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Abstract

Multistable behavior typically refers to a system that has multiple stable states. To achieve
multistability using speed feedback controller, we consider two different Lorenz and Rossler
chaotic systems respectively and also find extreme multistability by considering identical coupled
chaotic Chen system with mismatch parameters. Numerical simulation outcomes are explained to
exhibit the functional capability of the recommended framework to create highly stable multi-state
synchronization performance. This work displays a theoretical base for building utmost multistable
system for continuous system.
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1. Introduction

Multistability refers to the characteristic of dynamical systems in which
solutions can switch among multiple mutually exclusively stable according to
Lyapunov criteria, and converging equilibrium states in response to inputs or
parameters that change gradually over time. Such behavior has been observed
across a broad spectrum of physical models, incorporating laser dynamics [1],
matter in condensed phase systems [2], and electronic signal generators [3], as
well as biological systems such as population behaviour over time [4],
neurobiology [5], and weather climate prediction models [6]. A defining feature
of systems with several stable configuration is their extreme sensitivity to starting
state. The presence of multiple coexisting stable states means that even a slight
perturbation in the starting state can lead to drastically different long-term
outcomes. However, the underlying mechanisms driving multistable behavior in
many natural and engineered systems remain poorly understood. Investigating
and identifying the governing principles of multistability continues to be a
fundamental challenge in dynamical systems theory. In cases of extreme
multistability, the system demonstrate an uncountable number of stable states. A
notable method for designing such systems was proposed by Sun and co-authors
[7], who emphasized that the connection methods performs a critical role in
producing this behavior. Synchronization among multiple interacting systems
with non-linear behaviour is a core principle in non-linear dynamics. Due to the
seminal work of Pecora-Carroll [8], various synchronization approaches have
been introduced. In 1997, Feudel and Grebogi [9] examined how multistable
behavior could emerge by adding weak damping to originally conservative
systems. Later, in 2006, Layton, Moore, and Layton [10] investigated co-existing
equilibria in TGF dynamics loops, revealing complex frequency structure
hypertensive pests. In 2011, Geltrude et al. [11] studied chaotic systems
exhibiting multistability to develop a deterministic closed-loop model capable of
controlling bursting dynamics. Further, in 2015, Li et al. [12] explored amplitude
control techniques to induce multistability in symmetric chaotic systems,
particularly those with symmetric under a self-inverse mapping. Dana, and U.
Feudel [13] demonstrated limitless attractor coexisting regimes is achievable in
two coupled m —dimensional systems when m — 1 system states are fully
synchronized and the remaining variable maintains a constant offset. Building on
this, Pal, Sahoo, and Poria [14] focused that when connecting to two systems with
m dimension systems, multistability can emerge if i variables in the coupled
systems are fully coherent and the rest j variables differ by fixed values, where
i=m—j,1<i<m-—1and 1 <j<m-—1. Inrecent years, 2017, Bao et al.
[15] revealed that in the extended term behavior of memristive hyperchaotic
systems is highly dependent at the starting state of the adaptive resistor, resulting
in hidden forms of extreme multistability. In the same year, Khan, Nag, and Poria
[16] introduced a general framework for constructing multistable systems by
coupling two distinct dynamical models. Their approach is based on inducing
partial synchronization and identifying constants of motion that are entirely
dependent on initial conditions [17-22].
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This work delineates a theoretical framework to evaluate the multistable
dynamics of bidirectionally coupled chaotic systems using a feedback control
mechanism. To validate the broad scope of the method, we implement it in well-
known structures including the LS, the RS, and the CS.

This manuscript is organized using the following approach: In 2nd section,
significance of research is presented. Scheme for designing multistability system
using SFC for different chaotic system is discussed in section-3. In section-4,
performance evaluation using Lorenz and Rdssler system simulations for the
proposed method in section-3. In section-5, extreme multistability with
mismatch parameters for identical chaotic system is discussed. In section-6,
numerical results of identical Chen systems are used to verify the validity of the
proposed theorem in section-5. Simulation results and conclusion are discussed
in section-7 and section-8 respectively and finally acknowledgement is drawn in
section-9.

2. Significance of Research

Research on extreme multistability behaviour using SFC is significant for
different reasons like understanding complex systems, it provides insights into
the behaviour of complex dynamical system, particularly those with multiple
stable states. This understanding is crucial in different areas like physics,
biology and engineering systems. In the realm of robotics, understanding
extreme multistability can lead to advancements in the robort control and
decision making algorithms. This could enhance the adaptibality and resilience
of robots operating in uncertain or dynamic environments and also many
biological systems exhibit multistability such as neuronal networks and genetic
regulatory networks. Research in this area could provide insights into the
functioning of these systems, potentially leading to advancements in
biotechnology and medicine. Extreme multistability often leads to emergent
phenomena, where the collective behaviour of a system can not be easily
predicted from the behaviour of its individual components. Studying these
phenomena can shed light on fundamental principles governing complex
systems.

Overall, research on extreme multistability behaviour using SFC has
broard implications across various disciplines and could pave the way for
innovations in control theory, robotic, biology and other fields.

3. Scheme for designing multistable systems using SFC

In this section, we introduce a method to construct multistable behaviour
arising from the coupling of two distinct state-space systems. We explore 2-
dynamical systems as of dimension n as X = W(X) and Y = ®(Y) where
X € R™ and Y € R™ are n — dimensional states. ¥, ®: R™ —» R™ are continuous
functions. We interconnected the systems through SFC as described below.

X =¥(X,Y),

Y = &) +ulX,Y)¥X,Y). M
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u(X,Y) is bidirectional coupling coefficient matrix.

Theorem: The bidirectional coupled dynamical systems
J&:i = lpbi(x' y)' (2)
Vi = &) + (e )i y)i=1,...,m,
have multistable behaviour if it is possible to choose the controllers
w16, ), (6, y), - iy (x,y) in such a way that the synchronization
error of the coupled systems have the following form

é _{lpk(ei,ei+1,...,en) for k = 1,2,,1—1
K =

— &l for k=1i,i+1,...,n.
where €, are any positive constants. where
pa(x,y) 0 . 0
u(X,Y) = 0 w(x,y) .. 0
0 0 o Ha(xY)

is the n X n diagonal coupling matrix. Then the system of equation (2) represent
multistable system of equation as follows

X1 = Pr(X X + Ny, Xy F Mimg, Xy, X)),

Xy = 1/}2 (x; X1 + N1, Xi—1 + Ni—1, Xy -+ xn)!

L= 3

where 11,M5,...,Mi—1 are dependent constant.

Proof: The synchronization error of the bidirectional coupled system in (2) will
follow the following differential equations

= X — Yk
= P, y) — du(¥)
= Y (6, Yt (x,3)-
A multistable system can be created through the selection of appropriate
controllers py (%q,.., Xp; V1,--,Yn), for k = 1,2,...,n, in a manner thatn + 1 — i
phases of other a pair of systems synchronize and i — 1 phase variables hold a

steady difference relative to the counterpart the other systems state variables.
Therefore error system becomes

‘er = Py(ey,...,en),

é2 = 1/)2(ei!"'!en)!

ei1 T sesesesesesesesesererenaaaanns )

€1 = Yiq(e....en), (4)
éi = —¢&;e;,

€iv1 = —E11€it1,



DESIGN OF MULTISTABLE BEHAVIOUR USING SPEED FEEDBACK CONTROLLER 49

where &, &,,..., &, are any positive constants. It is clear that e, — 0 as t - o
for k=1i,i+1,...,n. Therefore y; = x;,Vi41 = Xjz1,--»Yn = X, and y, =
X + 1y, for k =1,2,...,i — 1, where 1, is any fixed value. The evolution of
the coupled dynamics (2) can be rewritten as the following modified system

X1 = lpl(xlﬂxZ" < Xqy X1 + N Xi—q + 77i—1'xi'--:xn),
5C2 = lpZ(xl' X250y Xps X1 + N Xi—q + 77i—1'xi'--:xn),

L= )

Jé:n = 1/’n(x1, X240 Xn; X1 + N, Xi—1 + Ni—1,Xis-+» xn)'
where 14,7,,...,1;—1 are dependent constant. Hence the systems (2) shows
multistable if system (5) varies with the change of constants 14,7,,...,7;_1.

4. Numerical Example

To illustrate the emergence of extreme multistability, we consider two
different chaotic systems, one Rossler system and other Lorenz system coupled
through SFC given

X = —(xz+x3),

X, = ay, +x,

X3 = —cx3+xx3+Db, 6
hio= 00—y — (Y +x3) ©
Y2 = Ty —Y1Y3 — Y2 + (% y) (X + aya),

V3 = y1Y2 — Bys +pus(x,¥)(b — cx3 + x1x3).

a,b,c,o,r, B +ve parameters. Now we will demonstrate that the six-
dimensional system manifests extreme multistability. We derive errors
(synchronization ) as e; = x; — y;, i = 1,2,3. Error evolution reduces to
é = (D0 +x3)—02—wn)
€ = —(—-DE+ay) -1y +y: +y1ys, (7
é3 —(us — (b — cxz + x1x3) — Y1¥2 + BYs.
With the choice of following c¢;, ¢; and c5 as

- o(y2=x1)
b= 1+ Xp+x3
_ (@-0)x1—Bx3+(oc-1)y1+(a+1)y,+BYy3+y1¥3
U2 = ot ’ ®)
1tayz
_  btxaxz—y1y3+(B—c)y3
Hs b—cx3+x1x3 ’
the error system (7) transformed into
é1 = —oeq,
é; = oe;+fes, ©)
é3 = _C63.

It follows from (8) that e;,e; » 0 as t —» o i.e., y; = x1,y3 = X3, which
indicates that é, = 0 i.e., e, =constant= —k, i.e., hence y,o = x50 + k, k is
arbitrary constant term. It relies atop the initial restrictions of system. The
dynamics (6) is equal to the following multistable system
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—Xz — X3,
X1 + a(x; + Y20),
b — cx3 + x1x3.

(10)

—»%
10 =
—¥,,=10.45
5 5
& -
T 0 T 0
-5 -5
-10 -10
-10 -5 5 10 -10 -5 [ 5 10
—» % —>» 5
Figure 1

Phase diagram of the system (10) in x; — x, plane for different initial restrictions
Y20(= 0.45,1.95,7.05,10.45) witha = b = -, and c = .

o o o

—— > Maximum Lyapunov Exponent
o

=0.
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——> Parameter y,,
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5 10
— Parameter y,,

Figure 2

Bifurcation diagram and LLE with respect to the initial condition y, of the system
1 1 5
(10)fora=g,b =E,andc=E.
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Figure 3
Surface plot of the system (10) with different variation of y,o(= 0.45,1.95,7.05
and 10.45).
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Figure 4
Qualitative behaviour of the model in the ¢ — y,, parameter plane.

5. Extreme multistability with mismatch parameter

Here, discuss consequences of variation of parameter upon extreme
multistability. No two systems in real world phenomenon are equally likely.
Obviouly there should be a mismatch in characteristics, therefore the study of
robustness of extreme multistability of two systems with parameter mismatch is
necessary. This poses a situation for the experimental realization of extreme
multistability by two systems with a mismatch which may lead to the non-
appearance of extreme multistability. To achieve extreme multistability with
parameter mismatch as X = W(X,Y,a), X € R™ and Y € R™, n — dimensional
states. W: R™ — R™ are the continuous vector functions and a depicts all the
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parameter of the system. Another coupled identical sytem whose parameters are
distinct from the first, defined as Y = W(X,Y,a’) + u(X,Y)X. The parameters
of system, symbolized as @', @' = a + Aa.

Theorem: The bidirectional coupled dynamical system but with mismatch
parameter as
X = Yi(xyiaga,..., an),
yi = Yilxyiag ..., an), (1)
+ wGysagn.oan)Pi(xy anag,..an),
foralli=1,2,...,n with 0:']- =a;+ Aajfor all j =1,2,...,m, have multistable
behaviour if it is possible to choose the controllers
WX y), L2 (X%y), .-+, Un(X,y) in such a manner that the synchronization
error of the coupled have the following form
. (e fork=12,...,i—1,i,i+1,..,n—1
k= {—skek fork = n.

where € for k = 1,2,...,n are any positive constants. Then the evolution of the
system-coupled (11) is to the following modified system of differential equation
561 = l/)l(xl,..,xn;al,az,...,am),
Xy f Yo(Xq, .o X3 A, Az oo, A, (12)
Xn = Yu(xq,. o, % + 0 01,0, ..., ),

where 1, is the constant based on initial values. Hence, the coupled systems
(11) display multistability if the system (12) changes of variations in the
constants My,.

6. Numerical Example
Robustness of extreme multistability, assume non-identical Chen system as

X1 = (a+Aa)(y, —y1),
X, = (c—a—Aa)x; + cx, — xx3,
563 = xlxz - bx3,
i = (@+Aa)(y; —y1) +m(xy)(a+Aa)(y, —y1) (13)
Y. = (c+Ac—a—-Aa)y; + (c+Ac)y, — y1V3
+ w0 y)(c—a—Aa)x; + cxy; — x1%3,
Y3 = Y1Y2 — (b + Ab)ys + us(x,y)(x1x; — bxs),

We construct the governing equations for synchronous errors as e; = x; —
V1,63 = X, — Y, and e; = x3 — y5. The error system becomes

e, = —wa+Ada)y; —y1)

€&, = (c—a—Aa)e; +cey —Ac(y; +¥,) — x1x3 + Y13 (14)
— Wy((c —a—A~Aa)x; + cxy, — x1x3),

€3 =  X1X3 — Y1Yp — bes + Aby; — pz(x1x; — bxs).

With the choice of p4, 4, and p; as following
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a(x3—Yys3)
(a+Aa)(y2-y1)’
_ c(egtez—ez)—(a+Aa)e;—Ac(y1+y2)—X1X3+Y1Y3
K2 = c(x1+x3)—(c—a—Aa—x3)xq ! (15)
Aby3+x1X2—-Y1Y2

Uy

H3 = X1X2—bx3
then the error system (14) transformed into
é, = aeg
é, = ces, (16)
é; = —bes.

From (16), it is clear that e; = 0 as t — o, i.e., e; = constant = k; and
e, = constant = k,, where ky, k, are arbitrary constants. For simplicity here we
choose k; =k, =k. Hence y;0 =x0+k and y,y = x50 + k, where k is
controlled by the starting restrictions of differential equations. The outcome is
influenced by the starting conditions of the entire system. Consequently, the
system of equation (13), be represented by the following three-dimensional
systems.

X1 = a(x —x) A —x),
X, = c(xg+x)—(a+Aa+ x3)xq, 17
X3 =  —bxz+ x1x,.

The equation (13) is a systems of several stable configurations if the
system of equation (17) changes with the slight difference of the mismatch
parameter Aa.

6 T 15 .
——Aa=0 —Aa=.03
4 10
2 5
W <
A0 Tu
-2 -5
-4 -10
0 1 2 3 -4 -2 & 2 4
X > M

Figure 5
Phase diagram of the system (14) in x; — x; plane for different mismatch parameter
Aa(0,0.03,0.05,0.033) witha =0.34,b = —0.3,and c = —1.
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=10
0.04
=15
-20
0.02
=25
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» Parameter 2a > Parameter a
.
Figure 6

Bifurcation diagram, maximum lyapunov exponent, respect to the starting condition
Aa of (14) witha =0.34,b = —-0.3,c = —1.

-0.3

-0.5

Figure 7
Surface plot of the system (14) with different mismatch parameters Aa =
(0,0.03,0.05 and 0.033).

Figure 8
Qualitative behaviour of the model in the a — Aa parameter plane.
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7. Simulation Results
To demonostrate the effectualeness of multistability of different chaotic
systems using SFC, we fix a=>b = %,c =g (for RS) and r = 28.0,0 =

10.0,b = 2.66 (for LS). Here we change only one initial condition y,, and
observe the different periodic behaviour of the coupled system by simulation.
Except the initial condition y,, all other initial restrictions are fixed. Figure 1.
shows the phase diagram belonging to the system of differential equation for
different values of initial state y,,. Figure 1 displays the presence of different
attractors in the state space such as period-1, period-2, period-4 cycles, and
chaotic behavior that occur for varying values of y,,. This highlights extreme
multistability when the initial condition y,, is altered. We constructed the
bifurcation diagram and largest Lyapunov exponent against varying initial
conditions y,, for the above set of parameter values which depicts in Figure 2.
From Figure 2, it is clear that several periodic and chaotic attractors are exist for
different initial condition values. Surface plot of the system (10) with different
values of y,,(= 0.45,1.95,7.05,10.45) is plotted in Figure 3. Qualitative
behaviour of the said model in ¢ — y,, plane is depicts in Figure 4.

In section 5, for robustness of extreme multistability of two identical Chen
systems using SFC with parameter mismatch, we vary a single mismatch
parameter Aa. For simplicity we choose Ab = Ac = 0. In Figure 5. we derive
phase diagram of (17) with different variation of mismatch parameter Aa. Fig5.
shows the coexistence of different types of attractors in state space such as
period-1, period-2, period-4 and chaos for different values of Aa = 0,0.03,0.05
and Aa = 0.033 respectively. Lastly, for extreme multistability under the
variation of single mismatch parameter Aa, we plotted the bifurcation diagram
and largest lyapunov exponent for the above set of parameter values which is
described earlier depicts in Figure 6. Surface plot of the system (17) with
different mismatch parameters are shown in Figure 7. and finally qualitative
behaviour of the model (17) in the a — A parameter is depicted in Figure 8.
Therefore, the results confirm that proposed theorem design multistability, using
different initial conditions as well as different mismatch parameter.

8. Conclusions

An antagonistic feature that a challenging aspect of dynamical systems is
the necessity for the coupled systems to be identical or closely matched.
Additionally, it is essential to develop a method for precisely adjusting the initial
conditions to induce extreme multistability. We have successfully overcome
these situations by considering coupled Rossler and Lorenz system. And again
we able to find extreme multistability by consider equivalent coupled chaotic
Chen system with mismatch parameter. Moreover, it is clear that extreme
multistability rarely occur in most physical, chemical and biological systems.
But we accomplish to find extreme multistability with the change of initial
conditions and mismatch parameters. To validate the proposed schemes, we
present phase, bifurcation diagrams, and the LLE as initial conditions and
mismatch parameters change. Understanding the core principles of multistability
can be valuable for managing many multistable systems.
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