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1. Introduction and main results

Let g(z) be a non-constant meromorphic function on the complex plane C,
analytic everywhere except for its poles. If g(z) has no poles, it is entire
function. We assume familiarity with standard notations in Nevanlinna's value
distribution  theory, namely N(r,g), m(r,g), T(r,g), and M(r,g),
representing respectively the counting function, proximity function, characteristic
function, and maximum modulus function. The basic concepts and classical
results of this theory may be found in standard references (see [4, 6, 10, 17]).

The measure of a set E c [0,+) is defined as p(E) = fE dr. For a
subset F of [1,4+0), its measure in the logarithmic sense is defined as [ (F) =
fF %. The lower and upper densities of E are defined repectively by

Dens E = lim 1nf”(5+[o'r]),DensE = lim sup M.

r—o+oo r—+00
If H is a set of complex numbers, these densities are defined in terms of the
moduli of its elements as

DensH = Dens{|z|: z € H},DensH = Dens{|z|:z € H}
The term S(r, g) stands for any term satisfying
S(r,g) = o(T(r, g)(r = ),
TE g; — 0 for large 7, outside a set of finite measure. A

meromorphic function h(z) is referred to as small with respect to a meromorphic
function g(z) if

which implies

T(r,h) =S, 9)
meaning its growth is negligible compared to that of g(z), (see [19], [13]).
In this paper, we also need the following definitions:

Definition 1: The order ¢(g) and the lower order A(g) corresponding to a
non-constant meromorphic function g are expressed as the following limits:

_ gT (r.9) _ logl'(r.g)
a(g) = llmsup logr ,A(g) = l}r_r}l:gf logr

These quantities descrlbe the growth behaviour of g(z) as |z| - .
Definition 2: [19] The hyper order o,(g) associated with a non-constant

meromorphic function g is defined as

loglog T(r.9)

01(g) = limsup TogT

Tr—+00

Definition 3: [1, 12] A differential monomial associated with a non-constant
meromorphic function g is expressed as

X Nnqj nyj Nk
Mgl = g™i(gW) ' (g@®) ... (¢%)",
where each n;; for i = 0,1,..., k is a non-negative integer. The degree Ya; and
the weight Fgmj of M;[g] are given by
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k k
Ym; = z ngj, Fgmj = z I+ Dny;.
i=0 i=0
A differential polynomial generated by g is expressed as a finite sum

t
Plgl= ) Q;@HWgl,
j=1
where each coefficient Q;(z) is not identically zero and satisfies
T(r, Qj) =S(r,g) forevery j=1,2,...,t.

The quantities y» and T'p, representing the degree and weight of P[g], are
determined, respectively as

Yp = max{yimj:j = 1,2,...,t},[‘? = max{[‘gyj:j = 1,2,...,t}.
The lower degree of P[g] is
yp = min {ygﬁj:j = 1,2,...,t},
and the order of P[g] is the derivative of g of highest order that appears in
Plg]. When yp = y5, P[g] isis said to be homogeneous. P[g] is termed linear

when yp = 1; otherwise, it is nonlinear.
Define

k
X= max{Fm]. —y;m].:j =1,...,t}= max{z L= 1,...,t}
i=1
and

k
Y= min{ij —ygmj:j =1,..,t} = min{Z Lnj= 1,...,t].
i=1
Consider a linear differential equation of second order given by
9" (2) + Bo(2)9'(2) + P1(2)9(2) = 0, (M
with entire coefficients [,(z) and S;(z), where B,(z) is not identically zero.

Kwon [9], and Chen et al. [3] respectively obtained the following results
regarding the solutions of (1):

Theorem 1: [9] Let H € C has positive upper density, and let By(z), B1(z) are
entire functions for which, there exist positive constants p and q such that
1Bo(2)| < e©@DIZD and |B,(2)| = e@ro@)plzlt

as z— o on H. Then, any solution g # 0 of equation (1) possesses infinite
order, that is, 0(g) = +oo and its hyper order satisfies 01(g) = q.

Theorem 2: [3] Consider a subset H of C with positive upper density. Assume
Bo(2), B1(2) are entire functions with () < 0(B;) = o < +oo. Also, for
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some fixed positive constant A and for every € > 0, the bounds
1Bo(2)] < @I and |B,(2)| > e roIz1”™)

hold as z — oo along the set H.Under these assumptions, each non-zero solution
g of (1) satisfies 6(g) = + and 0,(g) = a(f;) = 0.

1=

Let us take into account the linear differential equation of order n, that is,
ﬁn(z)g(n) + ﬁn—l(z)g(n_l)'i'- o tfo(2)g=0n =2 (2)
where each coefficient §;(z) (j =0,1,....,n) is entire with B,(z) # 0. Yang
[18] considered the linear differential equations (2) and obtained some results on

the growth of solutions which generalized Theorem 1 and Theorem 2. He
proved the following theorems:

Theorem 3: [18] If H c C has positive upper density and [;(z) (=
0,1,....,n) are entire functions obeying
1Bo(2)| = e?V?" and |B;(2)| < e??",j =12,....,n,

for some constants 0 < q <p and n > 0 as z - o on H, then any non-trivial
entire or meromorphic solution g of (2) possesses infinite order, i.e., a(g) =
+o00 and 0,(g) = 1.

Theorem 4: [18] Let H c C be a set whose upper density is positive. Suppose the
Sunctions B;(z)(j = 0,1,...,n — 1) are entire and B,(z) = 1, and assume that
max{(o(B;)):j =1,2,....n— 1} < 0(By) = 0 < oo.

If, for some constants 0 < q < p and all sufficiently small positive ¢,
1Bo(@)| 2 eP1” " and |B;(2)] < e?1”,j = 1,2,....m,

as z = o on H, then every nonzero meromorphic or entire solution of (2) has
infinite order and its hyper order a,(g) = a(f,).

In the same paper, Yang [18] also proved the following theorem:

Theorem 5: [18] If By(2) is an entire function and [,(z) is a transcendental
entire satisfying

M(r,Bo) = O(M(r, 31))%,0 < § < oo,
then, with at most one exception, every solution g of the differential equation
9" = B1g = B, satisfies a(g) = a(B1).

Regarding Theorems 3-5, the following is a valid question:

Question: What can be said about the order and hyper-order of solutions if the
linear differential polynomial in Theorems 3-5 be replaced by a non-linear
differential polynomial?

To address this question, we consider a class of nonlinear differential
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equations of the form

Plgl - Qg™ =R,
where Q = Q(z) and R = R(z) are entire functions. In this paper, we establish
several results concerning the growth of solutions to this class of equations,
thereby generalizing Theorems 3-5. Additionally, we provide illustrative
examples to support our findings.
The main results are stated in the following theorems:

Theorem 6: Let H < C be a set with positive upper density. Suppose the entire
functions Q;(z) (j =1,2,...,t) and Q(z) satisfy the growth conditions

|0(2)| = e?!?" and |Qj(z)| < e‘“zln,j =12,...,t

for some constants 0 < q <p and n >0 as z = oo on H. Then, every nonzero
meromorphic (or entire) solution of

Plgl-Qg"™" =0 3)
must be of infinite order i.e., 0(g) = +o0 and its hyper order satisfies 01(g) =
n.

Example 1: Consider the nonlinear differential equation
99" +(g)? + (e* — 2e*)g = 0.
For this equation,
Plgl = 0:M [g] + Q.M[g] = 99" + (g')*
is of degree yp» = 2,with
0:(2) =1,0,(z) =1, and Q(2) = e% — 2e?2.
Obviously, the growth conditions
|0;@)| =1<et"(j =1,2),10(2)| > €2 > ePl?I"
hold for p=1,g=0 and n=1 along the positive real axis =

{x € R:x > 0} with DensH > 0. It can be verified that g(z) = e¢" is an
entire solution of the equation with a(g) = +o0 and 0,(g) =1 =7.

Theorem 7: If H < C has positive upper density and Q(z),Q;(z) (j =
1,2,...,t — 1) are entire functions with Q.(z) =1 and
max{a(Qj)U =12,...,t—1}<0(Q) =0 <o

and if there exist constants 0 < q < p such that for every sufficiently small
>0,

1Q(2)| = e??”™ and |0;(2)] < e‘”Z'E_g(j =12,...,t)

as z — © on H, then every nontrivial meromorphic (or entire) solution g of
(3) has d(g) = +o and g,(g) = 0.

Example 2: Consider the nonlinear differential equation
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+ = (e’ +4e> + 6e™ + 2e .
(gll)3 gm(gl)z ( 6z 4 5z 6 4z 2 32)g3
In this equation,
Plgl=(g")*+ 9" (g")?
is of degree yp = 3, with
0:(2) =1,0,(2) = 1,and Q(2) = e% + 4e>* + 6e** + 2e%%,
Clearly, Q(z) is entire with o =0(Q) =1 Therefore, o(Q;)=
0(j = 1,2), so that
max{o(Q;)lj = 1} = 0(Q)) < 7.
Choose p = 1,q = 0,and let € > 0 be sufficiently small. Then for large
z € H={x € Rix = 0} with DensH > 0, we have
Q(2)|~e® = 1" = gplzl”,
and for j = 1,2,
|0;(2)] = 1 < "™ = galz”™*,
Hence, all the growth conditions of the theorem are satisfied. A direct

computation reveals that g(z) = e®” is an entire solution of infinite order, and its
hyper order 0,(g) =0 = 1.

Theorem 8: Let H < C has positive upper density, and consider entire functions
Q(2),Qi(z) (j =1,2,...,t), and R(z) satisfying

Q@) = eP?",|Q;(@)| < e?"(j = 1,2,...,1),|R(2)| < e97"

for some real constants 0 < q <p and n >0, as z— o on H. Under these
conditions, any nonzero meromorphic (or entire) solution g of the equation

Plgl = R(2) + Q(2)g™ 4)
must be of infinite order.

Example 3: Examine the following nonlinear equation:
(g’)z + g" _ (1 + €3Z)g2 — €3ze—2e2_
Here,
Plgl=(g)*+g"
is of degree yp» = 2, with
Qj(2) =1(j = 1,2),R(z) = e¥?¢™*", and Q(z) = 3? + 1.

Along the positive real axis H = {x € R:x = 0} with DensH > 0, we
have

|0;(2)| < e"™" = e"(j = 1,2) and [Q(2)| = &3 > 211" = epl4l",
while the remainder term satisfies

IR(2)| = e3*2¢" « e gg|z| = x > oo,
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because the term —2e*dominates 3x for large x, with the choices p = 2,9 =1
and 1 = 1. It follows that g(z) = e™¢" is an entire solution with (g) = +oo.

Theorem 9: Suppose that R(z) and Q(z) are entire functions, with Q(z) being
transcendental and

M(r,R(z)) =0 {(M(r, Q(z)))g},as r— o0

for some positive finite number &. Then, any nontrivial meromorphic or entire
solution g of (4) has hyper-order at most a(Q).

Example 4: Consider the nonlinear equation
gg+(g")?—g*e*+2)+e¥ =0.
In this setting,
Plgl=9g'g+(g")?
is of degree yp =2, Q(z)=e?+2 is transcendental with ¢(Q) =
o(e?+2) =o(e?) =1, and R(z) = —e3?. The remainder term satisfies the
growth condition
M(r,R(z)) =0 {(M(r,Q(z))f}, as r - o

for &=3, because M(r,R(z)) =€ and M(r,Q(2)) =e" as r—
oo, Therefore, the conditions of Theorem 9 are satisfied. Clearly, g = e*
represents an entire solution with a;(g) = g,(e?) = 0 < a(Q).

2. Preparatory Lemmas
We introduce a few lemmas needed for the developments in later sections.

Lemma 1: [10, 8, 2] Let g(z) = § a,z® be an entire function. The maximum
term associated with g is expressZ;’ 0as

n(r,g) = max{|a,|r*, k =0,1,...}
and the central index is given by

v(r,9) = max{m:n(r, g) = |a|r™}

Then
o(g) = limsup————== Ogv(r‘q)
r—+o
For a transcendental entire function g,
. loglogv(r.g)
o = lim sup———.
1(9) msup ==

Lemma 2: [18, 15] Suppose that p(r) and q(r) are non-decreasing functions
defined on (0,0) and p(r) = q(r) for every r & EU[0,1], where E C
(1, 4+ ) has finite logarithmic measure. Consequently, for each k > 1, one can
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find a constant 1y > 0 ensuring that p(kr) = q(r) whenever r > 1,.

Lemma 3: [8, 17] Let g be a non-constant meromorphic function on C, and let

k > 0 be an integer. Then for any pair of radii r and R satisfying 1 <r <R <

oo, for some positive constant A determined by g and k, we have
m(r,g®/g) < A (log+ % + 1).

Lemma 4: [5, 1] Consider a transcendental meromorphic function g on C

having finite order o. Let

A= {(il' kl)r (iZ' kZ)' RN (lm' km)}
denote a set of distinct ordered integer pairs such that i; >k; 20 (j=
1,....,m). For any prescribed € > 0, there exists a subset E c (1,+0o0) having
finite logarithmic measure such that, for all z with |z| € E U [0,1] and for every
pair (i,k) € A, we have

| 99@)

(i-k)(o-1+¢)
P < |z| .

Lemma 5: [5, 1] Let g be a transcendental meromorphic function, and choose a
real number ¢ > 1. Then one can find a subset E C (1,+) having finite
logarithmic measure and a positive constant B depending only on ¢ and the
integer k = 1,2,....,m such that whenever z € C with |z| =r & E U [0,1], the
following estimate holds:

MWQMSB{

r

(logr) T (¢r, g)logT (¢, 9))"
lg@)l,

for each k.

Lemma 6: [7, 10, 16] Let g(z) be a transcendental entire function, and let
E c (1,400) be a subset of finite logarithmic measure. Then for any point z
satisfying |z| = r € [0,1]UE and |g(z)| = M(r, g), we have

9°@ = 9@ {2} @ +o)ieN.

Lemma 7: [16 11, 14] Consider a transcendental entire function g(z), and
suppose that E C (1,+) is of finite logarithmic measure. In this case, we can
find a sequence {Zn = rnewn} such that

|z, =1, € E, 0, € [0,21), nl—i>r-|1:1000n =6, € [0,2m),
and 1g(z)| =M1, 9). If 0<0(g) <+, then for every € >0 and all
sufficiently large 1,
rng(g)_g <v(n,g) < rna(g)ﬂ.
If 0(g) = +oo, then for any large K > 0 and sufficiently large 1,
v(t, g) > XK.
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3. Proofs of main results
Proof of Theorem 6. Suppose g Z 0 is a meromorphic solution of (3)
with finite order o(g) = ¢ < +oo0. Then by (3), we obtain
. <i 0,@)| M9 <i @ (ﬁ 9® ) )
= Ym; | =
= Q@) || g™y = Q(2) Al
Aplying Lemma 4, we can identify a set E; € (1,+00) of finite
logarithmic measure such that, for all z with |z| € E, = [0,1] U E; and for any
e>0,i=12,...,k, the following estimate holds:
99
i)

< |Z|i(a—1+£)' (6)

Meanwhile, the hypothesis of Theorem 6 ensures the existence of a set

H c C with DensH > 0, for which every z € H satisfies,
|Q(2)| = e?" and |Q,-(z)| <etlZ"(j=12,...,t)as z > o, (7)

Combining the results from (5), (6) and (7) we arrive at a subset E; C

(1, +0) with positive upper density for which, when |z| € E5 as |z| — oo,
1 < tel@plal|z|(o-1+e)x,
Since
e@plzl"|7|(6=14)X 5 0 a5 |z| - 400,

letting |z| — oo, |z| € E3, leads to a contradiction. Therefore, every meromorphic

solution g # 0 of equation (3) must be of infinite order.
Now, let f be a meromorphic solution of equation (3) with infinite order.

Using (3) we obtain
) ®)

Applying Lemma 5 one can obtain a set E, c (1,4+00) having finite
logarithmic measure, such that whenever z meets the condition |z| & Es =
[0,1] U E,, we have

199 @)| < Blg@I{T@2r, )} i = 1,2,...,k, ©)
where B > 0 is constant.

Combining (7),(8) and (9) one can obtain a set Eg < (1,+0c0) with
positive upper density such that

eW-0lzl" < tBYP(T (2|2, g)}'*
as |z| —» o, |z| € E,. Therfore, it follows that

loglog T(r,
oglog T(r.9) >
logr

k

0@ si @) (H
j=1

i=1

g(i)

01(g) = limsup

Tr—0

Hence, the theorem.
Proof of Theorem 7. Suppose that g = 0 satisfies (3). By applying the
reasoning used in Theorem 6, it follows that o(g) = +c0 and for any & > 0,
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0,(g) = 7 — €. Since ¢ is arbitrary, we deduce that ¢,(g) =7 = o(Q).

Again Lemma 6 yields a subset E; € (1,400) having finite logarithmic
measure, such that whenever z satisfies |z| =r ¢ Eg =[0,1]UE, and
|g(z)| = M(r, g), we have

9@ = 9@ {222} A+ o) i=12,....k.
In view of the hypothesis of Theorem 7, for any fixed &€ > 0, one can find a
constant 1, > 0 such that whenever r > 1,
[Q(2)] < eTE+sand|Qj(z)| < erag(j =1.2,...,t—1),
as Zz€ H,z — oo,

Without affecting the generality of the result, suppose the degree of M,[g]
is ¥p. Then, from equation (3), we obtain

Z e

j=

; t-1
" t) < Z oot (1_[ g®

. nij)
o+e
+e"
j=1 i=1 9

> () < (e -1 9 (1 4 0(1)) + 1 e, (10)

for z € H,r = |z| lying outside Eg, where 4 = ¥¥ , i.n;.
Consequently, one can identify a subset Eq € (1,+00) having positive
upper density for which

t[g]

Q¢ (2)] +IQ( )|

(]

i=1

v(r,
{ (rg)} (1+0(1) < ™",
as r = |z| » oo, r € E,.
So letting r — oo, we get
limsup%35+e.

r—00
Since ¢ is arbitrary, combining Lemma 1 with the above inequality gives
0,(g) < @, which completes the proof.

Proof of Theorem 8. Let g be a meromorphic solution of equation (4) with
finite order 0(g) = 0 < +oo. Then (4) gives

t k
@1 <toinen+ Y @l ([ Tl o). an
=1 i=1

According to Lemma 4, a set E;, € (1, +o0) of finite logarithmic measure
can be found such that for every z with |z| € E;; = [0,1] U E;,, we have
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99@
9(2)

Again, by the condition of Theorem 8, for every z belonging to a set
H c C with positive upper density, we have

0@ 2 ", |Q;(2)] < e?"(j = 1,2,...,1), and |R(2)] < e?" (13)
as z — oo, Using (11), (12) and (13), we get for all z € H with |z| & E;4,
1 < tel@Plal|z|(o-1+ax 4 ola-plzl" _—_

< |z|H@=148) for each i = 1,2,...,k. (12)

Igl”?
forall z € H with |z| € E;;. As |z| = 4+, the expressmn

(a-p)Iz|I"|,|(c-1+&)x (@-p)lzIm _1 _
te +e
2] |g|V?

tends to zero, which leads to a contradiction. Hence, every meromorphic solution
g of equation (4) must be of infinite order.

Proof of Theorem 9. Since Q(z) is transcendental, any solution g of (4) is
necessarily transcendental entire function.

Using Lemma 6, we can identify a subset E c (1,4+00) with finite
logarithmic measure, such that whenever z satisfies with r = |z| outside E and
lg(2)| = M(r, g), it holds that

9@ {2 (1401} = P (@), for i=12,....k

Consequently, we obtain

r,9) 21 1”111

gVT Z o)l [~ (1 +0(1)

pof Z il ) @+ o)
j=1
Hence,

Plal| oo x

rak erg| 2. 1] |1+ o), (14)
j=1

where Q =y if v(r,g) >r and Q =9y if v(r,g) <r.
Then, equations (4) and (14) give

ilo,-l |V(rz’g)|n(1+o(1))= me
=1

which leads to
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-1

2 MR
vear <Y lol) (Mo + oD
=1

lglv»

),r—)m,reE.

Since R(z) and Q(z) satify the condition M (r,R(z)) = 0{(M (r, Q(z))){},

with 0 < & < o0 and g(z) is transcendental entire, we have
-1

g <2t ) ol | ME0¥,
=1

where s = max{1,¢ — 1} denotes a constant. Therefore, by Lemma 2 one can
find a positive real number 1, > 0 for which every r > r, satisfies

G ) o] <221 mErn, o,
j=1

which consequently leads to the conclusion

01(9) < 0(Q).

Hence, the theorem.

4. Conclusions

From the foregoing discussion, it is evident that we have not examined the
growth metrics of the solutions of

Plgl - Qg™ =R,
for any non-negative integral powers n # yp. Furthermore, the growth
conditions on the coefficients Q;(z) (j = 1,2,....,t) in P[g],Q(2), and R(2)
were appropriately chosen to align with our computations. This naturally raises an
important question: Is it possible to relax such restrictions further without slowing
the growth of the solutions? Consequently, these remain unresolved issues.

The present work provides a basic framework for studying the growth
characteristics of solutions to nonlinear differential equations involving functions
of transcendental meromorphic and entire nature. In the future, one may consider
relaxing the conditions on the coefficients or allowing them to grow more rapidly.
It is also possible to investigate more general forms of nonlinear differential
equations involving coefficients rather than small functions. Another direction is
to obtain sharper growth estimates under weaker assumptions on the coefficients,
thereby making the results more flexible and applicable to a broader class of
problems. A deeper understanding of the asymptotic behavior of solutions may
also help bridge classical growth theory with recent developments in the study of
complex differential equations and their applications.
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