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Abstract

The objective of this paper is to establish a generalization of the triple Laplace transform,
and the other triple integral transforms available in the class of Laplace transform called the new
modified triple integral transform. In this paper we have proved all the fundamental properties like
linearity property, first shifting property, second shifting property, change of scale property, derivative
property, periodic property, etc., for the new modified triple integral transform. The applicability of
this transform is demonstrated by using this new integral transform for solving partial differential
equations and partial integro-differential equations.
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1. Introduction

Triple integral transform is the extension of single integral transform to a
function of three variables. It is used as a powerful tool for solving partial
differential equations arising in heat transfer, fluid mechanics, and
electromagnetic wave propagation, thereby converting a partial differential
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equation involving an unknown function of three variable into an algebraic
equation.

Triple Laplace Aboodh-Sumudu transform [2], triple Aboodh transform
[4], triple Shehu transform [5], triple Laplace transform [6], triple Elzaki
transform [7], triple integral transform (SEE- Sadik- Shehu) [8], Laplace—
ARA- Sumudu transform [9], new general triple integral transform [10], a new
modified integral transform [11], triple mixed integral transformation [12] etc.,
are some of the extensions of the Laplace transform that researchers have
contributed.

General frameworks like the triple g-transformation [1] and the Gamar
transform [10] unify multiple existing transforms under a single formulation.
The selection of an appropriate triple transform critically depends on the
governing equation's nature, boundary conditions, and the physical interpretation
of the model. Recent developments also include conformable triple Laplace—
Sumudu transforms [3] and the triple SEE Shehu Sadik transform [8], extending
applicability to fractional differential equations and multidimensional problems.

Abdelilah Kamal H. Sedeeg, in 2023 introduces a new general triple
integral transform [10] (GTT) of integrable function g(% 1,3) with three
variables ¥,19,3 > 0 denoted by T3{a(x,19,3)} known as Gamar transform is
defined as,

T3{8(x,9,3)} =p()q(s)u(v)
x .fow fow fooo e WOV E=OMig (5,1, 3) dx dy d3,

provided that all integrals exists for some W(x),¥(s) and ¢(v), where
W(x),¥(s) and ¢(v) are transformed functions of %,y and 3 respectively.

The objective of this work is to introduce a new integral transform which is
the generalization of most of the triple integral transforms available in the
literature called as new modified triple integral transform. This new integral
transform is the extension of one dimensional new modified integral transform
[11] to three dimensional new modified integral transform.

2. Preliminaries

In this section, we introduce a new integral transform, which we refer to as
the “new modified triple integral transform”. This transform extends and
generalizes existing triple integral transforms, offering greater flexibility and
wider applicability in mathematical and engineering contexts. We will begin by
defining the new modified triple integral transform and then explore its
fundamental properties and potential applications.

Definition 1: [10] A function f(%,1,3) is said to be of exponential order b >
0,c>0and d>0 on 0<x<0,0<p<o0,0<3<oo, if there exists a
positive constant x such that,

|f(x,9,3)| < KePHer+ds, (1)
and we write

f(x,1,3) = O(ebx+ct)+d3) as ¥ - 0o,y — 00,3 — 00, )
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Definition 2: [11] Let the integrable function f(t) defined for t = 0, then the
new modified integral transform is given by,

TA@),t = p} = @) = ¢®) J; f(Oa¥®tdt, 3)

provided the integral exists for some Y (p), where a € (1,0) and $(p), Y (p)
are the regular complex functions such that ¢p(p) # 0,Vp € C.

Definition 3: The new modified double integral transform of a function f(x, )
of two variables x and 1 defined in the first quadrant of * — y plane is defined by
the double integral of the form,

T0,{fx9)} = F( ) = T[Ta{f(x v);x = phip = q]
= (bl(p)q)z (q) fO fO f(x’n)a_(wl(p)x*'wz(cot)) dx dl),

provided the integral exists for some 14 (p) and ¥,(q) , where a € (1, 00) and

b1 (1), ©2(q), Y1 (P), Y, (q) are the regular complex functions such that ¢4 (p) #
0,$,(q) #0,¥p,q € C.

“4)

Definition 4: The new modified triple integral transform of an integrable
function f(%,1,3) of three variables ¥,1 and 3 defined in the first quadrant of
¥ — p — 3 plane is defined by the triple integral of the form,

T, {i®x 0,3} =38@®,q1)

= T [Ta[To{f(x,v,3);x = p}in = ql;3 — 1]

= (P23 () )
X f0°° f0°° f0°° f(x,,3)a” @1 @xHb2@O0+b3(8) gy dy d3,

provided the integral exists for some ¥, (p), P, (q) and Y5 (x), where a € (1, )

and 1 (p), $2(a), 3(x), Y1 (p), ¥2(q), ¥3(x) are regular complex functions
such that ¢, (p) # 0,d,(q) # 0, P3(r) # 0,Vp,q,xr € C.

Theorem 1: (Existence theorem). If f(x,9,3) is piecewise continuous on
R, X Ry X R, and is 0(eP**9*%) for some b,c,d > 0, then f(x,v,3) has the
new modif ed triple integral transform &, q,v) for all Re(ip,(p)) >

Re(¥2(q)) > —, Re(3(x)) >

loga loga loga’

Proof: In order to demonstrate the new modified triple integral transform

& q1) of f(x v,3) exists for all Re(¥y(p)) >, Re(.(q)) >

loga’ loga

Re(y3(x)) > @, we must show that the integral defined in (5) converges.
Hence, we consider,

I1FCp, 0, DI
< |p1(P) P2 (@) Pz (v)] 6
x fo“’ f0°° f0°° [f(x, v, 3)e”Wr@x+p2(@+P3MDloga | gy gy d3 (6)

= [d1(P)P2(a) P (v
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[, Jo Sy T3

x e~ (Rep1()r+Rea(@)y+(Revs()p)loga gy gy d3.

Let f(x,1v,3) be piecewise continuous on R, X R, X R, and is of
0(eP***43) for some b, c,d > 0, therefore there exists a positive constant k

such that,

If(x, 9, 3)| < KePr+O+E, 7)
Thus, equation (6) becomes,
1F®, g, 0l
< P12z [y f fy welxreords
x e~ (Reps (P)r+Revz @)y +RePa@IOEE gy gy d3 ®)
1)l |92 3@

Relpl(p)loga b " Rey,(q)loga—c” Re1p3(r)loga da’
provided that Re(y, (p)) > Re(lpz (@) > Re(lp3 () > E'

3. The Transforms of Some Typical Functions
1. Function: f(¥,9,3) = 1

Solution: By using definition of new modified triple integral transform, we get,
To,{Lx =99 - g3 -1}

= b, (0) D2 (q) P3 (1) f0°° f0°° f0°° 1. a~ W12+ ¥3(09) gy dy d3

= b1 (0) D2 (q) b3 (1) f0°° f0°° f0°° e~ W1 r+b2(Dy+sloga gy gy g3

(®)b,(a) ()e—wﬂv)zloga o e ¥2(ayloga - o—p3@)loga
= r . . .
b1 (P) P2 (a)Ps —Pi(loga 9" —yy(q)loga 'O —yps(r)loga 0

Thus, for Re(y, (p))loga > 0 or Re(y,(p)) > 0,
Re(y,(q))loga > 0 or Re(y,(q)) > 0 and
Re(¥3(x))loga > 0 or Re(y5(xr)) > 0 we have,

_ @b @ds
Ta{ix =y = a5 =1} = o o ps®oga™ ©)

Similarly, we can derive the following transforms.

Table 1
Table of new modified triple integral transform

Function f(x,1,3) F(® q,1)

x93 $1(0)-$2(0)-$3(x)

W1 (P)P2()Ps @) (loga)s’

Re(¥,(p)), Re(¥,(q)), Re(¥3(x)) > 0.

cos(bx+ cy+ d3) $1.(p)-b2()-3(®) (W1 (P)P2 () P3 () (loga)® —cdps (p)loga—bdip, (q)loga— bcw3(r)loga)
((W1(p)loga)®+b?)((P2(a)loga)? +c2) ((P3(x)loga)? +d?)

Re(¥,(p)) > 0,Re(y,(q)) > 0,Re(p5(x)) > 0.

$1.(p)-b2(9)-P3 () (b2 ()3 () (10ga)? +cp1 (M3 (1) (loga)* +d1ps ()2 (a) (loga)® ~ de)
((1(p)loga)®+b?) (P2 (9)loga)? +c2) ((P3(x)loga)? +d?)

Re(¥1(p)) > 0,Re(¥,(q)) > 0,Re(¥5(x)) > 0.

sin(bx + ¢y + d3)
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cosh(bx + cy + d3) P1.(p)-2(9)- ¢3(t)(lﬂl(v)lﬂz(q)'lls(t)(loga)3+Ed¢1(v)loga+bd¢z(Q)loga+b€¢3(r)10ga)
(1 (»)loga)? —b2)((2(9)loga)?~c?) (Y3 (M)loga)? —d?)
|b\ |c\ 14|
Re(1(p)) > o Re($2(@) > oo Re(3 (1) > ook
sinh(bx + ¢y + d3) P1(p)-2(9)- ¢3(t)(blﬂz(a)lﬂs(r)(loga)zﬂllu(v)ws(t)(loga)z+d¢1(v)¢z(q)(10ga)2+bcd)
(1 (»)loga)?—b2)((2(e)loga)?~c?) (Y3 (M)loga)®—d?)
b d
Re(1(9)) > o, Re(2(@)) > o, Re(¥5 (1)) > ook
(xp3)" mn? rbl(v)rbz(a)rbs(t)
W1 ()P2()P3 @)™+ (loga)3n+3’
Re(s(p)) > 0,Re(1, (1)) > 0,Re(3(1)) > O, n € N.
(x93)? CO+1)* 01 )P2 (b3 ()
W1 ()P2()3 @)+ (loga)3b+3”
Re(¥,(p) > 0, Re(,(2) > O,Re(5()) > 0> 0,b > —1.
¥Myn3? C(m+ DI (n+DT(b+1)d1 (p) P2 (D P3(X)
W1 (loga)™H1 (P2 ())logae)™+1 (W3 (loga)P+1”
Re(1(p)) > 0,Re(t,(1)) > O,Re(h3(1)) > 0,m,n,b > ~1.

4. Basic Operational Properties

Sometimes, it is a laborious process to compute new modified triple
integral transform using definition 4, however the same can be computed with
the help of some basic operational properties.

Theorem 2: (Linearity Property). If &(»,q,vr) and G(p,q,x) are the new
modified triple integral transforms of §(%,9,3) and g(x,v,3) respectively, then
for any constants Cy and C,,

T, {Cif(x0,3) + C,g(x,1,3);x > p,y > q,3 > 1}
= Cl%(p' q' r) + ng(pl CI; r)'

Proof: By using definition of new modified triple integral transform and
linearity property of integrals, we get,

Tag{clf(x’ D, 3) + ng(x, Dy, 3)}
= d1(M d2(a)d3(v)

<[] 16+ Goenal
o Jo Jo

x q~@1@x+Y2(@9+¥3(3) gy dy d3

= C101(P)P2(q)P3(v)

x f f f Ft, 1, 3)a- (PO @050 e dy dy
0 0 0

+C01(P) b2 (@) P3(¥)

x f f f (5,1, 3)a- 1OV g dy d
0 0 0

= GiF( a,1) + G, q,1).

Theorem 3: (Change of Scale Property). If §(p,q,1) is the new modified triple
integral transform of 1(%,9,3), then
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Ta, {f(bx, cv, d3),x > 9,9 = 4,3 > 1}
1
=3 8®anl, o ZONERIUIC RS

where b, c,d > 0.

Proof: By using substitution u = bx,v = cy,w = d3, for b,c,d > 0, we get,
To {f(bx,cy, d3);x > p,9 > q,3 > 1}
= ¢1(P)P2(0)d3(®)
x f0°° f0°° f0°° f(bx, cv, d3)a~ @1 Ox+b2(D9+¥39) gy gy d3

1
= Yed 1 (P) P2 (a)d3(x)
x f0°° f0°° f0°° f(w, v, w) @~ V1 OF @YD gy du dw

1
= — ,q,T ,b,c,d > 0.
— &M q )|¢1(p) P16) ()L gy, (1) 420

Theorem 4: (First Shifting Property). If §(p,q,1) is the new modified triple
integral transform of §(%,9,3), then

7‘(’13 {a—(bx+CU+d3)f(x' 1)’ a)' x> p' 1) N q'3 - r}
= T 0Oy, )11 () +b.02 @ P2 (@) +eps @) ~hs () +d-

Proof: Using definition of new modified triple integral transform, we get,

7‘(’13 {a—(bx+CU+d3)f(X' D, 3)' ¥-p,y—-q,3-—> r}

= d1(M)P2(a)d3(v)

X f0°° f0°° f0°° a-(bx+cn+ds)f(x' v, 3)a—(wl(v)x+wz(q)n+w3(r)a) dx dy d3

= d1(M)P2(a)d3(v)

X f0°° f0°° f0°° f(x,9,3)a " [@1E+D)x+ W2 D+ + W3O+l gy gy d3

= B 0Dy, 0)-91 ) +b P2 @2 () +e s (O-P3 () +a-
Theorem 5: If F(p),G(») and H (xr) are new modified integral transforms of
f(x), g(v) and h(3) respectively then,

Ta, {f(bx) g (cp)h(d3); x = p,9 = q,3 = 1}

1 1 1
=150, )00 GOy, b THOL, ) wso,b,e,d > 0.

Proof: By using definition of new modified triple integral transform and change
of scale property of new modified integral transform [11], we get,

Ta, {f(bx)g(cv)h(d3);x - p,y - q,3 — 1}

= G1(P) 2 (a)P3(x)

x f0°° fo‘” fo‘” f(bx)g(cy)h(dz)a~ V1 Px+¥2@v+¥303) gy dy d3
= Taff(bx),x = p}. To{g(c), v = q}. To{h(d3),3 = 1}
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1 1 1
= ;%(p)lwl(p)_,wlbm ;Q(P)lwz(q)_)wzcm)E}[(r)lwz@_)@. b,c,d > 0.

Theorem 6: If ¥(p),G(q) and H (x) are new modified integral transforms of
f(x), 9(v) and h(3), then
P2(@)P3() F(p).

(1) To,(fGsz->py 0321} =g

2(@¥3(x)(loga)?
: I STOL O
(2) Ta::,{g(t))' = p’ I) - q’3 - r} - wl(p)¢3(r)(loga)2 g(q)'
: __ i@
() Ta,th@x>py >3-t =— 5 " s H Q).

Proof: By using definition of new modified triple integral transform, we get,
To, (@2 > pp > g3 -1}
= o1 (P)P2()ds(v)
X fooo f0°° f0°° f(x)a—(llh(P)1+1/Jz(q)0+1113(t)3) dx dy d3
= d1(0) [ F®a V1 Pdx x by (a) [, 1.a ¥y
X ¢s(1) [, 1.a”¥3@idy

= Ta{f(x)lx d p}-jzl{l,t) d q}_Ta{l’a N r}
@b
= 1/12(CI)IIJ3(I)(I(:;ga)2 %(p)

Similarly, we can prove the results (2) and (3).
Theorem 7: (Second Shifting Property). If &(p,q,t) is new modified triple
integral transform of {(&,9,3), then

T fG—4y—n3—VHE—-{p—n3—V)x>py—>q3—>1}
= @ WO @Y ONF(p, g, 1),

where, H(x — {,9) — 1,3 — v) is the Heaviside unit step function defined by,

1, x=2¢, p=z2n 32y
H —6Y—I1,9 = 1
xE=¢y=—n3-Y) {0’ £< p<m 3<7. (10)
Proof: By using definition of new modified triple integral transform, we get,
T, fiG—0¢y—n3—y)HE-{(y—n3—-ysx—->pp—q3->1}
= 01 (P)d2() b3 (¥) 1)
[ f, f fE=4y—n3-7)

x q~WP1®x+Y2(@D9+¥3(03) gy dy d3.
By substituting x —{ =,y —n =m and 3 — y = n in equation (11), we
get,
T iG—=¢y—n3—y)HE—-{p—n3—y)sx—>pp—q3—>1}
= d1(MP2(a) b3 (v)
x fo‘” f0°° f0°° f(l, m, n)a~ @1@EO+HY2 (D Am+hs OO+ g dm dn
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= 1 () P2 (q) 3 (r)a~ W1 P+ (@n+¥s)y)
X f0°° f0°° fo°° f(L, m, n)a~Wr@+b@0m+bs©m g1 dm dn
= q~ W1 O+ O+ YN K (p, g, 1).

Theorem 8: (Derivative Property). If f(x,1,3) is piecewise continuous on R,
and is of 0(eP***%B) for some b, c,d > 0, then

n T, {fsx>py—>0q3->1}
=P (Ploga T {i(x9,3)} — d1(P) To, {7(0,9,3)}.

@) T, Tz > P —>0q3-1}
=P, (q)loga T {f(x,9,3)} — $2(q) T, {(%, 0,3)}-

Tl x> P9 > q,3 > 1}

(3) = W1(Ploga)® T, {f(x 1,3)} — &1 (P) T, {f:(0,9,3)}

—d1 (P Y1 (p)loga 75, {i(0,9,3)}-

Tl x> 0D—q3 1}
4) = W2(q)loga)® T, {f(x 1,3)} — d2(a) T, {f,(x,0,3)}
— b2 (9) 2 (9)loga Ty, {f(x,0,3)}.

TPy —>0q3-1)
() = @Ws®loga)® T, {f(x,1,3)} — d3(v) T, {f;(x, 9, 0)}
—b3(D)Ps(r)loga T, {f(x, 9, 0)}.

Tofex 2P0 > g3 1}

= (Y1 (p)loga)® T, {f(x,1,3)} — &1 ()T, {fx (0,1, 3)}
—¢1(p) @1 (Ploga)® T, {f(0,1,3)}

—¢1 (P Y1 (P)loga 75, {£:(0,1,3)}.

(6)

Tafyp; x> P9 > G321}

= (Y2(9)loga)® T, {f(x,1,3)} — d2(a)Ta, {fyy (%, 0,3)}
(@) (W2 (9)loga)® Ty, {f(x, 0,3)}

—b2(q) Y2 (9)loga T, {f, (%, 0,3)}-

(7

T Ty > P> 0,3 > 1}

= (Y3()loga)® T, {f(x,1,3)} — d3 ()T, {f;;(x. v, 0)}
—d3(0) (W3 (V)loga)? T, {f(x, v, 0)}

=3 (D)Ps(v)loga T, {f;(x, v, 0)}.

(®)
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T Ty 2P0 > g3 1}
=1 (P2 ()Ps(x) (loga)STa3 {ixv 3}
—1h1(P)2(a) 3 (x) (loga)* Ty, {f(x, v, 0)}
1 (Y3 () D2 (q) (loga)* Ty, {f(x, 0,3)}
) —, ()3 (1) b1 (1) (loga)?T,,, {§(0, 1, 3)}
+P1(P) P2 (a)d3(¥)logaT, {f(x, 0,0)}
+¢1(P) b3 ()Y, (a)logaT,{f(0,1,0)}
+3(®) P11 (P) b2 (a)logaT,{7(0,0,3)}
=1 () b2 (a)P3(1)7(0,0,0).

Proof: By using definition of new modified triple integral transform, we get,
T, :(x 9,32 > 9,9 > g3 > 1}

= P1(MP2 (DD @) Jy f; Jy fim,3)a” Pr@=P2@0HY3@9) gy dy d

= PP (D@ Jy f,” Uy a V1L (2,9, 3) dr)a= @200 gy g
= o1 (P)D2(a)P3(x)

X [ 5 {=1(0,9,3) + 1 () (loga) f,” a V1 ®)(x,p,3)dx}

x q~@2(Dy+P3(1)3) dy d3

= —1(1)7,{i(0,9,3)} + Y1(p)(loga) Ty, {i(x v, 3)}-

On the same line we can prove the transform of remaining partial
derivatives.

Theorem 9: (Integration Property). If {(x,v,3) is piecewise continuous on
R, X R, X Ry, and is of 0(e?***%) for some b, c,d > 0, then
To, Uy Jy S f(m,n) dldmdn;x > p,9 - q,3 - 1}
_ J®.a10)
Y1 (P)P2()P3 () (loga)®’

for Re(p,(») > 0,Re(¥,(q)) > 0,and Re(y3(x)) > 0, where F(p,q,t) is the
new modified triple integral transform of {(x, v, 3).

Proof: Let us define a function

g3 = [ [0 2§l mn)dl dmdn,
which is a continuous function, since f(%,1,3) is piecewise continuous;

furthermore, g(0,0,0) =0 and g.,(%,9,3) = f(x,1,3). Hence, g satisfies the
conditions of differentiable property of transform, and therefore, it leads to,

9,1

=T, fG@En3)x>py-q3-1}

=T {gm;® 0,32 > Py > 03> 1)

= Y1 (P2 ()P3(x)(loga)* T, {g(x,9,3);x > p,v > 4,3 > 1}
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1 (M2 (0)d3(x)(loga)* T, {g (x,9,0),x = p,y = q}
—,(q)P3 (1)1 (p)(loga)?T,,,{g(0,v,3), 9 = q,3 = 1}
1 (M3 (1) P, (q) (loga)* T, {g(x,0,3),x = p,3 — 1}
+1)1(P) P2 () d3(r)(loga)T,{g(x,0,0),x — p}
+12 (@)1 (P)P3(r)(loga)To{g(0,9,0),y - q}
+P3 ()P (P)d2(a)(loga)Ta{g(0,0,3),3 - r}
=1 (P P2 () P3(x)g(0,0,0)
=1 (MY2(q)Y3 (1) (loga)* T, {g(x,n,3);x > p,p > q,3 > 1}
Toily Jy I3 f(Lm,n) dl dm dn;x > p,y - g,3 - 1}
— F(p.ax)
P1(0P2(@3 (1) (loga)3’

for Re(¥;(p)) > 0,Re(,(q)) > 0,and Re(y5(x)) > 0.

Theorem 10: (Multiplication by x property). If §(»,q,1) is the new modified
triple integral transform of {(x,v),3), then

__—$i( 0 (Fkav)
Ta3{xf(x! I)! 3)1x - p;t) - CI;S - r} - w’l(p)loga ap (¢1(D))

Proof: By using definition of new modified triple integral transform, we have,
Sean (0 (® ~@1 (e +P2()y+P3()3)
—_oRan %,1,3)a dzdyd;3.
Fe@em o Jo o 1@3) s
Differentiating above equation partially with respect to p, we get,

9 Z.ax) — © (o0 (00
ap (¢1(p)¢z(a)¢3(r)) l,bl(p)logafo fo fo #(.3)

x a~ @1+ (@v+9308) gy dy d3

Taz (xf(xn,3)}
= —! (p) log g —2st1=3)}
Pl loga e ®

P12 (@b3() 0 F(p.a)
o T , = —
a0 0,80} = =2 i e % (¢1(v)¢z(q)¢3(r))

__~$1(® 9 (Fkav
= ‘7;13 {Xf(x, 1)! 3)} - wa(p) loga ap ( é1(p) )

Theorem 11: (Division by xp3 property). If {(x,1v,3) is piecewise continuous on
R, X R, X Ry, and is of 0(e?****%) for some b, c,d > 0, then

T {82253 > 3,y > 0,3 - 1)
= G1 (M) b2 (0)ds (1) (loga)®

© (00 0O F(p.ax) ’ ’ ’
X 0L S S (o). () ) dp d .

Proof: We can write,

1 _ 3 ([ (® g~ @11z~ @W2@N—P2(a))
(loga) a a
3 p “q °r
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x @~ WOy (p)ihy (6 )3 (') dp' dq’ dr'. (12)
By using definition of new modified triple integral transform, we get,
f(xv.3)
a3
= 01(P)d2(0) b3 (v) (13)

<200 T_(::)’:) a~ 1@ b2 @9+P3 99 gy dy d3,
Now by using equation (12) in equation (13), we get,
fGp3)
%3 { 3 }
= 01 (P (@ds @) [ f; Jy T v,3)a” Wrxv2@v49:099) (loga)?

X {foo J'°° f°° a~@1(N=h1()x g=W2(a)-Y2())y o-W3@)-P3(¥)3
p “q -r

X1 ()23 (r') dp’ dq’ di'}dx dy d3.
By using Fubini's theorem,

7. {222)

43 m

= ¢1 (M b2 (s @ oga)® [ [ 7 w1 (0¥ ()5 (x)
{71 a~ @102 300 ¢ f(x, v, 3)dr dy d3) dp’ dq’ dr’

=T, {f(if;)}

= $1(P) b2 () P3(r)(loga)®

© O ~O F(pr.arer) P INAI T (N (] 1 gt
X —_— dp'dq’ d
5 de e s anesaneran P12 (0095 () dp’ dg” dr

Definition 5: Let f(x,1,3) and g(x1,3) be integrable functions of three
variables, then the triple convolution of f(x,1,3) and g (%, 1, 3) is given by

@03 *g@n) =[5 J; J; 1G—79—ns—mg(un) drdudy,
where the symbol * denotes the triple convolution with respect to x, 1y and 3.

Theorem 12: (Triple convolution theorem) If new modified triple integral
transforms of §(%,9,3) and g(%,9,3) be F(p,q,v) and G(p, q,1) respectively, then
. — _B®ang@an
To, (f(x9,3) *g(x,3);x > Py = g3 > 1) = 75 =0 ns
where the symbol * denotes the triple convolution with respect to %,v) and 3.

Proof: Let H = ¢, (p)d,(q)d3(x). By using definition of new modified triple
integral transform and triple convolution theorem, we get,

T fx1,3) *9(x9,3);x > p,9 > q,3 1}
=H[Z 217U [ i -ty — w3 —mg(rmn) dr dp dn}
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x q~ WP1®x+Y2(09+3(3) gy dy d3

= Hfo fo fo {fo fo fo f(x_T!I)_.u'u?)_n)
XHE—-1,9—u3—ng( unn)drdudn}
x q~P1®x+Y2(09+¥3(3) gy dy d3
=H[ [ f 9@uwmiy, [ fE-tny—mz—n)
X H(x — 1,9 — u,3 — n)a”@1®x+¥2@00+¥s®3) gy dy dz}dr du dn
= fooo fooo fgw g('[’ u, n)a_(¢1(p)f+w2(q)ﬂ+w3(r)n)‘i§(p, q, r) dt du dn
— _B@angkaer)

d1 (P2 (b @)’

Theorem 13: (Periodic Property) Let §(x,1v,3) be a periodic function of periods
a,f and y, where f(x+a,v+ B,3+y) =1(9,3) for all 9 and 3, and
&, q,1) exists, then

T, fx,3);x > p,p > g3 > 1}

_ b1 (P2 () P3(r) a B v

= @1 mat b @B+P3 @) Jo o Iy f@0.3)
x q~P1®x+Y2(D9+¥3(03) gy gy d3.

Proof: By using definition of new modified triple integral transform, we get,
T, {i®v,3)sx->pp—>q3->1}
= 0P [y fy fy 1@
x q~ W1 P)x+Y2(@v+¥s () gy dy d3
B
= 01 (MDD, Jy Jy T .3)
x q~ W1 E)x+Y2(@v+¥s () gy dy d3
+ fa"" fﬁ‘” fy"" f(x, v, 3)a” @1@r+b2(@0+3(9) gy dy d3).

By using substitution x =u+ a,y =v + f and 3 = w + ¥ in the second
integral of equation (14), we get,

T, i®v,3)sx->pp—>q3—>1}

B
= 01 (MDD fy fy T .3)
x q@~ W1+ Y2(Dv+¥3(3) gy dy d3
+aq~W1@a+2 (@B +Ps@)Y) f0°° fo"" fo"" fu, v, w)
x q~ W1 EuFY2(Qv+YsOW) gy dy dw)

(14)

(15)

= o1 b (D@ [ 17 [V 1,9
X @~ E+P2@9+ P30 gy dy d (16)

+a_(1p1(p)a+1/}2(®6+1/}3(r)Y)Ta3 {f(x} D, 3), ¥-py—4q,3-— r}.
Solving equation (16) for 75 {f(%,9,3); x > p,9 = q,3 > t}, we get,
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T2, 1= 0,3)}

_ P1(MP2(D)P3(1)
T 1—a—W1Mat2()B+P3®Y)

N ff [T §(x,v,3)a” W@ @930 g dy ds,

5. Applications of New Modified Triple Integral Transform

Example 5.1: Consider the following Laplace Equation (Steady-state
temperature distribution in a corner with prescribed heat fluxes),

fa(£,3) + fi(x9,3) + f3(x,9,3) = 0,(x,9,3) ERS, (17)

subject to the conditions,
f(0,9,3) = 0, £;,(0,9,3) = sin y sinhv/23, (18)
f(x0,3) = 0, £, (% 0,3) = sin x sinhv'23, (19)
f(x1,0)=0,£(x1,0) = V2sinxzsin . (20)

Solution: Taking new modified triple integral transform on both sides of
equation (17), we get,
(1 (P)loga)* T, {f(x,9,3)} — b1 (0T, {£:(0,,3)}
—$1 (PP (0)logaTs, {f(0,1,3)}
+(@h2(0)10ga)* Ty, {f(x,9,3)} — 2 ()T, (£, (. 0,3)}
—¢2(a)2(a)logaTy, {f(x 0,3)}
+(3()loga)* Ty, {f(x,1,3)} — b3 ()T, {f; (., 0)}
—$3(1)P3(v)logaTy, {f(x v, 0)} = 0.

By using conditions mentioned in equation (18), (19) and (20) we get the
solution of above equation as,

Ta, {f(x9,3)}
_ V21 (P P2 (b3 ()
(1 (P1oga)2+1) (Y2 (a)loga)?+1)((3(x)loga)?-2)’
Now, by taking inverse new modified triple integral transform on both
sides, we get,

f(x,1,3) = V2sin 1. sin x.sinhv/23.

Example 5.2: Consider the following non-homogeneous wave equation,

295(%1,3) = gu(£9,3) + gyy(x,9,3) + 243° + 4y, 1)

for (x,1,3) € R3, subject to the conditions,
9(0,9,3) =3* +v3*>,  g:(0,,3) =sinysing, (22)
9(0,3) =3 g,(x0,3) =3*+sinzsin3, (23)

9(x9,0)=0, g,(x1v,0) =sinzxsiny. (24)
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Solution: Taking new modified triple integral transform on both sides of
equation (21), we get,

2(1h3(0)1oga)* T, (f(x,9,3)} — b3 ()3 ()logaTy, {f(x,, 0)}
—$3 ()T, {T;(& 0, 0)}

= (Y1(Moga)* T, {f(x,1,3)} — b1 (P)T, {£:(0,1,3)}
—$1(P) Y1 (p)logaT,,{7(0,9,3)}

+ (@2 ()loga)* T, {f(x,1,3)} — d2(a)T, {f, (% 0,3)}

=2 (@), (a)logaTy, {i(x 0,3)}

$1(P)P2(a) 3 ()2!
+24 .
Y1 (PYP2(a)(loga)? ((1/)3 (r)loga)3)
P1(P)P3(®) $2(®)
+4 . .
Y13 (1) (loga)? ((wz(Q)loga)z)

By using conditions mentioned in equation (22), (23) and (24) we get the
solution of above equation as,

Ta,{9(x,9,3)}

_ 01 (P)d2 (D b3 (®)
((@1(Mloga)?+1)((W2(Mloga)?+1)((P3()loga)? +1)

2491 (M) P2(@)P3 (1)

(loga)?1 (MP2(a) (W3 (1))5 (loga)®

+ 201 (P2 P3(0)
(loga)21p1 () (W2(a))2 (W3 ()3 (loga)* *

Now, by taking inverse new modified triple integral transform on both
sides, we get,

g(x,1,3) = sinzsiny sin 3 + 3* + p3°.
Example 5.3: Consider the following volterra partial integro differential
equation,
f(1,3) + f,(89,3) + (x9,3)
= —(x03)? + 4xy + 433+ 493 + 2 (25)
+ 2 J) I i(a,b,c)da db dc.
subject to the conditions,
f(x9,0) =f(x,0,3) =1(0,9,3) = 0. (26)
Solution: Taking new modified triple integral transform on both sides of
equation (25), we get,
P1(mlogaTy, {f(x1,3)} — ¢1 ()74, {f(0,9,3)}
+2(DlogaTs, {f(x,19,3)} — d2(0)7Ta,{f(x 0,3)}
+3()logaTs, {f(x9,3)} — d3 (17, {f(x, 9, 0}

__ $am2! P2(9)2! $3()2!
W1(Mloga)? " (P2 (a)loga)3 " (Y3 (v)loga)?
$1(p) $2(q) P3(v)

(W1 (p)loga)? " (Y2 (a)loga)? " (Y3 (x)loga)
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d1(p) $2(a) EO)
(W1 (ploga)? " (Y2 (a)loga) * (Y3 ()loga)?

$1() $2(q) $3(®)
(1 (p)loga) " (Y2(9)loga)? " (Y3 ()loga)?

Ta3{f(z0;3)}

Y12 (Y3 (r)(loga)?
by using conditions mentioned in equation (26) we get the solution of above
equation as,

+2

_ 401 ()02 (@03 0)
Tas (109 3)) = (4 g s @iogar2(ws @iogar

Now, by taking inverse new modified triple integral transform on both
sides, we get,

f(x1,3) = 4xn3.

6. Conclusion

In this article, a new modified triple integral transform is introduced.
Existence theorem and properties such as linearity property, shifting property,
convolution theorem, periodic property, etc., including triple integral transform
of partial derivatives of a function are proved, and their applicability is tested by
solving partial differential and partial integro differential equations.
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