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Abstract
This study investigates the uniqueness and stability of solutions for infinite-dimensional 

systems with infinite delay, using almost-sectorial operators and specific conditions on the nonlinear 
terms. These findings are discussed in the context of recent progress on sectorial and almost-sectorial 
operators, expanding stability theory to include a wider range of time-varying operators and semilinear 
systems. The applicability of the theoretical findings is illustrated through several examples, including 
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semilinear parabolic problems and abstract equations in Banach and Hölder spaces. These methods are 
demonstrated to be applicable to a wide range of infinite-dimensional systems with delay.
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1 Introduction

The study of Lyapunov stability for partial differential equations with de-
lay has attracted significant attention in recent years due to its relevance
in modeling complex dynamical systems [2]–[4],[17],[21],[25]. Various ap-
proaches have been proposed to investigate the asymptotic behavior of solu-
tions for different classes of differential equations, including integral inequal-
ities, functional analysis methods, and fixed-point techniques [5],[23],[17].

Partial differential equations with infinite delay present additional tech-
nical challenges, primarily due to the unboundedness of the delay. Several
works have addressed these difficulties using fixed-point methods to estab-
lish existence and uniform asymptotic stability of solutions, [1],[7]. In par-
ticular, the choice of an appropriate state space plays a critical role in such
analyses. Seminal contributions in this context were made by [26],[27],[32],
with a comprehensive treatment provided in [24]. Recent developments
have focused on abstract differential equations with time-dependent opera-
tors that may not satisfy classical sectoriality conditions. Classical results
for sectorial operators and semilinear parabolic problems can be found in
[22]. In [6],[31],[33], Ā (ι) is assumed to be sectorial with Hölder continuity
in time. In contrast, the notion of almost sectorial operators has been in-
troduced in [34], and further investigated in [29], [30], allowing functional
calculus techniques to be applied to a broader class of operators. While
these works provide significant insights, there remains a gap in explicitly
comparing stability results for almost sectorial operators with classical sec-
torial frameworks, particularly for time-varying and perturbed systems with
infinite delay. Our study addresses this gap by positioning the results rel-
ative to both the classical sectorial case and recent generalizations, em-
phasizing how the introduction of almost sectorial operators extends the
scope of stability analyses. Furthermore, we build upon classical Lyapunov
and exponential stability frameworks (see [9]–[16],[19],[20]) to provide new
perspectives on robust stabilization for delayed systems. These advances
motivate our study of abstract differential equations with almost sectorial
operators.

This paper examines the well-posedness and stability of solutions for
a class of abstract differential equations characterized by infinite delay,
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expressed as follows:

du(ι)

dι
+ Ā (ι)u(ι) = B̄(ι, uι), (1)

where Ā (ι) is almost sectorial and B̄ is Lipschitz continuous relative to
the history segment uι, uniformly in ι. By explicitly positioning our results
in relation to the recent literature, including both sectorial and almost-
sectorial operator frameworks, we extend existing stability analyses to a
broader class of time-varying operators and semilinear systems. We intro-
duce a phase space B of functions suitable for our analysis, and derive
appropriate conditions for the existence and uniform asymptotic stability
of trajectories using the contraction mapping principle. Finally, we illus-
trate our theoretical results with special cases and examples, highlighting
the applicability of our approach to systems with infinite delay and pertur-
bations.

The structure of the paper is as follows. Section 2 introduces the main
results, Section 3 contains special cases and illustrative examples, and Sec-
tion 4 concludes the paper.

2 Basic results

Consider:

dℑ(ι)
dι

+ Ā (ι)ℑ(ι) = B̄(ι,ℑι), ι > 0, ℑ0(ι) := ℘(ι), ι ≤ 0. (2)

(H1) For each ι ∈ R, Ā (ι) : D(Ā (ι)) ⊂ X −→ X is a closed sectorial
operator on a Banach space (X , ∥ · ∥) associated a linear evolution
process of growth 1− a, (0 < a < 1) and a family of fractional power
spaces D(Ā ℓ(ι)).

(H2) There exists CĀ > 0 and ε ∈ (0, 1], such that

∥[Ā (ι)− Ā (τ)]Ā −1(s̄)∥ ≤ CĀ (ι− ℏ)ε, ∀ι, ℏ, s̄ ∈ R.

Ā (ι) satisfies uniform Hölder continuity.

(H3) The nonlinear term B̄ : R+ ×D(Ā ℓ(ι)) −→ X satisfies:

∥B̄(ι, ℘)− B̄(ι, ψ)∥ ≤ C(ι)∥℘− ψ∥B, ∀℘, ψ ∈ B, ι ≥ 0,

where C̄(ι) = ℵ(ι)△(ι) with △(·) is a nonnegative measurable func-
tion belonging to Lp

loc(R+) and

sup
ι≥0

∫ ι

0

(ι−ϖ)(−1+a− ℓ
a )q[ℵ(ι)]qdϖ < ∞

3
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for
1

q
+

1

p
:= 1.

Here, ℘ belongs to the phase space B, consisting of functions from
(∞, 0] into D(Ā ℓ(ι)), which will be specified later. For any function
ℑ : (∞, k] → D(Ā ℓ(ι)), k > 0, and for each ι ∈ [0, k], the history
segment ℑι is defined as the element of B given by ℑι(ȷ) = ℑ(ι+ ȷ),
∀ȷ ∈ (∞, 0].

Let X be a real Banach space with norm ∥·∥. The phase space B is defined
as the space of functions mapping (∞, 0] to X , endowed with a semi-norm
∥ · ∥B, and meeting the following basic rules:

(A1) Suppose that x : (∞, σ + ā] → X , where ā > 0, is a continuous
function on [σ, σ + a) and its initial history xσ lies in B. Then, for
all ι ∈ [σ, σ + ā), the following statements hold true:

1. xι ∈ B,

2. ∥x(ι)∥X ≤ Λ∥xι∥B,

3. ∥xι∥B ≤ Π(ι− σ̄) supσ̄≤s̄≤ι ∥x(s̄)∥+ ∥xσ̄∥BM(ι− σ̄),

in which Λ is a fixed constant, Π is continuous on [0,∞), M is locally
bounded on [0,∞), and neither function depends on x.

(A2) For any function x satisfying (A1), the map ι → xι is continuous
from [σ, σ + a) into B.

Let x satisfy (A1). Then ι → xι defines a continuous mapping on
[σ, σ + a) into B.

(A3) B is a complete space.

Remark 1. Axiom (A1)(2) is equivalent to

∥℘(0)∥ ≤ Λ∥℘∥B, ∀℘ ∈ B.

Remark 2. If Xℓ = D(Ā (ι)ℓ) denotes the fractional domain of a family
of operators Ā (ι), we explicitly assume that the spaces Xℓ are compatible
for all ι ≥ 0. That is, there exists a common Banach space structure on
Xℓ independent of ι, so that all estimates involving ∥ · ∥ℓ are meaningful
uniformly in ι (see [8, Theorem 2.1, p. 45] and [30, Sec. 3.2, p. 78] for
details).

Here are some examples of functional spaces that satisfy Axioms (A1),
(A2), and (A3).

4
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Example 1. Let φ : (∞, 0] → (0,∞), be a continuous function. Define

C0
φ =

{
℘ ∈ C(∞, 0];X )

∣∣∣ lim
ȷ→∞

∥℘(ȷ)∥
φ(ȷ)

= 0
}
,

equipped with the norm

∥℘∥φ = sup
ȷ≤0

∥℘(ȷ)∥
φ(ȷ)

·

It was shown in [24] that if φ is non-increasing, then (C0
φ, ∥ · ∥φ) fulfills

(A1)− (A3).

Consider the case φ(ȷ) = e−λȷ, λ > 0, which yields the example below.

Example 2. Define

C0
ν =

{
℘ ∈ C((∞, 0];X )

∣∣∣ lim
ȷ→∞

eνȷ℘(ȷ) = 0
}
, ν > 0,

with the norm
∥℘∥ν = sup

θ≤0
eνθ∥℘(θ)∥, ℘ ∈ C0

ν .

For this space, as shown in [24], we can choose Λ = 1, Π(ι) = 1, and
M(ι) = e−νι.

Remark 3. Within C0
ν , Axiom (A1)(3) can be written as

∥xι∥ν ≤ max{Π(ι) sup
0≤s≤ι

∥x(s)∥, M(ι)∥x0∥ν},

where Π(ι) = 1, together with M(ι) = exp(−νι). In fact, ∀ι ≥ 0,

∥xι∥ν ≤ max{ sup
0≤η≤ι

∥x(η)∥, exp(−νι)∥x0∥ν}.

Definition 1. Let Ā (ι) be a closed linear operator acting on a Banach
space X . We say that Ā (ι) is almost sectorial if there exists an angle
ȷ ∈

(
0, π

2

)
so that

Σȷ := {ξ ∈ C : | arg ξ| ≤ π − ȷ} ∪ {0} ⊂ ρ(−Ā (ι)),

and for 0 < a < 1, the resolvent satisfies

∥(ξ + Ā (ι))−1∥ ≤ a

|ξ|a
, ∀ξ ∈ Σȷ \ {0}. (3)

As a result, the following estimate also holds:

∥Ā (ι)(ξ + Ā (ι))−1∥ ≤ 1 + a|ξ|1−a, ∀ξ ∈ Σȷ. (4)

5
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From the preceding estimates, one cannot infer that Ā (ι) generates a
strongly continuous semigroup.

Definition 2 ([28]). Set a < 1. An operator family {Γ(ι), ι ≥ 0} on X is
called a semigroup of growth 1− a if it satisfies:

1. Γ(0) = I.

2. Γ(ι+ ς) = Γ(ι)T (ς), ∀ι, ς ≥ 0,

3. If Γ(ι)ℑ = 0, ∀ι > 0, then ℑ = 0,

4. ∥ι1−aΓ(ι)∥ is bounded as ι → 0+,

5. X0 =
⋃

ι>0 Γ(ι)[X ] is dense in X .

Definition 3. Set a < 1. A family {U(ι, ȷ) : ι > ȷ, ȷ ∈ R} is called a linear
evolution process of growth 1− a if it satisfies:

1. U(ι, ȷ)U(ȷ, τ) = U(ι, τ), ∀ι > ȷ > τ ,

2. ∥(ι− ȷ)1−aU(ι, ȷ)∥ ≤ M, ∀ι > ȷ,

3. The map (ι, ȷ) → U(ι, ȷ)v0 is continuous for ι > ȷ and ∀v0 ∈ X .

We now recall some definitions concerning stability.

Definition 4. The solution of system (2) is defined as follows:

• It is said to be uniformly stable if, for every ȷ > 0, there exists ℏ > 0
so that

∥ℑ(ι, ℘)∥ < ȷ if ∥℘∥ < ℏ.

• It is said to be uniformly asymptotically stable if it is uniformly stable
and

lim
ι→∞

∥ℑ(ι, ℘)∥ := 0.

Denote by h the boundary of the sector Σθ, whose orientation is taken
in the direction of increasing imaginary part. Define

ΓĀ (τ)(ι) =
1

2πi

∫

ℏ
eξι(ξ + Ā (ξ))−1 dξ,

which is the semigroup of growth order 1− a associated with Ā (ξ).
The linear evolution process of growth a, {U(ι, ξ) : ι > ξ, ξ ∈ R}, is the

solution of the linear homogeneous problem

dℑ(ι)
dι

+ Ā (ι)ℑ(ι) = 0, ℑ(ξ) = ℑ0 ∈ X , (5)

6
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given by

U(ι, ξ) = ΓĀ (τ)(ι− ξ) +

∫ ι

ξ

U(ι, ζ) [Ā (ξ)− Ā (ζ)] ΓĀ (ξ)(ζ − ξ) dζ.

Proposition 1. ([8]) The operator family {ΓĀ (ξ)(ι), ι > 0} ⊂ L(X ) sat-
isfies, for some constant Ω > 0,

∥ΓĀ (ξ)(ι)∥ ≤ Ω ι−1+a, ι > 0.

We can verify the semigroup property.

ΓĀ (ξ)(ι+ ȷ) = ΓĀ (τ)(ι) ΓA (τ)(ȷ), ι, ȷ > 0,

holds. Moreover, since the operator Ā (ξ) is closed, it follows from (4) that
the integral

1

2πi

∫

ℏ
eξι(ξ + Ā (ξ))−1 dξ

is convergent.

Proposition 2. ([8]) For all ι > 0, the operator Ā (τ)ΓĀ (τ)(ι) ∈ L(X ),
and there exists a constant M > 0, such that

∥Ā (ȷ)ΓĀ (ȷ)(ι)∥ ≤ M max{ι−1, ι−2+a}.

In particular, if 0 < ι < 1, then

∥Ā (ȷ)ΓĀ (ȷ)(ι)∥ ≤ M ι−2+a.

Consequently,
ΓĀ (τ)(ι)ℑ0 ∈ D(Ā ), ι > 0.

For 0 < 1−a < ℓ < a < 1 (with a > 1
2 ), we define the fractional integral

operator

Ā (ι)−ℓ =
sin(πℓ)

π

∫ ∞

0

s−ℓ(s+ Ā (ι))−1 ds.

We next let Ā (ι)ℓ denote the inverse of Ā (ι)−ℓ and put

X ℓ = D(Ā (ι)ℓ),

endowed with the graph norm

∥x∥ℓ = ∥Ā (ι)ℓx∥, x ∈ D(Ā (ι)ℓ).

Proposition 3. Let 0 < a < 1 and ℓ ∈ (1 − a, a). Then, for any ℑ ∈
D(Ā (ι)), there exists ϱ > 0 so that

∥Ā (ι)ℓℑ∥ ≤ ϱ ∥ℑ∥1− ℓ
a ∥Ā (ι)ℑ∥ ℓ

a . (6)

7
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Using the identity

π

sin(πr)
= ℏ(r)ℏ(1− r)

and

(ξ + Ā (ι))−1 =

∫ ∞

0

e−ξυΓĀ (ι)(υ) dυ, ∀ξ > 0,

we have, for ℓ > 1− a,

Ā (ι)−ℓ =
1

ℏ(ℓ)

∫ ∞

0

υℓ−1ΓĀ (ι)(υ) dυ.

Lemma 1 ([8]). Let 0 < a < 1 and ℓ ∈ (0, a). Then there exists Cℓ > 0,
so that

∥Ā (ι)ℓΓĀ (ι)(ȷ)∥ ≤ Cℓ max{ȷ−1+a− ℓ
a , ȷ−1+a−ℓ}, ∀ȷ > 0.

Proposition 4. Let 0 < a < 1, ε > 0, and assume that

a+
ε

2
> max

{
1,

ℓ

a

}
.

Then, for the evolution process U(ι, τ), there exists a constant Cℓ > 0, such
that

∥Ā (ι)ℓU(ι, ȷ)∥ ≤ Cℓ max
{
(ι− ȷ)−1+a− ℓ

a , (ι− ȷ)2a−
ℓ
a+ε

}
, ∀ι > ȷ ≥ 0.

Proof. Let ℑ ∈ D(Ā (τ)). As in [21], we have

U(ι, τ)ℑ = ΓĀ (ι)(ι− ȷ)ℑ+

∫ ι

ȷ

ΓĀ (ι)(ι− β)[Ā (β)− Ā (ι)]U(β, ȷ)ℑ dβ.

We then estimate

∥Ā (ι)U(ι, ȷ)ℑ∥ ≤ ∥Ā (ι)ΓĀ (ι)(ι− ȷ)ℑ∥+
∫ ι

ȷ

∥Ā (ι)ΓĀ ι)(ι− β)∥

× ∥[Ā (β)− Ā (ι)]Ā −1(β)∥ ∥Ā (β)U(β, ȷ)ℑ∥ dβ

≤ Cℓ(ι− ȷ)−2+a∥ℑ∥+ C2
ℓ

∫ ι

τ

(ι− β)−2+a+ε∥Ā (β)U(β, ȷ)ℑ∥ dβ.

Applying the generalized Gronwall lemma ([22]), we obtain

∥Ā (ι)U(ι, ȷ)ℑ∥ ≤ Cℓ(ι− ȷ)−2+a∥ℑ∥.
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∥Ā (ι)ΓĀ ι)(ι− β)∥
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≤ Cℓ(ι− ȷ)−2+a∥ℑ∥+ C2
ℓ

∫ ι

τ

(ι− β)−2+a+ε∥Ā (β)U(β, ȷ)ℑ∥ dβ.
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Consequently, for ℑ ∈ D(Ā (ȷ)),

∥Ā (ι)ℓU(ι, ȷ)ℑ∥ ≤ ∥Ā (ι)ℓΓĀ (ι)(ι− τ)ℑ∥

+

∫ ι

τ

∥Ā (ι)ℓΓĀ (ι)(ι− β)∥ ∥[Ā (β)− Ā (ι)]Ā −1(β)∥

× ∥Ā (β)U(β, τ)ℑ∥ dβ

≤ Cℓ(ι− ȷ)−1+a− ℓ
a ∥ℑ∥+ B̄(a, a− ℓ

a
+ ε)(ι− τ)2a−

ℓ
a+ε∥ℑ∥,

where B̄(γ, χ) is the Beta function expressed as

B̄(γ, χ) =

∫ 1

0

ȷγ−1(1− ȷ)χ−1dȷ.

2.1 Existence of Solutions

In this subsection, we prove the existence of a solution to (2) using the
Contraction Mapping Principle.

Definition 5. We call

ℑ : (∞, k] −→ D(Ā ℓ(ι)), k > 0,

a mild solution of (2) on [0, k] if ℑ0 = ℘ and

ℑ : [0, k] −→ D(Ā ℓ(ι))

is continuous and fulfills the integral identity

ℑ(ι) = U(ι, 0)℘(0) +

∫ ι

0

U(ι, s)B̄(s,ℑs) ds, 0 ≤ ι ≤ k.

In what follows, we will simply refer to such functions as mild solutions.

Theorem 1. Suppose (H1)−(H3) hold. Then, ∀℘ ∈ B and ∀k > 0, there
exists a unique mild solution of (2) on [0, k].

Proof. The demonstration of Theorem 1 relies on the lemma below. As
the argument is direct, we omit the details.

Lemma 2. Set △(·) and p be given according to (H3), and let Π(·) follow
the definition in (A1)(3). Then the following statements hold:

1. The function
η(ι) = [△(ι)Π(ι)]p, ι ≥ 0,

is non-negative and belongs to L1
loc(R+).
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2. For each real number 0 < κ < 1, define

φκ(ι) = exp

(
1

κ

∫ ι

0

η(s) ds

)
.

Then φκ(·) is monotonically increasing and satisfies φκ(ι) ≥ 1 for all
ι ≥ 0.

3. For all ι ≥ 0, ∫ ι

0

η(s)[φκ(s)]
p ds ≤ κ

p
[φκ(ι)]

p.

4. For any k > 0, C([0, k];X ) is a Banach space with the norm

|||ω||| = sup
0≤γ≤k

∥ω(γ)∥
φκ(γ)

, ∀ω ∈ C([0, k];X ).

Proof. Define

C℘ = {µ ∈ C([0, k];X ) | µ(0) = Ā ℓ(0)℘(0)}.

Thus, C℘ is closed in the Banach space C([0, k];X ) equipped with ||| · |||.
For µ ∈ C℘, define the map

(∆µ)(ῑ) = Ā ℓ(ῑ)℘(0) +

∫ ῑ

0

Ā ℓ(s)U(ῑ, s)B̄(s, Ā −ℓ(s)µs) ds, 0 ≤ ῑ ≤ k.

Clearly, ∆µ ∈ C℘. We now show that ∆ is a contraction on C℘.
Let µ, ϑ ∈ C℘. For all ῑ ∈ [0, k], it holds that

∥(∆µ)(ῑ)− (∆ϑ)(ῑ)∥ ≤
∫ ῑ

0

∥Ā ℓ(s)U(ῑ, s)∥ ∥B̄(s, Ā −ℓ(s)µs)− B̄(s, Ā −ℓ(s)ϑs)∥ ds

≤
∫ ῑ

0

Cℓ(ῑ− s)−1+a− ℓ
a C̄(s)∥Ā −ℓ(s)µs − Ā −ℓ(s)ϑs∥B ds

≤
∫ ῑ

0

Cℓ(ῑ− s)−1+a− ℓ
a C̄(s)Π(s)φκ(s) sup

0≤ζ≤s

∥µ(ζ)− ϑ(ζ)∥
φκ(s)

ds

≤ Cℓ |||µ− ϑ|||
∫ ῑ

0

(ῑ− s)−1+a− ℓ
aℵ(s)△(s)Π(s)φκ(s) ds

≤ Cℓ |||µ− ϑ|||
(∫ ῑ

0

(ῑ− s)q(−1+a− ℓ
a )[ℵ(s)]q ds

) 1
q
(∫ ῑ

0

η(s)[φκ(s)]
p ds

) 1
p

.

From the properties of η and φκ, there exists N > 0, such that

sup
ῑ≥0

∫ ῑ

0

(ῑ− s)q(−1+a− ℓ
a )[ℵ(s)]q ds < N

10

2. For each real number 0 < κ < 1, define

φκ(ι) = exp

(
1

κ

∫ ι

0

η(s) ds

)
.

Then φκ(·) is monotonically increasing and satisfies φκ(ι) ≥ 1 for all
ι ≥ 0.

3. For all ι ≥ 0, ∫ ι

0

η(s)[φκ(s)]
p ds ≤ κ

p
[φκ(ι)]

p.

4. For any k > 0, C([0, k];X ) is a Banach space with the norm

|||ω||| = sup
0≤γ≤k

∥ω(γ)∥
φκ(γ)

, ∀ω ∈ C([0, k];X ).

Proof. Define

C℘ = {µ ∈ C([0, k];X ) | µ(0) = Ā ℓ(0)℘(0)}.
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Cℓ(ῑ− s)−1+a− ℓ
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and ∫ ῑ

0

η(s)[φκ(s)]
p ds ≤ κ

p
[φκ(ῑ)]

p.

Hence,
∥(∆µ)(ῑ)− (∆ϑ)(ῑ)∥ ≤ CℓNp−

1
pκ

1
pφκ(ῑ)|||µ− ϑ|||.

Choosing κ > 0 sufficiently small so that

℘ := CℓNp−
1
pκ

1
p < 1,

we obtain
|||∆µ−∆ϑ||| ≤ ℘ |||µ− ϑ|||.

Thus, ∆ has a unique fixed point µ ∈ C℘ satisfying

µ(ῑ) = Ā ℓ(ῑ)℘(0) +

∫ ῑ

0

Ā ℓ(ȷ)U(ῑ, ȷ)B̄(ȷ, Ā −ℓ(ȷ)µȷ) dȷ, 0 ≤ ῑ ≤ k.

Define

ℑ(ι) =

{
Ā −ℓ(t)x(ι), 0 ≤ ι ≤ k,
℘(ι), ι ≤ 0.

Then ℑ(ι) ∈ D(Ā ℓ(ι)) for all ι ∈ (∞, k], and ℑ ∈ C([0, k];D(Ā ℓ(ι))).
Therefore, ℑ(ι) is the unique mild solution of (2).

2.2 Stability Analysis: Uniform Asymptotic Case

Suppose B̄(ι, 0) = 0, ∀ι ≥ 0. Then ℑ(ι) = 0 is a solution of problem (2)
corresponding to the zero initial condition. In this subsection, we provide
the exact conditions required to ensure that solutions of (2) remain stable
over time.

Theorem 2. Suppose that conditions (H1)−(H3) hold, and, in addition,
the following assumptions are satisfied:

(H4) There exists a function a(ι), defined for all ι ≥ 0, such that
∫ ι

0

Cℓ(ι− s)−1+a− ℓ
a C̄(s)

[
Π(s) +

M(s)

Λ

]
ds ≤ a(ι),

with
sup
ι≥0

a(ι) = η̄ < 1,

where Cℓ > 0 denotes the constant appearing in fractional-power es-
timates.

11
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(H5) For every ε > 0 and ι1 ≥ 0, there exists ι2 > ι1, such that

∥B̄(ι,ℑι)∥ ≤ △(ι)

ε+ sup

ȷ∈[ι1,ι]

∥ℑ(ȷ)∥ℓ

, ∀ι ≥ ι2.

It follows that system (2) exhibits uniform asymptotic stability.

Remark 4. Hypothesis (H4) imposes a bound on the convolution-type inte-
gral of the fractional-power estimates. Although this condition may appear
restrictive, it holds in many practical cases where C(ι), Π(ι), and M(ι)
are bounded or decay rapidly. In applications, one can often verify (H4)
directly by estimating these functions and ensuring that the resulting supre-
mum η is less than 1. Recall that ∥ · ∥ℓ denotes the graph norm associated
with Ā (ι)ℓ. By Proposition 3, this norm is equivalent to the standard norm
on D(Ā ℓ(ι)), which justifies the estimates in the proof.

Proof. For given l̄, ε > 0, one can select ℏ > 0 satisfying

ℏ+ η̄l̄ ≤ max(l, ε) and ℏ < ε.

Let ℘ ∈ B denote a function satisfying

sup
0≤ι≤1

ι−1+a∥℘(0)∥ℓ < ℏ, and ∥℘∥B <
ℏ
Λ
.

Define

Sl̄,℘ :=

ℑ : R → D(Ā ℓ(ι)) : ℑ ∈ C(l̄), ℑ(ι) = ℘(ι) if ι ≤ 0, ℑ(ι) → 0 as ι → ∞


,

where

C(l̄) :=

ℑ : R+ → D(Ā ℓ(ι)) continuous with ∥ℑ(ι)∥ℓ ≤ l̄


.

Define the operator Υ : Sl,℘ → Sl,℘ by

(Υℑ)(ῑ) :=



U(ῑ, 0)℘(0) +

 ῑ

0

U(ῑ, s)B̄(s,ℑs) ds, ῑ ≥ 0,

℘(ῑ), ῑ ≤ 0.

Clearly, Υℑ : R+ → D(Ā ℓ(ι)) is continuous and (Υℑ)(ι) = ℘(ι) for
ι ≤ 0. We now show that ∥(Υℑ)(ι)∥ℓ ≤ l̄, ∀ι ≥ 0 and (Υℑ)(ι) → 0 as
ι → ∞.

12
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

U(ῑ, 0)℘(0) +

 ῑ

0
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℘(ῑ), ῑ ≤ 0.
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For all ι ≥ 0, we derive

∥(Υℑ)(ι)∥ℓ ≤ ∥U(ι, 0)℘(0)∥ℓ +
∫ ι

0

∥U(ι, β)B̄(β,ℑβ)∥ℓ dβ

≤ ∥U(ι, 0)℘(0)∥ℓ +
∫ ι

0

Cℓ(ι− β)−1+a− ℓ
a C̄(ι)∥uβ∥B dβ

≤ ℏ+

∫ ι

0

Cℓ(ι− β)−1+a− ℓ
a C̄(ι)

[
Π(β) sup

0≤τ≤β
∥ℑ(τ)∥ℓ +M(β)∥ℑ0∥B

]
dβ

≤ ℏ+

∫ ι

0

Cℓ(ι− β)a−
ℓ
a−1C̄(ι)

[
Π(β)l̄ +M(β)

ℏ
Λ

]
dβ,

since ℑ0 = ℘ on (∞, 0].
Hence,

∥(Υℑ)(ι)∥ℓ ≤ ℏ+ l̄

∫ ι

0

Cℓ(ι− β)a−
ℓ
a−1C̄(ι)

[
Π(β) +

M(β)

Λ

]
dβ

≤ ℏ+ l̄η

≤ l̄.

Because limι→∞ ℑ(ι) = 0, there exists ι1 > 0 for which

∥ℑ(ι)∥ℓ ≤ ε, for eachι ≥ ι1.

By Hypothesis (H5), for this ε and ι1, there exists ι2 > ι1, such that for
all ι ≥ ι2, we have

∥B̄(ι,ℑι)∥ ≤ △(ι)

(
∥ℑ(ι)∥ℓ + sup

s∈[ι1,ι]

∥ℑ(s)∥ℓ

)
≤ 2 ε C̄(ι).

Therefore, for ι ≥ ι2, we have
∫ ι

0

∥U(ι, s)B̄(s,ℑs)∥ℓds ≤
∫ ι

0

Cℓ(ι− s)−1+a− ℓ
a ∥B̄(s,ℑs)∥ds

≤
∫ ι2

0

Cℓ(ι− s)−1+a− ℓ
a ∥B̄(s,ℑs)∥ds

+

∫ ι

ι2

Cℓ(ι− s)(−1+a− ℓ
a )∥B̄(s,ℑs)∥ds

≤
∫ ι2

0

Cℓ(ι− s)−1+a− ℓ
a C̄(s)∥ℑs∥Bds

+ 2ε

∫ ι

ι2

Cℓ(ι− s)−1+a− ℓ
a C̄(s)ds

≤ l

∫ ι2

0

Cℓ(ι− s)−1+a− ℓ
a C̄(s)(Π(s) +

M(s)

Λ
)ds+ 2εη

≤ (l + 2ε)η̄.
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We observe that ∫ ι

ι2

Cℓ(ι− s)−1+a− ℓ
a C̄(s)ds ≤ η̄.

As a result, for ι ≥ ι2, it holds that

∥(Υℑ)(ι)∥ℓ ≤ ε(1 + 2η).

Hence, (Υℑ)(ι) tends to zero as ι → ∞, and consequently (Υℑ) ∈ Sl,℘.
For ι ≥ 0, we show that Υ defines a contraction mapping as follows:

∥(Υℑ)(ι)−Υ(v)(ι)∥ℓ ≤
∫ ι

0

∥U(ι, s)(B̄(s,ℑs)− B̄(s, vs))∥ℓds

≤
∫ ι

0

Cℓ(ι− s)−1+a− ℓ
a ∥B̄(s,ℑs)− B̄(s, vs)∥ds

≤
∫ ι

0

Cℓ(ι− s)−1+a− ℓ
a C̄(s)∥ℑs − vs∥Bds

≤
∫ ι

0

Cℓ(ι− s)−1+a− ℓ
a C̄(s)Π(s) sup

0≤τ≤s
∥ℑ(τ)− v(τ)∥ℓds

≤ sup
0≤τ≤k

∥ℑ(τ)− v(τ)∥ℓ
∫ ι

0

Cℓ(ι− β)−1+a− ℓ
a C̄(ι)

[
Π(β) +

M(β)

Λ

]
dβ

≤ η̄ sup
0≤τ≤k

∥ℑ(τ)− v(τ)∥ℓ.

Or,
sup

0≤s≤k
∥(Υℑ)(s)− (Υv)(s)∥ℓ ≤ η̄ sup

0≤s≤k
∥ℑ(s)− v(s)∥ℓ.

Applying the contraction mapping principle, we conclude that Υ admits a
unique fixed point ℑ in Sl̄,℘, which corresponds to a solution of (2). Given
ε > 0 with ε < l̄, select ℏ > 0 so that

ℏ+ η̄ε ≤ ε.

Let ℑ(ι) = ℑ(ι, ℘) denote a solution of (2) satisfying sup
0≤ῑ≤1

ῑ−1+a∥℘(0)∥ℓ <

ℏ and ∥℘∥B <
ℏ
Λ
, then

u(ι) = U(ι, 0)℘(0) +

∫ ι

0

U(ι, s)B̄(s,ℑs)ds.

We assert that ∥ℑ(ι)∥ℓ < ε, ∀ι > 0. Indeed, we have

∥ℑ(0)∥ℓ = ∥℘(0)∥ℓ ≤ Λ∥℘∥B < Λ · ℏ
Λ

= ℏ < ε.
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Assume, toward a contradiction, that there exists ι⋆ > 0 such that

∥ℑ(ι⋆)∥ℓ = ε, while ∥ℑ(s)∥ℓ < ε for all 0 ≤ s < ι⋆.

We then estimate

∥ℑ(ι⋆)∥ℓ ≤ ℏ+

∫ ι⋆

0

Cℓ(ι
∗ − β)a−

ℓ
a−1C̄(β)∥ℑβ∥B dβ

≤ ℏ+ η̄ε

< ε,

which is in contradiction with the choice of ι⋆. Hence,

∥ℑ(ι)∥ℓ < ε, for all ι > 0,

which establishes the uniform asymptotic stability of system (2).

3 Some Special Cases

3.1 Abstract Equation Without Delay

Consider:

dℑ(ι)
dι

+ Ā (ι)ℑ = ℵ(ι,ℑ), ℑ(0) = x ∈ D(Ā ℓ(ι)), (7)

where ι > 0, Ā (ι) : D(Ā (ι)) ⊂ X → X is uniformly almost sectorial,
associated with a linear evolution process of growth 1 − a (0 < a < 1),
and a family of fractional power spaces D(Ā ℓ(ι)). The function f : R+ ×
D(Ā ℓ(ι)) → X satisfies

∥ℵ(ι, ς1)− ℵ(ι, ς2)∥ ≤ C(ι)∥Ā ℓ(ι)(ς1 − ς2)∥, ℵ(ι, 0) = 0,

for all ς1, ς2 ∈ D(Ā ℓ(ι)), where C̄(ι) = △(ι)ℵ(ι), with △(·) a nonnegative
measurable function in Lp

loc(R+) and

sup
ι≥0

∫ ι

0

(ι− s)−1+a− ℓ
aℵ(s)q ds < ∞,

1

p
+

1

q
= 1.

In the phase space Cµ with norm ∥ · ∥µ, we note that

ℵ(ι,ℑ(ι)) = ℵ(ι,ℑ(ι+ 0)) = ℵ(ι,ℑι(0)),

we define

B̄(ι, ℘) = ℵ(ι, ℘(0)) and ℘(ι) = x for all ι ≤ 0.

15
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Then, problem (7) can be rewritten as

dℑ(ι)
dι

+ Ā (ι)ℑ = B̄(ι,ℑι), ℑ(0) = ℘, ι ≥ 0, (8)

For all ℘, ψ ∈ Cµ, we have

∥B̄(ι, ℘)− B̄(ι, ψ)∥ ≤ C̄(ι)∥℘(0)− ψ(0)∥ℓ ≤ C̄(ι)∥℘− ψ∥µ.

By Theorem 1, a unique mild solution of (7) exists on [0,∞). Theorem
2, together with hypotheses (H4) and (H5), then concludes the proof.

3.2 Semilinear Parabolic Equations with Infinite Delay

We recall (see [18]) that for µ ∈ (0, 1), the Hölder space Cµ
0 (Θ) consists of

all uniformly continuous functions ν : Θ → R and forms a Banach space
under the norm

∥ν∥µ := sup
σ∈Θ

|ν(σ)|+ sup
σ,ϕ∈Θ

0<|σ−ϕ|≤1

|ν(σ)− ν(ϕ)|
|σ − ϕ|µ

= ∥ν∥C(Θ) +Hµ(ν),

where Hµ(ν) denotes the Hölder semi-norm of ν.
Consider the semilinear parabolic problem




dℑ(ι)
dι

= L(ι, µ)ℑ(ι, µ) +
 0

∞
G1(ι+ s)G2(ι+ s)ℑ(ι+ s, µ) ds, ι > 0, µ ∈ Ω,

ℑ(ι, µ) = 0, µ ∈ ∂Ω, ι ≥ 0,

ℑ(ι, µ) = ℑ0(ι, µ), ι ≤ 0, µ ∈ Ω,

(9)
where
barA (ι) : D(Ā (ι)) ⊂ Cµ

0 (Θ) → Cµ
0 (Θ) is defined by

Ā (ι)ν = L(ι, ·)ν, ν ∈ D(Ā (ι)),

with

L(ι, µ) =

n
i,j=1

ϖij(ι, µ)
∂2ℑ

∂µi∂µj
,

for each ι ≥ 0. Assume that the functions G1(ι+ ·)G2(ι+ ·) are positive and
integrable on (∞, 0], and let ℑ0 be a suitable continuous initial function.

Let Ξ > 0 be a constant such that the coefficients ϖij : R × Θ → R,
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2. For all |ι−Υ| < 1,

sup
x∈Ω

|ϖij(ι, µ)−ϖij(Υ, µ)| ≤ Ξ|ι−Υ|,

3. For all |ι−Υ| < 1 and 0 ≤ k ≤ 1,

sup
µ∈Ω


∂ϖij

∂xk
(ι, µ)− ∂ϖij

∂µk
(Υ, µ)

 ≤ Ξ|ι−Υ|,

and uniformly with respect to ι, the ellipticity condition: for any ξ ∈ Rn,
there exist constants a > 0 and A > 0 such that

a|ξ|2 ≤
n

i,j=1

aij(x)ξiξj ≤ A|ξ|2.

As shown in [8], Ā (ι) exhibits the uniform almost sectorial property
with growth 1 − a (0 < a < 1), with fractional power spaces D(Ā ℓ(ι)) =
Cµ

0 (Θ), and it verifies hypothesis (H2).
Set

℘(s)(µ) = ℑ0(β, µ), β ≤ 0, µ ∈ Θ,

B̄(ι, ℘)(µ) =

 0

∞
G1(ι+ β)G2(ι+ β)℘(s)(µ) dβ, ℘ ∈ Cυ.

Then problem (9) can be rewritten as



dℑ
dι

= Ā (ι)ℑ+ B̄(ι,ℑι), ι > 0, x ∈ Ω,

ℑ0(ι, µ) = ℘ ∈ Cυ.

We assume:

1. For all ι ≥ 0, the function s → G2
1(ι+ s)e−2υs is integrable on (∞, 0].

2. sup
ι≥0

 ι

0

(ι− s)−1+a− ℓ
a q

 0

∞
G2

2(t+ ȷ) dȷ

2

ds < ∞.

3. lim
ȷ→∞

(eυȷ∥ℑ0(ȷ, ·)∥) exists, and ℑ(0, x) = 0 for µ ∈ ∂Ω.

For every ℘, ψ ∈ Cυ, we have
 0

∞
G1(ι+ ȷ)G2(ι+ ȷ)∥℘(ȷ)(·)− ψ(ȷ)(·)∥dȷ =

 0

∞
e−υȷG1(ι+ ȷ)G2(ι+ ȷ)eυȷ

× ∥℘(ȷ)(·)− ψ(ȷ)(·)∥dȷ

≤
 0

∞
e−2υȷG2

1(ι+ ȷ)dȷ

×
 0

∞
G2

2(ι+ ȷ)dȷ ∥℘− ψ∥µ.
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Hence, we obtain

∥B̄(ι, uι)− B̄(ι, vι)∥ ≤ C̄(ι)∥℘− ψ∥µ,

where C̄(ι) = △(ι)℧(ι) with

△(ι) =

∫ 0

∞
e−2υȷG2

1(ι+ ȷ)dȷ, ℧(ι) =
∫ 0

∞
G2

2(ι+ ȷ)dȷ.

Therefore, assumptions (1)–(3) imply hypothesis (H3). By Theorem 1,
there exists a unique integral solution ℑ(t, x) on R × Ω. Moreover, under
hypotheses (H4) and (H5), Theorem 2 establishes the result for system
(9).

4 Conclusion

We have identified several gaps in the stability theory of differential equa-
tions with infinite delay and almost sectorial operators. The results pre-
sented here establish a rigorous foundation for future investigations. Subse-
quent research might generalize these findings to broader classes of nonlin-
ear perturbations, analyze stochastic or impulsive variants of such systems,
or design numerical methods to approximate solutions while ensuring sta-
bility. Additionally, exploring these concepts in infinite-dimensional control
problems such as with distributed parameters or partial differential equa-
tions with memory effects, offers a compelling direction for future work.
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