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Abstract

In this paper, we tackle a more general coordinate-free investigation of the second approximation
Matsumoto metric. Specifically, we establish various geometric objects corresponding the second
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a Finsler structure (M,L) and a one form %B. Here we consider L is Finslerian and so we call L the
generalized second approximation Matsumoto metric. We describe the metric tensor of L and its non-
degeneracy. We limit the one form B to a one form associated with a concurent n-vector field in order
to determine the geodesic spray, Barthel, and Berwald connections of Z(x,y). Next, we compute the
Barthel curvature of £.
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1. Introduction

In 1941, G. Randers [1] introduced a special Finsler space for a one-form B
on a differentiable manifold M. The change L = L + B, where L is Riemannian,
with the goal of building a generalized field theory that would include both
gravity and electromagnetism. In 1974, M. Masumoto [2] studied Randers space
in a more general setting, by assuming that L is Finslerian. Subsequently, many
authors focused more on Finsler metrics of Randers type, leading to an abundance
of local studies of Finsler metrics of Randers type in the literature.

In general, there is a lot of study being done in the theory of special Finsler
spaces. Additionally, it has numerous uses in many scientific fields, including as
biology and physics. Special forms are satisfied by the m-tensor fields (torsions
and curvatures) associated with the Cartan connection; these are the foundational
spaces of Finsler geometry. Consequently, Finsler geometry has more special
spaces than Riemannian geometry. Local Finsler spaces have been examined by a
number of academics ([3-12]), among others, utilizing Matsumoto’s second
approximation Matsumoto metric. However, there aren’t many in-depth analyses
of these kinds of settings. The authors acknowledge the significant contributions
made by A. Tamim, L. Youssef, and other individuals (refer to [13-21]).

In this work, within the pullback formalism of Finsler geoemtry, we
investigate a coordinate-free study of generalized second approximation
Matsumoto metric with special one m-form. First, by the concept of generalized
second approximation Matsumoto metric we mean the deformation of a Finsler
metric L (not necessarily Riemannian) by a one form B, thatis, L = L + B +

82 83 R . C . . .
a + = and L is Finslerian. Now, in this work, in one hand we consider a Finsler
manifold (M, L) that admits a concurrent 7-vector field p, and on the other hand

we compute the corresponding m-form B. Then, we consider the generalized
second approximation Matsumoto deformation

~ 2 3
Lay)=L+B+>—+2. (1.1)

Within the generalized Finsler metric (1.1), we calculate intrinsically some
the geometric objects associated with L. Namely, the supporting form 2, the
angular metric tensors 7, the Finsler metric §, and the Cartan torsion T. Hence,
we illustrate the non-degenerate property of the metric §, that is, § is
non-degenerate if and only if

212(3B + L)p? + L* — 3B*L — 88> # 0.
On the other hand, the relationship between the Barthel connections [* and
' and is obtained, as well as the related canonical sprays corresponding to this
change. Moreover, the curvature tensor for the Barthel connection [ is
investigated. Also, the corresponding canonical sprays G and G are related by
_ L2(1285+158*L+8312+682 L3-L5%)
(B+L)(B2+L2)(2L2(3B+L)p2+L3—3B2L—8B3)
2L*(3B+L) —
(2L2(3B+L)p%+L3-3B2L—-8B3) VP

G=G
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C reffers to the Liouville field.
As an example of a Finsler metric (M, L) that admits a concurrent vector
field, let M = {(x!,x%,x3) € R3: x! > 0} and L be a conic Finsler metric given

by
_ f(y1)2y3+(y2)3
L _ Xl y—3.

Moreover, the components of the corresponding m-form B are given by
B, =x', B, =0, B; =0, and hence the associated 1- form B becomes
B = x'y!. Therefore, we have
82 B3

Loy)=L+8+—+

(O kG S B xlyh? L)
¥ Y 1292, o123y @DEYEHODZG3H3
Oy G)” Z
y

y

which defines a special generalized second approximation Matsumoto metric
over M.

2. Notations and Preliminaries

Given an n-dimensional smooth manifold M, the tangent bundle with
differential (TTM,dm, TM) is (TM,m, M). Let m=1(TM) be the pullback of the
tangent bundle, and V(TM) be the vertical bundle of TM defined by ker(dm).
We consider the following short exact sequence [22]

0 — n~Y(TM) Yorrm L Y (TM) — 0;

TM denotes the slit tangent bundle, y represents the natural injection and
p:= (rry, dm).

The vertical endomorphism, or almost tangent structure, /] of TM can be
expressed as J =y op. The algebra of C* functions on TM is denoted by
C*(TM) and X(m(M)) is the C*(TM)-module of smooth sections of the
bundle ©~1(TM). The constituents of X(m(M)) are referred to as the m-vector
fields, and they will be identified by the barred letters X.

The Liouville vector field (or, the fundamental m-vector field) C is given
by C:=vy7, where n(u) = (u,u), for all u € TM where TM:= TM\{0} is
the slit tangent bundle.

We have the following some properties of the Klein-Grifone approach to
Finsler geometry. We refer to [22-24], for more details.

A nonlinear conection on M is a vector 1-form I' on TM, C* on TM,
C° on TM, such that

jr=j  Ij=-
In this case, the horizontal (vertical) projector related with T is given by
h:= %(1 +I) (v:= %(1 —TI)) respectively. The torsion (curvature) of T is

given respectively by t: = % [,T] R:=— % [, A]).
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Assume that D be a linear connection on m~*(TM), the corresponding
connection map K is defined by K:TTM — n~Y(TM): X — D47, and the
horizontal space H,(TM) to M at u is H,(TM):={X € T,(TM): K(X) = 0}.
The connection D is said to be regular if

T,(TM) =V, (TM) & H,(TM) Yu€eTM.
For a regular connection D on M, the vector bundle maps p|yry) and
K|y rmy are isomorphisms. In this case, the map f:= (p|ycra) " is called the
horizontal map of D.
For a regular connection D on w~1(TM) with the horizontal map § and
its classical torsion (curvature) tensor T (K), the (h)h-, (h)hv- and (h)v-torsion
tensors of the connection D are defined by

QW,Z):=T(BW,BZ), TW,Z):=TWyW,BZ), V(W,Z):=TyW,y2).
Also, the h-, hv-, and v-curvature tensors of D are given by
R(U,VYw:= K(BU,BV)w, P(U,V)w:= K(BU,yV)w,
S(U,VYw:= K@yU,yV)w.
The (v)v-, (v)h- and (v)hv-torsion of D are:
Sw,z):=s(wW,z)n, PW,Z):=P(W,Z)y, R(W,Z):=RW,Z)7
We define the Finsler manifold as follows.

Definition 2.1: A pair (M, L) is knwon as Finsler manifold where M is an n-
smooth manifold and L is a map

L:TM — R,—-0.1cm
with the conditions:
1) L(u) >0 forall u e TM and L(0) =0,
2) LisC® onTM, C° on TM,
3) L is homogeneous (h(1)) in the argument y, of degree one: LoL = L,
4)  The exterior form Q:= dd;E is non-degenerate, where E:= L?/2. The
metric g obtained by L on m~1(TM) is defined as follows
glpX,pY):=QUX,Y), VX, Y € X(TM). (2.1)
Here, L is called a Finsler structure and E is the associated energy
function. In addition, if L fufills the conditions (a)-(d) on a conic subset U of
TM, then (M, L) is known a conic Finsler manifold.
A semi-spray, G on TM, is a vector field C® on TM, C' on TM,
provided that JG = C. A semispray G which is h(1) ([C,G] = G ) is called a
spray.

Proposition 2.2 [23,24] For a Finsler manifold (M, L), we associated
1)  The canonical spray G: i; dd;E = —dE.
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2)  The Barthel connection I': I = [J,G]. —0.3cm

The theorem below establishes both the existence and uniqueness of the
Cartan connection V.

Theorem 2.3: [25] Let (M, L) be a Finsler manifold with the attached Finsler
metric g. There exists a unique regular connection V on w~*(TM) such that
1) V ismetrical - Vg =0,
2) Thetorsion Q of Viszero. Q =0,
3) Thetorsion T of V fulfills g(T(U,V),W) = g(T(U,W),V).
The connection V indicates the Cartan connection related to (M, L).

The lemma below is useful for subsequent use.

Lemma 2.4: [25] Let (M, L) be a Finsler manifold and [ be the horizontal map
of the Cartan connection V. Then, the metricity of the Cartan and Berwald
connections is characterized by:

) (D 9V, W) =2TU,V,V), V,59=0.
2) DV, W) =-2PU,V,V), Vg5 g = 0.

Where P is the (v)hv-torsion of type (0,3) defined by P(U,V,V):=
g(P(U,V),V) and P is the (v)hv-torsion tensor of Cartan connection.

For more details about to Finsler geometry of the pullback formalism, we
refer for example, to [12, 26-29].

Lemma 2.5: Let (M, L) be a Finsler manifold, then we have

) dLyY)=0,D5 L =dL(yY) = d; L(BY) = £(Y).

2) dyL(BY) = Dgy L = dL(BY) = 0.

3) Dz0)) =(,z0)=L"w(ZY).

4)  ddE(YX,PZ) = g(X,2),

where g is the Finser metric associated to L, and # is the normalized supporting

element given by £: = L™'iz g.

3. Generalized second approximation Matsumoto metric

We proceed to an intrinsic investigation of the Matsumoto metric in the
second approximation in this section. The resulting metric will be referred to as a
generalized second approximation Matsumoto metric since we additionally
replace a Finslerian metric for the Riemannian one in the second approximation
Matsumoto metric.
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Definition 3.1: [30] For the Berwald connection D° on w 1(TM)
corresponding to (M, L), a m-vector field Z € ¥(m(M)) has no dependence on
the argument y if and only if D;57= 0, VU € ¥(m(M)) . Moreover, an
independent scalar m-form w of y equivalent D;E w =0 VU € X(nr(M)).

Definition 3.2: Let (M,L) be a Finsler manifold. Consider the following
deformation of the Finsler structure L

~ 2 3
Ly =L+B+—+2, G.1)

where B is a differentiable function defined by B(x,y):= B(n) and B is a
scalar m-form independent of y. Assume that L defines a new Finsler structure
on M, then in this case L will be referred as a generalized second approximation
Matsumoto metric.

To study the geometric objects associated with L, we require the following
lemmas.

Lemma 3.3: Under the change L » L, the vertical counterpart for Berwald
connection DﬁY is invariant. i.e. Dﬁ Y= Dﬁ Y.

Proof: Under the change L + L, the difference between the horizontal maps f
and B is a vertical vector field, means that § = § + yi, for some m-vector field
1. Hence, the proof follows from [25] by the property

D;zY = plyX,BY],
together with the facts that p o y vanishes identically and the vertical distribution
is integrable. In more details
DyzY = p[yX,BY] = p[yX, BY] + p[yX,vii] = p[yX,BY] = D,5Y.
Hence, the result is attained.
Lemma 3.4: Let (M,L) be a Finsler manifold equipping a scalar m-form B
with no dependence on the argument y, and p its the associated m-vector field

given by i g:= B. Then, the one form B(x,y):= B(M) has the following
properties

a)  d;B(yX) = 0,D,3%B = dB(yX) = d;B(pX) = B(X).
b) dy B(BX) = Dyz B = dB(X) = L £(Dyz P), dB(G) = L £(D; p).

) Dp=-2T(X,p).
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Proof: The proof comes from the facts that p oy and K o  vanish identically,
p e ﬁ = ld.’f(n(M)) . Ko Y = ld:{(ﬂ:(M)) , lﬁi—j =0 , D;Y B=0 and takmg into
account Definition 3.1 and Lemma 2.4. In more details, we have the following.

(a) For d]%(yf), we have
4;ByX)=(yX) B=y(pey)X B=0.
Moreover, d;B(yX) can be obtained as follows:
d;BBX) =] (BX B)=y(popX -B=yX B
= (D,z BY() + B(D,xm)
= B(X).
(b) One can see that
d,B(BX) = (BopoBX) B =pX B =dB(BX)
=X - 9@ = (Dpz @M + gDz 0, 1) + 9@, D)
= —2P(X,p, 1) + g(Dgz p, M) + 0
=L {)(DEY D).

That is, we get that dB(G) = L (D¢ p).
(¢) We have

0= (D;3B)(Y)
=D,z B(Y) - B(D,3 V)
=Dz 9®,Y)—g@ D3 Y)
= (D;7 D@ +g (D;y p.Y)
=2T(@,X,Y) + g(D;5p, ).
Thus, we get that D;Y p = —2T(X,p).

For the normalized supporting element £ and the angular metric tensor #,
we have:

Proposition 3.5: Under the generalized second approximation Matsumoto metric
(3.1), we have

1. The supporting form # and £ are related by

392 3 oy 4 L2+28BL+3%82
= S () +

L3

B(X). (3.2)
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The angular metric tensors & and A are related by

2 2 3 2 3 J——
RX.7) = (L+B)(L%+B )L(sL -B2L-283) h(X,T)

2(323+L)

+ (L+Q3+ -I- 2)B(X) B(Y)

+w@ +B .+ ‘4 2) 2(X) £(Y) (3.3)

223(323+L)

(L+9B + i 2) {B(X) £(Y) + B(Y) £(X)}.

Proof: Under the generalized second approximation Matsumoto metric (3.1)
taking Lemma 3.4 into account, we have the following:

1. Due to the facts that poy =0 and that pof=poff = idx(zmy)» it
follows that
Z’(Y) = d;L(BX) = d;L(BX)
=— d]L(ﬁX) + d]QS(EX)
_L %LL 283 {,(X)_{_L +258L+323 B(X).
2.

Applying the previous item, Lemma 3.4, Lemma 2.5, together with Lemma
3.3, and Definition 5.1, one can show that

AXY) = LD DY) = L5 DT

ZD {L —%ZL 293 f(Y) n L? +2%L+3% B(Y)}
{ L3-B2L— 2%)E(Y)+(D—L+2%L+3%)B(Y)}

+Z {L % L—2%83 (D #)(Y) +L +2$L+3$ (DVX B)(Y)}

=(L+B+ %7 +2) (e e@ - 2O B} (Y
=20 () + 205 B} B())

82 B3 B B
+@+ B+ + 5 [ wE T + 0}

Hence, the result follows.

4. The metric and Cartan tensors

In this section, we calculate certain geometric objects corresponding to
L(x,y). The following statement illustrates the relationship between g and g
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Proposition 4.1: The Finsler metric § associated with the generalized second
approximation Matsumoto metric (3.1) is given by the following relation:

TS (L+B) (L2 +B2) (L3 -B2L—283)
gx,y) = G

g&X,Y)
1584 +2083L+18B2L%+12BL3+3L*

+ T

B(X) B(Y)

" 1280 +1585L+128412+6B3L3-BLS
L6

£(X) £(Y)

n L5-1285-1584L-12831%2—6B2L3

e {BX) ¢(Y) + B(Y) £(X)}.

Consequently, the Cartan torsion T of the special generalized second
approximation Matsumoto metric has the form

e — — 2, 0:2\(13 _R2 3 - —
2T(X,7,7) = 2(L+23)(L +3B )L(sL —B2L-2%83) TX,7,7)

" 1280+1585L4+128%12+6B313-BLS
L7

(h(X,2) £(Y) + (Y, Z) £(X)}

" L5-1285-158*L—-128312-6B2L3

{B(X) a(Y,Z) + B(Y) h(X,2)}

L6
o (L+B)(L?+B2)(L3-B%L-283) = =
+(D 6 ) g(X,Y)
o 1584+208B3L+18B2L2+12BL3+3L% — —
+(D;; = ) B(X) B(Y)

o 12BO+15B5L+12B*12+6B3L3-BLS

+(D35 — ) £(X) £(Y)

D° L —12%5—15%425 128312 -6%B213 ){B(Y) {)(?) + B(?) {J(Y)}_

where D°2f (L, B) = d;f (BX) = 2 £(X) + 2L BX).

+(D,

Proof: In view of the generalized second approximation Matsumoto metric (3.1),
using Proposition 3.5, we have the following:

X)) = % 2X) + M B(X).

2 3 2 R
KXY = (L+B) (L% +B2 )L(éL -B2L-283) h(X,T)

2(358+L)

+— (L+EB+ + 2) B(X) B(Y)

282 (323+L)

+ (L+Q3+ + 2)€(X){’(Y)

gﬁﬂ@+%+ =+ 2 (BX) £ + BY) £@)).

Hence, using the deﬁmtlon of the angular metric tensor A:= g — ¢ ® 2, is
obtained.
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In more details,
~ 7 oy (LB (L2482 (L3 -82
gx,y)= 16
2(3SB+L)
(L+3 +—+ 2) B(X) B(Y)

282 (358+L)

_ 3 —_
L-283) hX,7)

_l_

+ (L+Q3+ +—){’(X){’(Y)

255(323+L)

(L+B + ‘4 —) {B(X) ¢(Y) + B(Y) £(X)}

{L 93 L-2%83 B(X)}

B(V)}
(L+53)(L2 SBZ)(L3—S52L—223 ) T T
= L6 g, Y)
1584 +2083L+1882L2+128L3+3L*
+ I
1280+1585L+128*12+683 L3 -BLS
+ 6
15-1285-158%L-128312-6B%L3 (L <. , & S\ /T
+ s {BX) ¢(Y) + B(Y) £(X)}.
Consequently, using the expression of the metric g, taking into account the
fact that (D;Zg)(X ,Y) =2T(X,Y,Z) (Lemma 2.4), it follows the expression of

the Cartan torsion T of the special generalized second approximation Matsumoto
metric. This finishes the proof.

L? +2%L+3$

+ 2X) +

{L SBZL 283 12 +258L+323

2(Y) +

B(X) B(Y)

2(X) £(Y)

Theorem 4.2: The metric tensor § of L is non-degenerate if and only if
212(38B + L)p? + L3 — 3B%L — 883 # 0. 4.1)
That is, the generalized second approximation Matsumoto metric is a

Finsler structure (or, conic Finsler structure) if and only if the condition (4.1) is
satisfied.

Proof: Assume that § be the Finsler metric associated with the generalized

second approximation Matsumoto metric, defined by (3.1). To prove that § is

non-degenerate, let G(X,Y) = 0 forall X € X(m(M)). By using Proposition 4.1,

we obtain

(L+B) (L2 +82) (L3 -B2L-283%)
L6

0= gX,v)

n 1584 4+2083L+18B2L2+12BL3+3L*
L4

B(X) B(Y)

+12556+15555L+12554L2+6233L3-23L5 {’(Y) f(?)

Lé

L5-1285-158*L-128312-68B213
+ I

{B(X) ¢(Y) + B(Y) ¢(X)}.
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From which, by substituting X = p, noting that £(p) =% and B(p) =
g(P,p) =:p?, one can show that

A, £(Y)+ B, B(Y) =0, 4.2)
where
A= (1285+1584L+128312+68B2L3 - L5) (B-Lp)(B+Lp)
l. -_ L7 )
B.:— -148°-188°L+158*12(p?—1)+4B3L3(5p?-2)
1+ =

L6
" 1882L4p? +2BL5(6p%+1)+L8(3p?+1)
L6 ’

Similarly, by substituting X =7, taking into account the facts that
£(n) = L and B(17) = B, we obtain

A, ¢(Y)+ B, B(Y) =0, 4.3)
with
(B+L)(B2+12)(—283-B2L+L3)
Az: = 15 )
(B+L)(B%+L1%)(38B2+2BL+L?)
Bz: = .

L4
Now, the system of the algebraic equations (4.2) and (4.3) has non-trivial
solution for #(Y) and B(Y ) if and only if

3,2 2,13)3
(L) (21238 + L)p? + 1P — 3B7L — 8B%) = 0.

Hence, as L # 0 over TM, then we conclude that
21°(3B + L)p? + L3 — 3B*L — 8B° = 0.
Therefore, £(Y) = 0 and B(Y ) = 0, if and only if the Finsler structure L
and the m-form B satisfy the condition
21°(3B + L)p? + L3 — 3B*L — 883 # 0.
From which, together with the first equation of the proof, we conclude that
Y=o
This means that the generalized second approximation Matsumoto metric
tensor § is non-degenerate if and only if the condition (4.1) is satisfied. Hence,
the proof is completed.
Form now on, we consider that the generalized second approximation
Matsumoto metric L satisfies the condition (4.1).

5. Geodesic spray and Berwald connection

We limit ourselves to a specific 1-form in order to avoid the difficulties of
the formulae and to be able to find the geodesic spray of the generalized second
approximation Matsumoto metric. We have the following definition, precisely.
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Definition 5.1: [30] Assume that (M, L) is a Finsler manifold, then we mean by a
concurrent m-vector field a m-vector field p € X(mw(M)) fullfing the following
conditions

vﬁﬂ:—?:%ﬁ, VyD=0=D3Pp. (5.1
Moreover, if B is the m-form attached to p by using the duality provided
by the metric g: B = i5 g, then B satisfies

(VzB) (V) = —g(X.Y) = (DgzB)(Y), (V,zB)(Y) =0 = (D;zB)(Y).

A particular generalized second approximation Matsumoto metric will be
L(x,y) if the m-vector field p(x,y) attached to the scalar m-form B indicates
that B is a concurrent vector field over (M, L).

Nabil et al. addressed an intrinsic investigation of concurrent r-vector fields

in Finsler geometry in [30]. They additionally described the concurrent m-vector
fields. In other words, we have:

Lemma 5.2: Consider the Finsler manifold (M,L) equipped with a scalar
n-form B which has no dependence on the direction y, and p its the associated
t-vector field is concurrent m-vector field. Then dB(G) = —L2.

Proof: Applying Lemma 3.4 (b) and taking Definition 5.1 into account the proof
is attained.

Theorem 5.3: [30] A concurrent m-vector field p and its attached m-form B
have no depndence on the directional variable y.

Now, we find the relationship between the canonical (geodesic) spray G
corresponding to the special generalized second approximation Matsumoto

metric L, in terms of the geodesic spray G of L. Precisely, we have the following
theorem.

Theorem 5.4: The canonical spray G associated with the special generalized
second approximation Matsumoto metric (3.1), is given by

L2(128B°+15B4L+B312+6B2 L3-L5)
(B+L)(B2+L2)(2L2(3B+L)p2+L3—3B2L—-8B3)

2L4(3B+L) —

(2L2(3B+L)p2+L3-3B2L—8B3) Yp,

where, C is the Liouville vector field defined by C:=y 7 and p*:= B(p) =
9. p).

G=6-

Proof: Due to the special generalized second approximation Matsumoto metric
(3.1), taking into account the expression of the exterior m-form {1: = %dd ) I?, the

fact that the resulting vector from subtracting two sprays is vertical vector field
(i.e. G = G + yp, for some m-vector field 1) and using Proposition 2.2, one can
show that
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—dE(X)

. X . 1 =2
i A(X) = igayz G ddyT2)(X)
= ZigddyI2(X) + iz dd; 12 (X).

Therefore, after some computation together the fact thats 7 = G and
X = hX + vX = fpX + yKX, together with Lemma 3.4, we have

dE(X) = 2dI*(X) = LdL(X)

(5.2)

(L+23+ + Lz){L % L-2%83 dL(X)+L +2$L+3% dS’B(X)}

L3-82L-283

B2 B3
—(L+23+T+L2) e

dL(X)

L2 +2BL+3B2

2 dB(X).

LB+ S+
L L

L ig dd)I*(X) = 1 {dd, [ (87, X))

= {6 - )12 (X) - X - d)[2(G) — dy[*[G, X1}

=2{G - 2L2(pX)) — X - 2LE@) — 2L¥(p[G, X))}

= ((G-L)2(pX) + L G - £(pX)) — (X - [*) = L 2(p[G, X]).
From which taking into account Lemmas 3.4, and the following facts

G-L=dL(G) = M dL(G) + M dB(G)

L +2BL+38B2

- dB(G) = —(12 + 2BL + 3%?)

- - 3_gp2
X-L=dL(x) = L1*-B2L-28° dL(X) +M dB(X)

L% +2BL+3%B2

{’(X) + B(X),

plG,X] = p[G,hX + vX] = DGpX - KX,
(D¢ BY(X) = —g(X, 1) = —L £(X),
(D& OX) = (Ve H(X) =0,
dB(X) = B(KX) — L(pX),
dL(X) = dL(yKX) = ¢(KX),
the above relation reduces to
~ig dd; 2 (X) =

L? +223L+3%

= — (1% + 2BL + 3%8?) (M

£(pX) + B(pX))

B(pX))

2 3
+(L+%+QBT+Q;_Z)G (L QBL 283 L+2%L+323

2(pX) +
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82 83 (L3-8B2L-28° L?+2BL+3%B2
—2(L+ B+ +2) (T dL(x) + T aB(x))

B2 B3 (L3-B2L-283 L% +2BL+3B2
—(L+ B+ + D) (FEE #(0[6,X]) + 2 B(o[6,XD)-
Hence, we obtain

1. T

1285 +1584L+128B31L2+6B2L3-L5
= ( a ) £(ex)

(15934+20233L+18%2L2+1223L3+3L4

= ) B(pX)

B2 83 (13-82L-283 L% +2BL+3B2
—LHB D) (A + L aB (),

On the other hand, using Proposition 4.1, we have
1. ~ ~—
L b ddy I (X) = G, pX)
(L+B) (L2 +8B2)(L3-B2L-283) _
= 6 91, pX)

1584 4+2083L+18B2L% +12BL3+3L*

= B(D B(pX)

" 1286+1585L+128%12+6B3L3-BL®

s £(D) £(pX)

" L5-1285-1584L-12831%2-6B2L3

I {B() £(pX) + B(pX) £(1)}-

Plugging the last two relations into Equation (5.2), after some calculation, it
follows that

82 83 (13-8%2L-28° L?+28BL+38B2
—LHB T+ D) (a0 + 22 4B ()

128B5+158*L+12831L2+6B2L3-L5
= ( a ) €0

1584 +2083L+18B%L%+12BL3+3L*
-( 7 ) B(X)

B2 B3 [L3-B2L-283 L2 +2BL+3%B2
—(L+3B+ - + e (L—3 dL(X) + — Q= dQS(X))

(L+B) (L2 +B2) (L3 -B2L-2B3)
+ - 9@ pX)

n 158442083 L+18B2L2+12BL3+3L*

z B(D) B(pX)

n 128B6+158°L+12841L2+6B3L3-BL°

= ) £(pX)

L5-1285-158*L-128312-68B21L3

G {B(1) £(pX) + B(pX) £(10)}.
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In view of the non-degenerate property of the Finsler metric g, one can
show that

(L+9B)(L2+B2) (L3 -B2L-283) —
L6 K=

_ (L°-1285-158*L-128317-68B2L3
= =

L5-1285-158*L-128312-6B213 _

- — B(1)

1280+1585L+128%1L2+6B3L3-BLS
L7

(i

158442083 L+18B2L%+12BL3+3L*

+{ =

158%+2083L+18B2L2+128BL3+3L% _
- B(w) (5.3)

L4

L5-1285-158*L-128312-6B213 | . . —
E = o
where () and B(u) are geometric quantities determined by the following two
equations

A ¢(p) + By B(p) = (.

A t(u) + B, B(w) = Gy, (5.4)
where
_ (LB)(L2+8%)(—283-82L+L3)
Al: = L6 .
(L+B) (L% +B%)(3B%+2BL+L?)
Bl: = L5 .
_ (L+B)(L2+82)(3B2+2BL+L?)
C]_: = 3 .
(128°+158*L+128312+6B2L3-15) (B2 -12p?)
Az: = 7 .
B, = —-148°-1885L+18B2L4p%+1584L% (p?-1)
2"

L6

LO(143p?2)+4B3L3(—245p2)+2BL5(1+6p?)
L6

—12B0-15B5L+18B2L*p2+3L0p2+3B* L2 (—4+5p?)
L4

C2:=

n 28313 (-3+10p2)+BL5(1+12p?)
L4 '

p*:= B(P).
Making use of the condition (4.1), the system (5.4) has the following
solution
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2@ = L3(382+2BL+L%)(283+B2L-L3)
K= (B+L)(B2+L2)(8B3+3B2L—2L2p2(3B+L)—L3)

. (283 +82L-13)"
B =1L ((23+L)(232+L2)(8553+3582L—2L2p2(3SB+L)—L3)
Consequently, using (5.3) taking into account the assumption G = G + y,
it follows that the canonical sprays G and G, are related by
L2(128B5+1584L+B3 L2 +6B2 L3-L%)

G=6-
(B+L)(BZ+L2)(2L2(3B+L)p2+L3—3B2L-8B3)

+ 2L*(3B+L)
(2L2(3B+L)p2+L3-3B2L-883)

P
Hence, the proof is completed.
Theorem 5.5: The Barthel connection I associated with the special generalized
second approximation Matsumoto metric (3.1), is given by
[= =] —-dA ®V7_I+djlz Qvp,
where

P 12 (1285+158*L+B312+6B2 L3-L5)
17 (B+L)(B2+12) (212 (3B+L)p2+L3—3B2L—8%B3)’

= 2L*(3B+L)
2' 7 (212(3B+L)p2+L3-3B2L—8B3)’

Consequently, the horizontal map f associated with the special generalized
second approximation Matsumoto metric has the form

BX = BX —~{As ¥X + d; 1, (BX) v7] — d; A, (BX) vP}.

Proof: By using Theorem 5.4 and the formula [31]:
Xl = fIXJ]+df ANiy] —d;f ® X,

and using the given assumption for A, and A,, one can show that
[=0,61=1,6 -4 v7+Ayp] = [],G] + [ v — L,¥P.]]
=061+ MlynJl+dA ANy ] —did @y
~,[¥yBJ] = day Nigs] + dj2; ® V.
On the other hand, we obtain
djp*=0
bl =0=1i3], (asJey =0),
whereas
[vp.J1X = [yp,JX] = Jlyp, X]
= ¥{V%ys PX = Vjx D} = ¥{Vy5 pX = T(®, pX)} = 0.
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yn.J1X = —JX.
Therefore,
f: F_)q]_d]/’ll ®yﬁ+d]/12 ®V}_9

Consequently, using the fact that T'= 28 o p — I, the horizontal map f
associated with the special generalized Matsumoto metric has the form

BX = BX — > {1 ¥X + d;A,(BX) v1) — d;2,(BX) yP).
This completes the proof.
Theorem 5.6: The Barthel curvature tensor R associated with the special
generalized second approximation Matsumoto metric (3.1) is determined by
R=R-—[hL] - N,
where Ni:= % [L, L] is the Nijenhuis torsion of a vector 1-form L defined by

L:= —%{/11] +d; 0, @y — djA; @ vp). (5-3)

Proof: According to Theorem 5.5, we see that the horizontal projection i and
vertical projection ¥ associated with the special generalized second
approximation Matsumoto metric has the form

h=h+L v=v-1L,

where I is defined by (5.5). Hence, the Nijenhuis torsion [3] of a vector 1-form
L is given by

Ny:= 2 [L L](X,Y) = [LX, LY] + L2[X, Y] — L[LX, Y] — L[X, LY].

Now, the proof is obtained by the fact that R = — % [k, k], and taking into

account the proprties of the Frolicher-Nijenhuis bracket.
The Berwald vertical counterpart is given by Lemma 3.3 and the Berwald
horizontal counterpart is given by the following result.

Proposition 5.7: For the special generalized second approximation Matsumoto
metric (3.1), the Berwald horizontal counterpart is given by

—~ = o T 1 o T AN T
Dz Y = D°pxY — E{Al DY+ d;A(BX) DymY
—d;4(BX) Y — d;A,(BY) X — d;2,(BX) D, Y}
1 bl . — gl < p—
+-{dd; 4, (yY, BX) 71 — dd; A, (vY, BX)) P}
Proof: The proof comes from the fact that v:=y oK, h:= fop, yD°py Y:=

v[hX,JY] and D° zpY:= plyX,BY] ([25, Proposition 4.4]), taking into
account Theorem 5.6, and the facts that the map y:7w~*(TM) - VTM is an
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isomorphism, the Berwlad (v)v-curvature S° =0, [JX,JY]=]J[X,JY]+
JUX,Y], v/ =] and Jv = 0.
In more details.

yDux pY = B[hX,JY] = (v — L)[hX + LX,]Y]
= v[hX,]Y] + v[LX,]JY] — L[RX,]Y] — L[LX, Y]
= yD°nx¥ — {4 K[JX,JY] + djA, (X) K[v77,JY] = d;2,(X) K[ vP,J Y]}
+2{UY - 20) pX + (Y - d;2,(X)) T = (Y - d;2,(X)) B}
+2{2 p((RX,JYD) + A, ([RX, JYD T — dy 22 ([RX,]Y]) B)
= yD*nxpY — > (A Dy pY + d;A1(X) Dy pY
—d; 1, (X) pY — d;A,(Y) pX — d;2,(X) Dy pY}
+2{dd;2, gy, X) 7 — dd;2,(JY, X)) P}.

Consequently,
Doz Y = D45V — %{/’11 D2 Y +d;A,(BX) Dy ¥
—d; A (BX)Y — djA,(BY) X — d;2,(BX) Dy Y}
+§{dd,/11 Y, BX) 7 — dd;A,(yY, BX)) B}
This completes the proof.

We now present an example of a Finsler metric providing a concurrent
m-vector field, and compute the corresponding m-form. Note that Tachibana [12]
investigated the presence of a concurrent vector field on Finsler manifolds. The
so-called semi-concurrent vector fields are a generalization of concurrent vector
fields; for further information, see [19].

Example 1: Consider the manifold M = {(x!,x2,x3) € R3: x! > 0} and the
conic Finsler structure L is given by

L = H2y2+(xH2 ()3
= [—yz ]

The components of the metric tensor g;; are

_ R _ _3@H*03)? _ 3aH%y?
91 =1 g = T3 9B T Tz =75z -
The components of the Cartan tensor C;j, are

3 D203 _ 3 @232 _ _30aH%Hs 3 @h)?

Cozz =

I N OO 2 22 " T3 g 2
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The components of the inverse metric tensor g¥/ are calculated as follows:
11 _ 22 _ _40%)3 23 _ _200%)? 33_4_Y°
g =1 97 = T 2032 BECEEE
Assume the vector field with the components
Pl =x', p*@)=0, p@)=0.
By making use of the Finsler package [31], we list the required coefficients

of Cartan connection:
1 1
T =T, =T =T4 =T =0} =T}, =0, T, = ey I = L
Now, we have p'C; ik = 0. Moreover;
ph = 6:ip' +p'Ty +p°Th, + PP = 1,
similarly, plzz =1, p|33 =1 as well as the other components of plij vanish.
Therefore, one can confirm that this metric admits a concurrent m-vector field
p = p'0;, where 9; are the basis of fibers of w=1(TM), p*(x) = x*, p?(x) =0,
300 —

p>(x) =0.

The components of the corresponding m-form B are given by B! = x!,
B2 =0, B3 =0, and hence the associated one form B becomes B(x,y) =
xyl.

Consequently, we have

- 582 %3
L(X,y) —L+§B+T+L—2

= —(y1)2y2+(x1)2(y3)3 + xlyl + xl(yl)z + xl(y1)3
y? 1\22s 120z ODEYEHGDH2(H3
GOH2ye+(x D)) v}

y
2

which defines a special generalized second approximation Matsumoto metric
over M.

Remark 5.8: It should be noted that Finsler geometry and physics both make
extensive use of the second approximation Matsumoto metric. We will look into
some geometric applications of this metric intrinsically as a continuation of the
present investigation
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