x(l), ... , x(k) for 	 k:::: 1, 

where L is the Jacobian matrix of the equations (15). The parameter 0: appear at 
the oth step, i.e., in the resolution of (15) and the 2 remaining ones /3, "I at the 
kth step, k = 3,4, in the resolution of (16). The Laurent series solutions (14) are 
explicitly given by 

0: 1 ? ) 2(17)Yl -+-((A2-AI)0:-+2A2 3Alo:t+/3t
t 6 

1 
--0:(:24(A2 Al)(2(A2 - A1)0:2 3Al + A2) + + '" , 

ci 2 r;:-:--;; 	 cio:/3 2 3
Y2 + 6 ((A2 - Ado: - A2)V 2 + o:-t + ~t + "It +"')

t 	 2 + 0:2 

and Xl = Yl, X2 Y2 with E. == ±1. 
STEP 2: By substituting these series in the constants of the motion HI = Cl 
and H2 C2, one eliminates the parameter "I linearly, leading to algebraic relation 
between the two remaining parameters, which is nothing but the equation of the 
divisor V along which the Yl, Y2, Xl) X2 blow up. The Laurent solutions are parame­
terized by two copies Cc (c ±l)of the same genus 3 hyperelliptic curve C defined 
by 

(18) C: /32 (2 + 0:2)(Al0:6 + A20:4 + A30:2 + A4), 

where A == A] - A2, Al == A3 /72, A2 == A2 (2/\1 - A2) /36, A3 == A(AAl Cl) /18, 

A4 - (AlCl + C2) /9. Moreover, the map 


(19) (]'. C ---+ C, >---> (-0:, /3), 


is an involution on C and the quotient Co C / (]' is an elliptic curve defined by 


(20) Co: /32 (2 + () (Al(3 + Al(2 + A3( + A4) . 


The curve C is a double ramified covering of Co, 


<p: C ---+ Co, (0:,/3)'-:" (C 

ramified at the four points covering ( 0 and 00. The curve C can also be seen as 
a 2-sheeted unramified cover 

(22) 1r: C ---+ f, (0:,/3) >---> 

of the following hyperelliptic curve f of genus 2 : 

(23) f : ry2 == ((2 + () (Al(3 + Al(2 + A3( + A4) . 

STEP 3: As motivation, let us first recall some basics concepts. Let Ac be a smooth 
variety. A divisor V on Ac is a formal sum V I:niVi, ni E of irreducible 
analytic hypersurfaces on Ac. The set of all divisors on Ac forms an abelian group. 
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Two divisors may be added or subtracted performing the corresponding operation 
on the coefficients ni of the corresponding Vi. A divisor V is said to be effective 
or positive if each ni ;::: 0. Two divisors VI and V 2 are linearly equivalent if their 
difference V 1-V2 is the divisor of a meromorphic function i, denoted by (f), i.e., 
(f) = (f)o (f)oo (zero divisor) (pole divisor). Here we denote also by Ac a 
smooth variety compactifying Ac(9) and V the embedding of CH +C-1 into Jll'N (C): 
Considera basis 1, /1, ..., iN of the vector space 

L(V) =- {f: f meromorphic on Ac such that (f) ;::: -V}, 

of meromorphic functions on Ac with at worst a simple pole along V and the map 

Ac -+IP'N (C), P 1--4 [1, /1 (p), "',/N(p)], 

considered projectively, because if at p some ii(P) = 00, we divide by fi having 
the highest order pole near p, which makes every element finite. The Kodaira 
embedding theorem tells us that if the line bundle associated with the divisor is 
positive, then for k E NI, the functions of L(kV) ( i.e., meromorphic functions on 
Ac having a k-fold pole at worst along V) embed smoothly Ac into IP'N (C) and then 

Chow's theorem,Ac can be realized as an algebraic variety. In fact in our case, 
k = 2 suffices, i.e., the divisor2V provides a smooth embedding into 1P'15(C), via 
the meromorphic sections of L(2C). Put S == 2V and let X(S) = dimL(S) be the 
Euler characteristic of S. The adjunction formula and the Riemann-Roch theorem 
for divisors on abelian surfaces (see [10], imply that 

g(S) ~ (KAc'S+S.S) +1, 

X (S) = Pa (Ac) + 1 + ~ (S.(S\KA») , 

where g (S) is the geometric genus of S, Pa (Ac) is the arithmetic genus of Ac, K Ae 

is the canonical divisor on Ac (i.e., the zero-locus of a holomorphic 2-form) and S.S 
denote the number of intersection points of S with a + S where a + S is a small 
translation by a of Son Ac. For an abelian surface, we have K Ae 0, Pa(Ac) = -1 
and 

g(S) - 1 S.S X(S).
2 

Using Kodaira-Serre duality [10, p.153], Kodaira-Nakano 'vanishing theorem [10, p.154] 
and a theorem on theta-functions [10, p.317]' it easy to see that 

(24) g(S) -1 = dimL(S) = N + 1 = 6162, 

where 61,62 E NI*, 61 I 62, are the elementary divisors of the polarization of Ac. 

Recall that a Kahler variety is a variety with a Kahler metric, i.e., a hermitian 

metric whose associated differential 2-form of type (1,1) is closed. The complex 

torus C2 jlattice with the euclidean metric L: dZi ® azi is a Kiihler variety and any 

compact complex variety that can be embedded in projective space is also a Kiihler 

variety. Now, a compact complex Kiihler variety having as many independent mero­

morphic functions as its dimension is a projective variety. 

Basecl on this motivation, it is easy to find a set of polynomial functions {1, /1, ... , iN} 

in L(S), Le., L(2V) such that the embedding of S with those functions into Jll'N (C) 


by 



34 A. LESFARI, A. ELACHAB 

yields a curve of genus N + 2. Straightforward calculation, using asymptotic expan­
sions, shows that the space L(S) is spanned by the following functions 

(25) L(S) {I, h ... ,h5}, 

where 

a ei../2 + a 2 

h = Yl = t + a(t), h = Y2 = . + a 

a r;:i../2 + a 2 

Is = Xl = + a (t) , 14 X2 = + a (t) , 
2 2

2 a 2 2 + a15 11 t'2+ a (t), 16=12=--t-2 -+ a 

)(2 + ( 2 )
h = hh = iae + a (t) , t2 

. v' ),1 - ),2Is = hi4 his = ~ae(2 + ( 2 ) t + a (t) , 
2a 

fg = Ids = -it'2e )(2 + ( 2 ) (),2 - ),1) + a(t), 

2+a2 

ho his =' (),2 - ),I) + a (t) , 

111 = It = _a2 (2 + ( 2 ) (),2 ~2),1)2 + a (t) , 

. 12ie{J
h2 = (15 + 16) is - 2 (),dd4 ),2hls) = 2)( 2) + a (t),

t 2+a 

. v' (),2 - ),1) a 2 + 2),1
h3 = (15 + 16) hh + 21si4 -zae(2 + ( 2 ) ? + a(t), 

. t 
6iae{J

Isis - (),2 - ),1) hh t2)(2 + + an. 

6{J . 
h5 = 1418 (),2 - ),1) hh = -t'2 + a (t) . 

Using these functions 1, h, ... ,h5, one embeds each of the curves CH and C- 1 into 
)P15(C). Thus embedded, they have two points in commune 81 == (a = i../2,{J 0) 
and 82 == (a = -i../2, (J = 0), at which they are tangent to each other. The divisor 
1) = CH + C- 1 obtained in this way has genus 5 and thus S 21) has genus 

satisfying the requirement (24). Now we need to attaches the affine part of the 
intersection (9) of the two invariants so as to obtain a smooth compact connected 
surface in )p15 (C) . To be precise, the orbits of the vector field (12) running through 
S form a smooth surface ~ near S such that 'B \ SS;:: Ac and the variety Ac = AcU'B 
is smooth, compact and connected. Indeed, let 

'I/J(t,p) = {x(t) = (Yl(t),Y2(t),Xl(t),X2(t)): t E C,O(itl (e}, 

be the orbit of the vector field (12)going through the point pES. Let ~p C )pI5 (C) 
be the surface element formed by the divisor S and the orbits going through p, 

and set 'B == U 'Bp- Consider the curve S' = 1-t n ~ where 1-t C )pI5 (C) is a 
pES 

hyperplane transversal to the direction of the flow. If S' is smooth, then using the 
implicit function -theorem the surface ~ is smooth. But if S' is singular at 0, then 
'B would be singUlar along the trajectory (t-axis) which go immediately into the 
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affine part Ac. Hence, Ac would be singular which is a contradiction because 
is the fibre of a morphism from C4 to C 2 and so smooth for almost all the two 
constants of the motion Ci. Next, let .Ac be the projective closure of .Ac into 1P'4(C), 
let X· (XO,X1,X2,Y1,Y2) E F(C) and let I .Ac n {Xo = O} be the locus at 
infinity. Consider the map . 

.Ac S ~(C) --) 1P'1S(C), Xl-> f(X), 

where f = (1,!I, ... , !Is) E L (5) and let Ac = f(A). In a neighbourhood V(p) ~ 
1P'1S(C) of p, we have 2:p = Ac and 2:p \ 5 .Ac. Otherwise there would exist an 

element of surface 2:~ S Ac such that 

2:p n 2:~ t - axis, 

orbit 'l/;(t,p) = t - axis\ ps .Ac , 

and hence .Ac would be singular along the t-axis which is impossible. Since the 
variety n {Xo :{: O} is irreducible and since the generic hyperplane section Hgen. 

of .Ac is also irreducible, all hyperplane sections are connected and hence I is also 
connected. Now, consider the graph rj ~ JP>4(C) x 1P'15(C) of the map f, which is 
irreducible together with .Ac • It follows from the irreducibility of I that a generic 
hyperplane section r fn{H gen. xIP'15(C)} is irreducible, hence the special hyperplane 
section r f n {{Xo =.O} x JP'15(C)} is connected and therefore the projection map 

projIJ>15(IC){rf n {{Xo O} x 1P'15(lC)}} f(I) 5, 

is connected. Hence, the variety .Ac U 2: = .Ac is compact, connected and embeds 
smoothly into 1P'1S (C) via f. 
STEP 4: We wish to show that Ac is an abelian surface equipped with two every­
where independent commuting vector fields. For doing that, let and 972 be the 
flows generated respectively by vector fields (12) and (13) . For p E 5 and for small 
c> 0, g71 (p),V71' 0 < < c, is well defined and g71(p) E .Ac . Then we may 
define 972 on .Ac 

9
72 = 9-71972g71 q E U(p) = 9-71 

where U(p) is a neighbourhood of p. By commutativity one cart:· see that 9T2 is 
independent of 71; 

-£1972g71 +£1 (q) = 9-719-£19729Tlg£1 = 9-71972g71 

We affirm that (q) is holomorphic away from S. This because 972 g71 (q) is holo­
morphic away from 5 and that g71 is holomorphic in U(p) and maps bi-holomorphically 
U(p) onto U(971 (P». Now, since the flows 971 and 972 are holomorphic and inde­
pendent on 5, we can show along the same lines as in the Arnold-Liouville theorem 
that Ac is a complex torus C2 /lattice and so in particular Ac is a Kahler variety. 
And that will done, by considering the local diffeomorphism 

C2 --) Ac , (71,72) l-> (p), 

for a fixed origin p E .Ac . The additive subgroup 

((71' 72) E C2 : 971 g72 (p) = p}, 

is it lattice of C2 , hence C2/lattice Ac is a biholomorphic diffeomorphism and-cl 

Ac is a Kii.hler variety with Kahler metric given by d71 is) + d72 is) dT2· As 
mentioned above, a compact complex Kahler variety having the required number 



36 A. LESFARI, A. ELACHAB 

as (its dimension) of independent meromorphic functions is a projective variety. In 
fact, here we have Ac ~ JlDlS (C) .Thus Ac is both a projective variety and a complex 
torus ((:2/l attiee and hence an abelian surface as a consequence of Chow theorem. 
Finally, we have the 

Theorem 2. Let Ac (9) be the affine invariant variety defined by putting the two 
invariants (1) and (7) (with)'1 =J A2) oJ the flow (2) equal to generic constants, then 
a) The variety Ac which completes Ac is a Kiihler variety with Kiihler metric given 
by dTl (8) arl + dT2 (8) d'f2' 

b) Ac is the affine part oJ an abelian surJace Ac with Ac \ Ac = 1) where 1) = 
Cl + C-1 has genus 5 and consists oJ two copies Ct: (c: = ±1) oJ the same genus 3 
hyperelliptic curve C (18). The curves Ct: have two points in common, at which they 
are tangent to each other. The curve C is a double cover oJ an elliptic curve Co (20) 
ramified at Jour points and can also be seen as a 2-sheeted unramified cover oJ an 
hyperelliptic curve r (23) oJ genus 2. Moreover, the hamiltonian flows generated by 
the vector fields XH1 (12) and X H2 (13) are straight lines on A c . 

c) The 16 Junctions; 1 , !I,~.. ,!Is (25) Jorm a basis oJ the vector space L (21)) oJ 
meromorphic Junctions on Ac with at worst a double pole along 1). Moreover, the 
map 

Ac ~ ((:2/Lattice ---t (C) , t2) f--t [(I,!I (h, t2), .. ,,!Is (tl' 

is an embedding oJ Ac into 

4. ABELIAN SURFACE Ac AS PRYM VARIETY AND JACOBIAN VARIETY 

In the first part of this section, we shall show that the abelian surface Ac can 
be identified as the dual of the Prym variety Prym(C/Co) on which the problem. ~ 

Hnearizes. In the second part, we show that Ac can also be seen as a double 
unramified cover of the jacobian variety J ae (r) of the. 2-genus hyperelliptic curve 
r (23) and the problem is linearized in this jacobian variety. From the fundamental 
exponential sequence 

o -; Z -; 0 ~ 0* -; 0, 

we get the map 

... -; H 1(-)Ac,O -; H 1(-Ac,O*)c Ae,Z -; H 2(~)Ac,O..4 H 2(-) -; ... , 

where Cl (L) is the first Chern class of a line bundle L on Ae. Therefore the group 

Pieo (Ac) of holomorphic line bundles on Ae with Chern class zero (any line bundle 

with Chern class zero can be realized by constant multipliers) is given by 

. 0 - ) 1 ( - 1 ( -)Pzc ( Ac = HAc, 0 ) / H Ae,Z ~ H 1 ( AelO- *) , 

and is naturally isomorphic to the dual abelian surface A~ of Ac (V means the 
dual abelian surface). The relationship between .lie and A~ is symmetric like the 
relationship between two vectors spaces set up a bilinear pairing. Recall that a 
Prym variety Prym(C/Co) is a sub-abelian variety of the jacobian variety 

Jac(C) = PicO(C) = Hl(OC)/Hl(C,Z), 

constructed from the double cover cp (21) : the involution er (19) on C (18) inter­
changing sheets, extends by linearity to a map er : Jac(C) --:-t Jac(C) and up to 
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some pomts of order two, Jac(C) splits into an even part and an odd part: the 

even part is an elliptic curve; the quotient of C by 0", i.e., Co (20) and the odd part 

is a 2-dimensional abelian surface Prym(CICo). 

Let (ao,bo,al,bl ,a2,b2) be a canonical homology basis of C such that O"(ao) = aI, 


= bl , 0"(a2) -a2, 0"(b2) for the involution 0" (19). As a basis of 
holomorphic differentials WO,Wl,W2 on the curve C (18) we take the differentials 

(26) Wo 
cx.dcx. 

WI W2 
dcx. 

and obviously 0"* (wo) Wo, o"*(Wk) = -Wk, k = 1,2. We consider the matrix 
A of Jac(C) 

where wk(aj) = fa Wk, wk(bj ) = 
J 

Wk, 0 :::; k, j :::; 2, are the periods of Wk over the 

:::; 2. Note that = 0 and wO(al) = wo(O"(ao)) = 
wk(al) -wk(ao), k = 1,2, 

= wo(bo), wk(b1 ) = -wk(bo), k = 1,2 and therefore 

0 0 wo(ao) wo(bo) wo(ao). 

A wl(a2) wl(b2) wI(al) wI(b1 ) -wI(ao)


( w2(az) w2(b2) Wz(a2) w2(b2) -w2(ao) -w,(b,) ) . 

By elementary column operations, we obtain the matrices 

0 0 wo(ao) wo(bo) 2wo(ao) 2wo(bo) 
A wl(a2) o 0 )( W2(Q2) o 0 

and 
o o )2WI (ba) 

w2(b2) 
Wl (b2)A~ ( 

o o 

2W2(bo) 
and the Prym 

wo(bo) 
WI (b I ) 

w2(b2) 
Prym(CICo) have respective 

2wo(bo)) and 
The curve Co 

n (Wl(a2 ) wI(b2) 2wl(aO) 2Wl(bo))(27) 
w2(a2) w2(b2 ) 2w2(aO) 2W2(bo) . 

Next we show, using the Laurent solutions, that the differentials dt 1 and dt2 corre­
sponding to the flows generated respectively by H = HI and , restricted to the 
curve C (18), descend to two differentials on C : 

2 
cx. dcx. = Wl,(28) 

dcx. = W2.dt21c 
fJ 

Let Loo 4 (dh ) nk E :E} be the lattice associated to the period(2:= nk dt2 
k=l . 

matrix 
dtl(V11 dtl (V3) ),( dt2 (VI) dt2 (V3) 
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WIWo(26)

some points of order two, Jac(C) splits into an even part and an odd part: the
even part is an elliptic curve; the quotient of C by 0", i.e., Co (20) and the odd part
is a 2-dimensional abelian surface Prym(CICo).
Let (ao,bo,al,bl ,a2,b2) be a canonical homology basis of C such that O"(ao) = aI,
O"(bo) = bl , 0"(a2) -a2, 0"(b2) for the involution 0" (19). As a basis of
holomorphic differentials WO,WI,W2 on the curve C (18) we take the differentials

ada da

matrix

=WI,(28)

and

(

0 0 wo(ao) wo(bo) 0 0
A = wI(a2) wI(b2) wI(al) wI(bl ) 2wI(aO) 2WI(bo)

w2(a2) w2(b2) w2(a2) w2(b2) 2w2(aO) 2W2(bo)
The elliptic curve Co and the Prym variety Prym(CICo) have respective period
matrices (2wo(ao) 2wo(bo)) and

(27) n (wI(a2) wI(b2) 2wI(aO) 2WI(bo))
w2(a2) w2(b2) 2w2(aO) 2W2(bo) .

Next we show, using the Laurent solutions, that the differentials dt i and dt2 corre­
sponding to the flows generated respectively by H = HI and , restricted to the
curve C (18), descend to two differentials on C :

a:2da

and obviously 0"* (wo) WO, O"*(Wk) = -Wk, k = 1,2. We consider the
A of Jac(C)

(

wo(a2) wo(b2) wo(ao) wo(bo) wO(al) WO(bl))
A wI(a2) wI(b2) wI(al) wI(bl ) wI(al) wI(br) ,

w2(a2) w2(b2) w2(a2) w2(b2) w2(al) w2(bl )

where wk(aj) = fa Wk, wk(bj ) = fb Wk, 0 :::: k,j :::: 2, are the periods of Wk over the
J J

cycles aj, bj , 0:::: j:::: 2. Note that wO(a2) = WO(b2) = 0 and wO(al) = wo(O"(ao)) =
O"*(wo(ao)) = wo(ao), wk(al) wk(u(aO)) = O"*(wk(ao)) = -wk(ao), k = 1,2,
WO(bl) = wo(bo), wk(bl ) = -wk(bo), k = 1,2 and therefore

(

0 0 wo(ao) wo(bo) wo(ao). WO(bO))
A wI(a2) wI(b2) wI(al) wI(bl ) -wI(ao) -wI(bo) .

w2(a2) w2(b2) W2(a2) w2(b2) -w2(ao) -w2(bo)

By elementary column operations, we obtain the following matrices

(

0 0 wo(ao) wo(bo) 2wo(ao) 2wo(bo)
A wI(a2) wI(b2) wI(ar) wI(bl ) 0 0

W2(Q2) w2(b2) w2(a2) w2(b2) 0 0

Let Ln.

matrix

da
dt21c /3 = W2·

{t nk (dd
h

) (Vk) : nk E Z} be the lattice associated to the period
k=1 . ,t2

matrix
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where (V1,VZ,V3,V4) is a basis ofHl(Ac ,Z) and let 

i P 
- 2 (dtI)Ac ({: jLn· : P l--) Po dt2 ' 

be the uniformizing map. By the Lefschetz theorem on hyperplane section [10, 
the map HI (C, Z) (Ac, Z) induced by the inclusion C '-' Ac is surjective and---7 

consequently we can find 4 cycles VI, Vz, V3, V4 on the curve C such that 

flv (WI(VI) WI(VZ) WI(V3) WI(V4)) 
W2(Vl) wz(vz) WZ(V3) WZ(V4) , 

and Ln· = {t, nk (::) (Vk) : nk EZ} .The cycles VI, vz, V3, V4 in C which we 

look for are az,bz,ao,bo and they generate Hl(Vc,Z) such that 

(29) 	 flv (Wl(ao) wl(bo) wI(aZ) WI(bz)) 
w2(ao) wz(bo) w2(aZ) wz(bz) , 

is a Riemann matrix. Otherwise there would exist a non trivial linear combination 
of the VI, ... , V4 with integer coefficients such that maz + nb2 + lao + kbo = Dv , 
v a 2-chain on Ac. But dtl and dtz are closed differentials on so the Stokes' 
formula imDlies that 

- 0,+ n(:~) (b2 ) + 1(:~) (ao) + k (::) (dtl) (Dv) =m(:~) 	 - dt2 

which contradicts the linear independence of the columns of flv. Since fl (27) is the 
period matrix of Prym(CjCo), then flv (29) is the period matrix of the dual Prym 
variety Prym( C j Co) v. Consequently Ac and Prym( C j Co) v are two abelian varieties 
analytically isomorphic to the same complex torus ({:2 j Ln •. By Chow's theorem, Ac 
and Prym(CjCo)V are then algebraically isomorphic. Using the differentials (26), 
the solutions of the problem reads 

l
S1 (t) ls2(t) 

Wl + WI = flIt, 
sI(O) 52 (0) 

l

S1 (t) 152(t) 


W2 + Wz = fLzt, 

s] (0) 52 (0) 

for some appropriate coordinates fLI and fL2. Consequently, we have 

Theorem 3. The abelian surface Ac which completes the affine surface Ac can be 
identified as: 

Ac = Prym(CjCo)V, 
and the system (2) or (12) linearizes on this variety, that is to say their solutions 
can be expressed in terms of abelian integrals. 

In section 2, we have shown that he system (12) can be integrated in terms of 
genus 2 hyperelliptic functions of time. Here we shall show (without reference to 
Lax representation as in section 2), using the results obtained in section 3 and 
starting from Vanhaecke's approach [27J , that the linearized flow can be realized on 
the jacobian variety Jac (r) of the 2-genus hyperelliptic curve r (23). Remember 
that the Laurent solutions (17) restricted to the surface Ac (9) are parameterized 
by two copies and C-'l of the same hyperelliptic curve C (18) of genus 3. The 



39 GEOMETRY AND DYNAMICAL SYSTEMS, JDSGT VOL. 3, NUMBER 1 (2005) 

latter is a double ramified cover of an elliptic curve Co (20) and a 2-1 unramified 
cover of an hyperelliptic curve r (23) of genus 2. The toi:us Ae can also be regarded 
as a double unramified cover of the jacobian variety J ac(r) and the system (12) can 
be integrated in terms of genus 2 hyperelliptic functions of time. The differentials 
dt1 and dt2, corresponding to the flows (12) and (13) , restricted to the curve C, go 
down to r. Indeed, using (28) 

0:2do: (d(
(30) dtllc W1 = 

rJ 
do: d(

dt21c W2= ­
(3 rJ 

yielding the two hyperelliptic differentials on r. The map r.p (21) extends to a map 
$; Ae ---+ .lac(r). We denote by IVI the linear system, i.e., the set of all effective 
divisors linearly equivalent to V. We have IVI = JP' (L (V)); associating to each 
non-zero function f E L (V) . Recall that an Abelian variety Ae Cm/Lattice has 
a natural involution r, induced by the sign flip (Z1,"" z:n) f-7 (-Z1, ... , -zm) in 
cm. Its fixed points are exactly the 22m half-periods of Ae. The quotient Ae/r is 
called the Kummer surface. In particular, the Kummer surface K of Jac (r) can 
be considered as the image of 'I/J;P*12i:'1 ; Ae -> JP'3 (C) with $* 12rj c 1201 . Since r 
is hyperelliptic of genus 2, it has 6 distinct Weierstrass points (Indeed, suppose C 
is a smooth hyperelliptic curve of genus g 2:: 2 with {! : C -> JP'1 (C) the two-sheeted 
map, then all the branch points of (! are the only Weierstrass points of C. By the 
Riemann-Hurwitz formula, the number of these points is equal to 2g + 2). Choose 
a Weierstrass point P on the curve r and coordinates [Zo, Z1, Z2, Z3] for JP'3 (C) 
such that 'I/J;P*12rj (P) [0,0,0,1]. Then this point will be a singular point for the 
Kummer surface K of equation 

a (Zo, Zl, Z2) zl + b(Zo, ,Z2) Z3 + c (Zo, Z1, Z2) = 0, 

where a, band c are polynomials of degree respectively 2,3 and 4. After a projective 
transformation which fixes [0,0,0,1] we may assume that a (Zo, Zl, Z2) = Zr ­
4Z0Z2. We can construct an algebraic map from Ae to the Jacobi variety Jac 

Ae -> Jac(r) , pE Ac f-7 + (2) E Ja.c(r) , 

and the flows generated by the constants of the motion are straight lines on J ac (r) , 
Le., the linearizing equations are given by 

2 <,;dt) .

L1 Wk = Ckt , °~ k ~ 2, 
i=l (,(0) 

where Wl,W2 (30) span the 2-dimensional space of holomorphic differentials on the 
curve rand (1, (2 two appropriate variables given by 

(1 = ~ (-Zl + Ja(Zo,Zl'Z2)) ' 

(2 = ~ (-Zl . Ja(Zo,Zl,Z2)) I 

algebraically related to the originally given ones, for which the Hamilton-Jacobi 
equation could be solved by separation of variables. 
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5. REDUCTION TO ELLIPTIC SOLUTIONS 

In this section, we show that at some special values of the parameters Al and 
the solutions for the integrable case proposed in this paper may be expressed in 

terms of elliptic functions. We solve the equations of motidn with the help of finite­
gap integration theory. The reader is referred to a recent and excellent book [5] for 
this theory and its applications to nonlinear integrable equations. For doing that, 
wc need some notions about elliptic Weierstrass p-function which we summarize 
here after. 
Let A c C be a lattice, which may be taken to be A = {2mwl +2nw2, (m, n) E Z2}. 
We recall that the elliptic Weierstra.ss p-function with respect to A is defined by 

1 '\.~ 1 1 
p(z) = + ~ {(z _ 2mwl 2nw2)2 (2mwl + 2nw2)2}' z E C. 

This series converges absolutely and uniformly on every compact see in C \ A, thus 
giving a meromorphic function having a double pole at each lattice point. This 
function is doubly periodic p(z + 2mwl + 2nw2) = p(z), (m, n E Z) with periods 
2Wl,2w2 such that I m W2 > 0 and has a singularity at z = 0 such as 

Wl 

1 92 2 g3 4 g~ 6P()z = + -z + -z + --z + ... 
20 28 1200 ' 

92 = L 1 \')'60 
(m,n);6(O,O) 

(w\'".)EZ2 

___ 1 

93 = 140 L (2mwl + 2nwz)6 . 
(m,n);6(O,O) . 

(m.,n)EI£2 

The derivative pI (z) is again an elliptic function. The p-function satisfies the 
addition theorem 

1 P (a) pI (a) ) 
det 1 p(b) (b) =0, a + b+ c 0,

( 1 P pI (c) 

as well as the differential equation 

(pI (z))2 = 4p3 g2P (z) - g3· 

The map ClA -+ jp'2 (C), z ~ [I, P (z), pI (z)], z =I- 0 and 0 ~ [0,0,1) is an 
isomorphism between the complex torus CIA and the elliptic curve . . 

y2 4x3 
- 92X 93, 

where x = p (z) and y = pI (z) . 

The elliptic solutions for which we look for are given the spectral problem 


£IT! = .A\[t , 

depending in the elliptic nntl>,..ti 

N 

(32) U(x) 2LP(x-Xi)+C, 

http:Weierstra.ss
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as 

fP 
C 8X2 U (X). 

Here W = W (x, A) is an eigenfunction (elliptic Backer-Akhiezer function) of operator 
C, p is the elliptic Weierstrass function defined above, C is a constant and Xl, ... , X N 

are on the locus 

.6.= {eXI, ... ,XN) ECN 
: LP'(Xi Xj) O,Xi=/=Xj,j 1, ... ,N}. 

icj-j 

The geometry of the locus .6. was studied by several authors (see [3] for example) . It 
was shown that .6. is non-empty if N is a triangular number, N = 9 (g + 1) 
where 9 is the number of gaps (or lacunas) in the spectrum or the genus of the 
associated hyperelliptic curve. It is shown in [3] that if Xi = Xi (t) , j 1, ... , N 
evolve according to the law. 

Xi = -12LP -Xj), 
. #j 

then the function (32) is an elliptic solution of the well-known Korteweg-de Vries 
equation: 

°8u _ 6u 8u + 8 
3
u = 

8t 8x ' 

and is connected with the completely integrable Calogero-Moser system described 
by the hamiltonian: 

1 N 
H = 2' LY; - 2 LP (Xi - Xj) , 

i=1 icj-j 

with Yi, Xi, i = 1, ... , N being canonical variables. 
Let us consider the two-gap potential for equation normalized by its expansion 
near X = °as 

6 2 4 6 8(33) U()X 2' + (};lX + (};2X + (};3 X + (};4 X + ... 
X 

This potential satisfies the Novikov equation [30] : 

2 

'" 8SL.....- ' = 0, 
i=-l 

where 8 is the variational operator of the calculus of variations, Ci are constants and 

3
S-1 J Sl J(~ (~~y +u ) dx, 

Ju J(1 (82U)2 5 8u2
2 5 )

So dx, S2 = 2' 8X2 2'u2 
8X2 + 2'u4 

dx, 
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are the first integrals of the Korteweg-de Vries equation. Therefore, the algebraic 
curve associated with the potential(33)has the form 

2 w z5 35alz3 - 63a2z2 + ~ (567ar + 297(3) Z 

(34) 	 +1377a1a2 1287a4, 
5

IT (z - Zi). 
i=1 

It follows from the trace formulae [26] , that 

N 
C 

SI+ S 2 -2:p(x­ 2' 
i=1 

N 1 1 5 3C N 3C2 

Sl S 2 = 3 2: p (x - Xi) Xj) sNg2+ 2 2: ZiZj + 2 2: p(x - Xi) + -8-' 
i,j=1 . i=l 

i(j 

whereZ1, "') Z5 are the branching points of the curve (34). 
We want the curve r (6) to be associated with the elliptic potential curve (34) . Let 
Za) z{3 be two distinct branch points of the curve (34) which are the shifted values 
of the branch points AI, A2 of the curve r (6) , From system (2) , we obtain 

= (AI -vi -Y2)Yl, 

Y2 (A2 yi 1)2) Y2· 

This together with (10) , (35) and (32) implies that 

ih - U (x) Yl = (AI - 2 (za + Y,6)) Y1, 

Y2 U (x) Y2 (A2 2 (za + yp)) 1)2, 

Consequently, we have 

Theorem 4. Suppose that Al 3za +2zp and A2 = 2za +3zp where Za and zp are 
two distinct branch points of the curve (34), Then, formula for elliptic solutions of 

or (12) is given by 

= _1_ {<1> + 2z~ + (3C 2za) t p (x - Xi) + (3~ za) c} ,
Zap 	 i=1 

N 
2 -1 	 2 

Y2 . Zap <1> + 2zp + (3C 2z,6) ~ p (X - + C~ -Z{3) C} ,{ 

wher'e Za,6 =Za 	 Zp, 

. ~ Ng2<1>=6 6 p(x-xi)p(x-Xj)--4-+ ZiZj, 
15,i(j5,N 15,i<js;5 

and ZI, ... , Z5 are the branching points of the curve 
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