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Abstract

In this study, we introduce generalized osculating-type curves with Frenet-type frame in
Myller configuration for Euclidean 4-space E,. This study especially improves the theory of curves
with respect to the osculating-type curves and gives the relationships between the special cases and
general form related to the osculating-type curves. We examine some characterizations of the first
kind and second kind osculating-type curves. Then, we obtain some correlations between curvatures
and invariants of the generalized osculating-type curves, as well. The osculating curves with Frenet
frame in E, are one of the natural special cases for the generalized osculating-type curves with Myller
configuration in E, since the geometry of versor fields along a curve with Myller configuration in £,
is a generalization of the usual theory of curves in E,. Also, we give some new theorems that are not
valid for osculating curves with Frenet frame in £,. Then, we give a numerical example with respect
to the studied concept.
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2 Z. ISBILIR AND M. TOSUN

1. Introduction

The geometry of curves is one of the most fundamental and attractive
concepts of classical differential geometry, and several researchers have
completed studies concerning this framework; also, investigations are ongoing.
Lots of special type curves have been studied in literature, such as osculating
curves, rectifying curves, and normal curves, which are examined in Euclidean
3-space E3; and Minkowski space in differential geometry, are also studied in
Euclidean 4-space E, and some characterizations are given [1-4, 8, 13, 16-20,
46]. In [17, 20], the first kind of osculating curves and the second kind of
osculating curves in Euclidean and Minkowski space are introduced by ilarslan
and NeSovic.

The curve C:I — E; for which the position vector of the curve C always
lie in their rectifying plane, are called rectifying curves [3, 4, 17]. With the same
logic, provided that the position vector of the curve C always lies in its normal
plane, the curve is named a normal curve [16, 17, 19], and also provided that the
position vector of the curve C always lies in its osculating plane, the curve is
named an osculating curve [17, 20].

In Euclidean 3-space E3, one describes some versor fields such as; tangent,
principal normal, and binormal, as well as some plane fields such as; rectifying,
osculating, and normal planes along the curve C. Generally, a versor field' is
denoted by (G,{), and a plane field is denoted by (C,m). The couple
{(C,0),(C,m)} where { €m is named as a Myller configuration which is
denoted by the notation M(C,{,m) in Euclidean 3-space E;. In 1960, some
studies were done with respect to the Myller configuration by Miron [34]. If the
plane 7 is tangent to the curve C, we get a tangent Myller configuration which is
denoted by M, (C,7,m) [29, 33]. It should be noted that the geometry of tangent
Myller configuration M,(C,,m) is a special case of the geometry of general
Myller configuration M (C,{,m) [33, 34]. The versor field (C,m) can be
represented in an invariant frame, which is an orthonormal and positively oriented
frame. The moving equations, invariants, and fundamental theorem of the Frenet
frame of the versor field are examined in [33]. Miron examined the Frenet-type
frame in Myller configuration, and curvatures of this frame are written [33]. One
can see that the derivative of the position vector 7(s) of'the curve C is expressed
as a linear combination of the Frenet-type frame elements in Myller
configuration. Also, the constructed functions are called invariants of the
Frenet-type frame in Myller configuration [7, 33]. The geometry of versor fields
along a curve with Frenet-type frame in Myller configuration for E; is a

" The notion of the versor ‘field is a vector field which is determined along a curve and associated with
a presented plane at each point. Also, a Myller configuration is the combination of a curve C, a
versor field ¢, and a plane m at each point. Each { belongs to the corresponding plane 7 (see

[33]).
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generalization of the usual theory of curves with Frenet frame in classical
Euclidean space’.

Provided that the curve C is a curve on the surface §, the geometry of the
versor field (G,{) on the surface S is the geometry of the associated Myller
configurations M, (C,, ) [33]. Then, the Darboux frame and invariants are also

defined for a Myller configuration M (C,{,m) [33]. When literature is
scrutinized, a great number of fundamental studies have been completed on this
general quite special work-frame related to the geometry of curves and surfaces.
The concept of parallelism of the versor field (C,{) in the plane field (G, )
developing a generalization of Levi-Civita parallelism on the curved surfaces was
studied by Myller in 1922 (see also [28]). Also, Mayer examined these
investigations, which have some new invariants for 9(C, ¢, ) [33]. We want to
refer to some fundamental studies, which include different spaces and
applications with respect to the Myller configuration. Myller configuration in
nonholonomic manifolds EZ in Euclidean space E; [10, 36, 38], Mark Krien's
formula and Gauss-Bonnet formula [39], Riemannian geometry [37, 40-42],
symplectic geometry [47], infinite-dimensional Riemannian manifolds [6],
Finsler space [5], and Minkowski space [32, 45] were studied, respectively.
Additionally, the applications and geometry of versor fields of Myller
configuration in hydromechanics in Euclidean space E; [11, 14] were examined.
Then, in four-dimensional Lorentz space, versor fields along a curve [15] were
determined. Also, we can refer to the studies for the fundamental concepts of
Myller configuration [10, 27, 33, 35, 43, 44].

Recently, the rectifying-type curves [29], Bertrand curves [31], and some
special curves and characterizations [30] with Frenet-type frame in E3; with
Myller configuration were defined by Macsim et al. Since the geometry of versor
fields along a curve with Myller configuration in E5 is a generalization of the
usual theory of curves in classical Euclidean space, one can say that the
rectifying-type curves with Frenet-type frame in Myller configuration in E3 are a
generalization of rectifying curves with Frenet frame in E;. Similarly, the
Bertrand curves with Frenet-type frame in Myller configuration in E; are a
generalization of Bertrand curves with Frenet frame in E; . In [25],
rectifying-type curves and rotation minimizing frame are studied by Keskin and
Yayli. Additionally, osculating-type curves with Frenet-type frame in Myller
configuration for Euclidean space E; [22] and rectifying-type curves in Myller
configuration for Euclidean space E, [21] are determined by Isbilir and Tosun.
Then, isbilir and Tosun introduce the generalized Smarandache curves with
Frenet-type frame in Myller configuration for E; [23]. An investigation of the

geometry of Myller configurations M (C,{, ) and M,(C,{, ) are examined in
detail in [33]. In addition to these, a new type exhaustive frame, which is called
the generalized Frenet-type frame in 3-dimensional Lie groups with Myller
configurations, includes several special and classical type frames for Euclidean

2 See generalization [15, 33].
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3-space and 3-dimensional Lie groups in [24] is investigated by Isbilir et al. Also,
Dogan Yazici and Tosun determine the quasi-type frame and quasi-type
osculating curves in Myller configuration [7].

At the beginning of this study, we started with the question “What kind of
conclusions do we have if we study osculating curves with Frenet-type frame in
Myller configuration for Euclidean space E,?”. In order to answer this question,
we intend to study this notion. We absolutely believe that this paper contributes to
the literature and leads future studies with respect to the theory of curves and
Myller configuration. This paper particularly polishes up the theory of curves
with Myller configuration and includes a general construction for osculating
curves. Further, it gives some relationships between this general concept for
osculating curves and special cases like usual osculating curves with Frenet
frame.

In this paper, we introduce a new perspective for osculating curves, which
can also be named generalized osculating-type curves with Frenet-type frame in
Myller configuration for Euclidean 4-space E,. According to the natural
properties and construction of the Frenet-type frame in Myller configuration for
E,, we give relations between the osculating curves with Frenet frame in E, and
generalized osculating-type curves with Frenet-type frame in Myller
configuration for E,. We examine some characterizations of the first kind and
second kind osculating-type curves. We obtain some correlations between
curvatures and invariants of generalized osculating-type curves. Then, we
construct a numerical example for generalized osculating-type curves with
Frenet-type frame in Myller configuration for E, to improve the studied
argument.

2. Frenet-Type Frame with Myller Configuration in Euclidean 4-Space

In this section, we remind some necessary and fundamental concepts and
notations, which we use throughout this article, with respect to the Frenet-type
frame with Myller configuration in E,. Heroiu studied the Frenet-type frame with
Myller configuration in Lorentz 4-space [15]. By using and inspiring the study
[15] and [33], the followings hold for Frenet-type frame with Myller
configuration in Euclidean 4-space (see also [21]):

Let (C’, Z) be a versor field in E, and r(s) is a position vector of the curve
C where s is the arc-length on the curve C. One can construct a Frenet-type

frame Ry = {P,7,(s),0,(5),{;(5),{,(s)} of the versor field (C,{). If E;(s) +
0, then <E; (S),Zl(s)> = 0. Hence, we can take Zz (s) in the direction of Z;(S)

-/
Since E} © _ 22 (s), Zz (s) is then the normalized vector field corresponding to
P, (5)P

z; (s). Then, we have Z; (s) =%, (s)?2 (s) where ¥, (s) = PZ;(S)P. The versor
field 23 (s) is in the direction of the normal component of Z; (s) with according
to plane {21 (S),E2(S‘)}. Therefore, 23 (s) is the normalized vector field of the
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normal component and Z4 (s) is the unique unit vector field perpendicular to the
subspace {21 (s),?2 (S),Z3 (s)} is 3-dimensional. In that case, Frenet-type frame
derivative formulas are given by:

7.(s) = %:()T,(s),
0,(s) = =K, ()T,(5) + K ()T, (s),
0.(8) = —36(5)3,(s) + K3 ()T, (5,

0,(8) = =%;(5)5(5),
where K;(s) > 0, K, (s) and K;(s) are curvatures. On the other hand, the
following can be written:

7'(5) = 01(5)0,(5) + 02(5),(5) + 03(5)T5(5) + 04()3,(5),
where 0%2(s) + 02(s) + 03(s) + 02(s) =1. It is seen that if g,(s)=1,
0,(s) =0, p3(s) =0 and g,(s) = 0, we have Frenet equations of a curve in
Euclidean space E, (cf. [12, 17, 26]). Thanks to the studies [15] and [33], the

fundamental theorem of invariants for versor field (C,{) is given as follows (see
also [21]):

Theorem 2.1: If the functions K,(s),H,(s), K3(s),01(5),0:(5), 03(5), 04(s)
with the condition 02 (s) + 03(s) + 02(s) + 03(s) = 1 are smooth functions for
S € [aq,a;], then there exist a curve C:laq,a,| = E, parameterized by
arc-length s and a versor field (s). In that case, there exists a versor field {(s)
tangent to the curve C such that ¥, (s),K,(s), K5(s) are curvatures and
pi(s),i=1,2,3,4 are the components of the versor field {(s) in the
Frenet-type frame associated to the 2(s).

3. Osculating-Type Curves with Myller Configuration in Euclidean 4-Space

In this section, we introduce the osculating-type curves with Frenet-type
frame in Myller configuration for Euclidean space E,. We examine the
osculating-type curves with Myller configuration in two parts: first kind
osculating-type curves and second kind osculating-type curves. We give
conditions for being osculating-type curves with Myller configuration and some
geometric interpretations with respect to them. Then, we obtain some results for
the cases of invariants @4(5),0,(5),05(s), and p,(s) with the condition
0%2(s) + 03(s) + 02(s) + 02(s) = 1. Also, we show that the osculating curves
with classical Frenet frame in E, are one of the special cases of osculating-type
curves with Frenet-type frame in Myller configuration for E,.

3.1 First kind osculating-type curves with Myller configuration

Definition 3.1: 7(s):I — E, is defined the first kind osculating-type curve with
Frenet-type frame in Myller configuration for Euclidean space E, if

7(s) = 1(5)T,(5) + w(5)7,(s) +9(5)75(5), (M
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where 711(s), w(s), and 9(s) are smooth functions.
First of all, we give some preliminary preparations before starting the
relevant theorems. Differentiating the equation (1), we get:

01(5)3,(5) + 02(5)0,(5) + 03()T5(5) + 04 (5)T,(5)
=1/ (5)4,(5) + n()K1 ()3, (5) + @' ()T, (5) +9'(5)0,(5)
+w () (=K1 ()T, (5) + K (5)75(5)) + B() (=K (5)T,(5) + K5 (5)T,(5))-
Then, we have:
n'(s) = w()¥i(s) = 01(s),
{ w'(8) + (K1 (s) = I()HK(s) = 02(5),
'(s) + w(s)Ho(s) = e3(s),
\ H(Hs() = 0u(s):
We should investigate the solutions of the equation (2) according to the
cases 04(5) = 0 or g,(s) # 0.

2

Theorem 3.2: Let 7(s):1 = E, is a curve with Frenet-type frame in Myller
configuration for Euclidean space E, with p,(s) = 0. Then, the curve 7(s) is a
first kind osculating-type curve if and only if H5(s) = 0 for every s.

Proof: Assume that 7(s) is a first kind osculating-type curve with Myller
configuration p,(s) = 0. By according to the equation (2), we have K5(s) = 0.
Conversely, let us assume that K5 (s) = 0. The position vector of 7(s) is written
by

7(s) = (T(), 0, ()T, () + (F(5), (D)3, (5) + (7(5), {5 ())¢5(s)

H{7 (), 0, ()3, ().

Since K5(s) =0, according to Frenet-type frame, we get 24(5) is a
constant vector. Since p,(s) = 0, we have (?(s),24(s))=constant. We conclude
that r(s) is a first kind osculating-type curve.

Theorem 3.3: Let 7(s):1 = E, is a curve with Frenet-type frame in Myller
configuration for Euclidean space E, with 04(s) # 0. Then, the curve 7(S) is a
first kind osculating-type curve if and only if

N
1 1 04(s) 04(8)¥2(s)
+
(3(2(5) (7(3 (S)) ) K1(5)H3(s) 21 (s)

F(S) — K1(s)
__1 (), e 3
K1(s) (3(2(5)) +7(1(S) ®)

NEOR (94(”)’) 7,() + 287 ().

Ka(s)  HKa(s) \Xz(s) K3(s)

Proof: Let us assume that 7(s) is a first kind osculating-type curve with
04(s) # 0. Then, we have K5(s) # 0. From the equation (2), we have:
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(s)
(9(s) = —;z(i),

_ 03 1 oY
@) =36 %0 (vc3<s)) ‘

I 1 1 N l
_ 04(s) 01()Ka(s) 1 (e3(s) p2(s)
ORI oe] vt Core) ) g over e iabore] Gore) g e
Therefore, if the equation (1) is considered, what is desired is shown.
Conversely, suppose that (3) is provided when g,(s) # 0. Then, we get:
— 1 ®Y
(T(S), ZZ(S)> _ 03(s) _ (94 S ) ,

T Kol Ha(s) \K(s)

(7(s),0,(s)) =29

T Xa(s)

“4)

By differentiating of the last equation of the equation (4) and by using
equation (r(s), Zz (s)), we have:

K3 (s)(r(s), ¢, (s)) = 0.

Since K;(s) # 0, we get (F(s),a}(s)) = 0. Therefore, 7(s) is a first kind
osculating-type curve.

Corollary 3.4: Theorem 3.2 is a classification of the first kind of osculating
curves in 4-dimensional Euclidean space when 0,(s) =1,0,(s) = 05(s) =

04(8) =0 (¢f [17] and also [20]).

Corollary 3.5: Since 04(s) # 0 for Theorem 3.3, the results obtained are
specific for osculating-type curves with Myller configurations.

Theorem 3.6: Let 7(s):1 = E, is a curve with Frenet-type frame in Myller
configuration for Euclidean space E, with 0,(s) # 0. Then, 7(S) is a first kind
osculating-type curve if and only if the curvatures K;(s), K,(s), K5(s) and the
functions 01(5),0,(5), 05(5), 04(S) satisfy the following relation:

1 (1 (VY | e 1 (o5 gz(s))'
+ - +
(xl(s) <7<z(s) (vcg(s))) Ki()Ha(s)  Ka(s) (xz(s>) %1(5)
03()K1(s) 761(5)(94(5) !
— — s) = 0.
1) G0) xa(s)) pi(s)

©)

Proof: Suppose that 7(s) is a first kind osculating-type curve with g,(s) # 0. In
the first equality of equation (2), by using n(s) and w(s), we have the equation
(5). Conversely, assume that r(s) is a curve satisfying the relation (5). Then, we
have:

NG 1
=y _ (1 (1 (05 04(8)Ka(s) 1 (03(s) 220 \7
a7 (Kl (D)) + o ~meeo) +7<1(s)) 6(8)
ds| (es(s) 1 (e4®\\7 04 7
(7(2(5) Ka(s) (7(3(5)) )(z(s) K3(s) 63(S)
=0.
Therefore, 7(s) is a first kind osculating-type curve.
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3.2 Second kind osculating-type curves
Definition 3.7: 7(s): 1 = E, is defined second kind osculating-type curve with
Frenet-type frame in Myller configuration for Euclidean space E, if

7(s) = n(5)S,(5) + ()¢, (5) + ()T, (5), (6)

where 71(s), w(s), and 9(s) are smooth functions.

Theorem 3.8: Let 7(s):1 = E, is a curve with Frenet-type frame in Myller
cnfiguration for Euclidean space E, with non-zero curvatures ¥;(s), ¥, (s),
and ¥5(s). Then, 7(s) is a second kind osculating-type curve if and only if

F@ﬁ=($g—%;xﬁgupuﬂmﬁ (ﬁg)%ww
+ (23 U es()ds) + Z3)T,(5) + ([ 0a()dsIT,(s)-

K2 (s) K2 (s)

O]

Proof: Suppose that 7(s) is a second kind osculating-type curve. Then, we have
the equation (6). By differentiating the equation (6), we get:

01(5)3,(5) + 02(5)0,(5) + 03(5)05(5) + €4(5)T,(5)
=1'(5)3,(5) + (K1 ()T, (5) + w()(=K1 ()T, (5) + K7 (5)05(5))
+9'(5)7,(5) +9() (= K3(5)0,(5)) + @' (5)3,(5)-

Then, we have:

n'(s) — w()Ki(s) = e1(s),
w'(s) + ()i (s) = ex(5), )
w($)HK3(s) —9(s)HK5(s) = e3(s),
'(s) = 04(s).
From the equation (8), we obtain:
I( 9(s) = [ ea(s)ds,
y@)=ﬁgum@wﬂﬁﬁ
I 2) 1 [%5(9) 1 (es®Y
QRS = itors (ﬁz(s) u Q4(s)d$)> e ) -

Therefore, if the equation (6) is considered, what is desired is shown.
Conversely, suppose that the equation (7) is provided. Then, we have:

(F(5),3,()) =

J ea(s)ds. ®

By differentiating the equation (9), we can write:
Hs(s)(T(s),{4(s)) = 0.
Since K5(s) # 0, we get (?(s),?3 (s)) = 0. Hence, r(s) is a second kind

osculating-type curve.
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Theorem 3.9: Let 7(s):1 - E, is a curve with Frenet-type frame in Myller
configuration for Euclidean space E, with non-zero curvatures ¥;(s), ¥,(s)
and ¥5(s). Then, 7(s) is a second kind osculating-type curve if and only if the
curvatures ¥;(s), K, (s), K5(s) and the functions 0,(s),0,(S),05(s), 04(s)
satisfy the following relation

2 (1 (% "_ 1 (es®)Y
() - (Z5 (280 ewm) ) -5 E)

_ Kai(9)XKz(s) 23()¥K4(s) _
e ea(9)ds) === = 0i(s) = 0.

Proof: Assume that 7(s) is a second kind osculating-type curve. In the first
equation of the equation (8), by using 1n(s) and w(s), we have the equation (10).
Conversely, assume that r(s) is a curve satisfying the relation given in the
equation (10). Then, we have:

- (28 - 25 (280 e09) - 2522) )2
~ (22 0u)ds) + £V, 5) - (f 94(s)ds)?4(s)

K2 (s) Kz (s)
=0.

Hence, 7(s) is a second kind osculating-type curve.

da
d

Special Case 3.10: Let 7(s): I = E, be a second kind osculating-type curve with
Frenet-type frame in Myller configuration for Euclidean space E, with non-zero
curvatures K (s), K,(s), and K3(s). If p;(s) =1 and 0,(s) = 05(s) =
04(s) = 0, by according to the equation (10), we get:
1 (%)) L Ka@Kse _ 1
(Gwlea)) * e =5 (1

where ¢ is a constant. Equation (11) is a characterization of second-type
osculating curve in Euclidean space with Frenet frame [17].

Now, we give a numerical example in order to support this notion. By
inspiring the study [9], we construct the following example for the Frenet-type
frame in Myller configuration for E,.

Example 3.11: Consider the following elements of the Frenet-type frame
0,0 = (eos(2) - hon(2). ewso)— in).
0 = (n(3). - on ().~ ).
26 = (eos(3)n(2). - hewso) o).
fi0 = (n () —mE) oo o).

Let us choose g4(s) = T,QZ (s) = (s) =0,04(s) =0. Then, we

\/— » 03
obtain the following curve:
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r(s):I - E,
1 . N 1 N
7in () + eos (). \
7(s) = 1 SY - Lgin () L L
s 7r(s) = N (ﬁ) 7 Sin (ﬁ),zsm(s) + ﬁcos(s),
1 1
> cos(s) \/§sm(s)

Also, we can see that

Foin (35) + 7o ().
r(s) = é cos (%) — % sin (%) ,%sin(s) + % cos(s),
L

V3
=1(5)$,(5) + w(5)T,(s) + ()T, (),

where 7(s) = %, w(s) = —\/3—6 and 9(s) = —g. We see that the curve 7(s) is

%cos(s) — —sin(s)

a second kind osculating-type curve with Frenet-type frame in Myller
configuration for Euclidean 4-space E,.

4. Conclusion

In this paper, we investigated the generalized osculating-type curves with
Frenet-type frame in Myller configuration Euclidean space E,. This study
enhanced the theory of curves with Myller configuration related to the
osculating-type curves and also presented the relationships among the special
cases and general form with respect to the osculating-type curves. We introduced
some characterizations of the first kind and second kind osculating-type curves.
Also, we obtained some correlations between curvatures and invariants of
generalized osculating-type curves. Because of the fact that the geometry of
versor fields along a curve with Myller configuration in E, is a generalization of
the usual theory of curves in E,, one can say that the osculating curves with
Frenet frame in E, are one of the natural special cases for generalized
osculating-type curves. Additionally, we present new theorems that are not valid
for osculating curves in E,, as well. Then, we give a numerical example with
respect to the osculating-type curves with Frenet-type frame in Myller
configuration for E,. We absolutely believe that this study contributes to the
literature and leads future studies related to the theory of curves of Myller
configuration.
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