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Abstract
Many academic investigations are now examining dark energy theories in conjunction 

with cosmic strings and scalar fields since these factors play a crucial part in the examination 
of the present scenario characterised by the universe’s accelerated expansion. A non-static 
plane-symmetric Tsallis holographic dark energy model is developed in the presence of 
an attracting massive scalar field and cosmic strings. This paper presents a deterministic 
solution to the Einstein field equations, using conditions that are both mathematically and 
theoretically relevant. The model’s cosmic dynamical parameters have been determined, 
including the energy conditions, deceleration parameter (q), statefinders, equation of state 
parameter (ωde), stability analysis, r – q plane, and ωde – ω’de plane. We have also highlighted 
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their physical significance in the description of our model. Given the current observations, 
observational bounds of cosmological parameters are included. Our dark energy model 
appears to correspond with recent cosmological findings. 

Subject Classification:  83C56, 83F05, 83D05.
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1.  Introduction

Modern cosmological measurements indicate that the expansion of 
our universe is occurring at an accelerated pace compared to previous eras 
[1]-[5]. The primary factor contributing to the cosmic acceleration is an 
enigmatic force referred to as “dark energy (DE),” described by its immense 
negative pressure. Various studies have been conducted in the academic 
literature to elucidate the puzzling phenomenon of DE models. Significant 
dynamical dynamical models include scalar field models [6-7], as well as 
the holographic DE (HDE) model [8]. Various scholars have examined 
intriguing evaluations of several DE models and updated theories of 
gravity [9]-[13]. While analysing dynamical DE models, it is crucial to take 
into accout the significance of HDE and scalar field (SF). Based on the 
results obtained from the SF models, it can be shown that SF generates 
energy in conditions of significant negative pressure, leading to a decrease 
in the accurate SF potential. In general, there are two distinct categories of 
scalar meson fields. Zero mass SFs are used to depict long-range 
interactions, while massive SFs (MSFs) are used to describe short-range 
interactions.

The evolution of the structures inside the universe is a significant 
enigma of the current century. After the Big Bang, the early Universe 
experienced symmetry breakdown, which resulted in the appearance of 
topological imperfections such as domain walls, cosmic strings, and 
monopolies. Strings are particularly notable and have immense 
astronomical importance. The genesis of galaxies is contingent upon the 
cosmic strings in a crucial manner. The existing findings provide evidence 
in favour of the hypothesis that the early Universe included an extensive 
network of strings. Investigating the gravitational impacts of these strings 
will be intriguing because the gravitational field is generated by cosmic 
strings in combination with stress energy. Letelier [14]-[15] has prsented 
the broad relativistic study of strings. Many researchers have investigated 
the study of cosmic strings, considering several physical origins and 
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various alternative theories of gravity. Literature is abundant  with 
pertinent references on this topic [16-19]. 

The HDE model has gained popularity in recent years as a dynamic DE 
model for studying the DE problem. The investigation of quantum gravity 
has been widely explored in the literature, with a particular focus on the 
quantum features of black holes (BHs) [20, 21]. Cohen et al. [22] have 
provided the energy density of HDE as 

2 2 2= 3 . (1)de pd m Lr −

pm  is the Planck mass, 23d  is a constant, and L is the IR cutoff. Several 
researchers in the literature [23]-[27] have explored several IR-cutoffs. The 
modified cosmic scenario, as examined by Nojiri et al. [28], is a result of 
incorporating non-extensive thermodynamics with changing exponents 
inside a cosmological framework. Nojiri et al. [29]  have shown that a 
diverse range of DE models may be considered distinct contenders within 
the generalized HDE family, each with its own set of thresholds. 

In recent times, a number of entropy formalisms have been used for 
the purpose of constructing and evaluating cosmological models. The 
Tsallis HDE (THDE) model, as described in references [30, 31], is a novel 
HDE model that has not achieved stability at the classical level [30-33]. 
These efforts are supported by the ability to calculate the Bekenstein 
entropy by using the Tsallis statistics on the system horizon [34]. The 
developed models exhibit adequate stability on their own as well [33, 35, 
36]. Here are some notable studies on HDE models: Younas et al. [37], 
Ghaffari et al. [38], Aditya et al. [39], Maity and Debnath [40], Iqbal and 
Jawad [41], Jawad et al. [42] and Aditya and Prasanthi [43] have investigated 
the several HDE models in alternative theories of gravity. 

Significant theoretical explanations and observable evidence from 
CMBR support the existence of an anisotropic phase that transforms into 
an isotropic phase in the universe. Based on these investigations, it appears 
that the isotropic FRW model might not offer a sufficiently accurate 
depiction of the constituents that existed  in the early universe. The 
utilization of anisotropic Bianchi models is essential in the description of 
these noteworthy anomalies. Many researchers have conducted 
investigations on DE models that incorporate SFs in the context of 
anisotropic backgrounds, with the explicit intention of accomplishing this 
objective ([44]-[61]). Aditya et al. [62] examined the DE model in the Lyra 
manifold when an MSF is present. Aditya and Reddy [63] conducted a 
study on the DE model in ( , )f R T  gravity, specifically focusing on the 
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influence of a MSF. The study conducted by Daniel Raju et al. [64]-[66], 
Aditya et al. [67], Naidu et al. [68, 69], Bhaskara Rao et al. [70, 71] and 
Aditya et al. [72, 73] have examined many aspects of anisotropic DE models 
including MSFs and cosmic strings. The dark energy cosmological model 
with MSFs and cosmic strings offers a rich framework for addressing key 
questions in cosmology. It not only expands our theoretical understanding 
of dark energy and cosmic structure formation but also provides testable 
predictions that can guide observational efforts to explore the universe’s 
fundamental components and evolution.

The present work focuses on the non-static plane-symmetric 
cosmological model of the universe in Einstein’s theory, which includes 
strings, HDE, and MSF as sources of gravity. Below is an overview of the 
paper’s organisation: Section 2 covers the process of deriving and solving 
field equations. The dynamical parameters of the constructed model and 
their physical importance are evaluated in section 3. The concluding 
section includes final remarks.

2.  Field equations and model

The non-static planar symmetric space-time may be represented 
metrically as follows:	

2 2 2 2 2 2 2 2{ } (2)Ads e dt dr r d B dzq= − − −

where A and B are metric potentials and only functions of time t. Several 
researchers [74-76] investigated various cosmological models in this 
background of universe. The field equations proposed by Einstein may be 
formulated in the context of matter, a DE fluid, and an attracted MSF (here 
8 = = 1)G cp  

1 = ( ) (3)
2

S de SF
ij ij ij ij ijR Rg T T T− − + +

;( ) = 0. (4)S de SF
ij ij ij jT T T+ +

,S
ijT  ,de

ijT  and SF
ijT  are the stress-energy tensors of cosmic strings, DE 

fluid, and MSF, respectively. The definitions of the energy-momentum 
tensors are as follows:
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' 2 2
, , ,

= ,    = 1,  = 1,  = 0

= ( ) (5)
1= ( )
2

S i i i
ij i j i j i j j

de
ij de de i j ij de

SF k
ij i j k

T u u x x u u x x u x

T p u u g p

T M

r l

r

f f f f f

− −

+ −

− −

dep  & der  are the DE fluid’s pressure and energy density, f  is the 
MSF, l  is string tension, and M is the SF’s mass. The Klein-Gordon 
equation of the SF is 

2
; = 0. (6)ij
ijg Mf f+

The DE fluid’s energy-momentum tensor can also be represented as 

= [ , , , ] = [1, , , ] . (7)de
ij de de de de de de de deT diag p p p diagr w w w r− − − − − −

Field Eqs. (3) for the metric (2), using (5)-(7), are 
2 2 2

2 22 2 = (8)
2 2

A
de de

AB B Me A A
B B

f f w r−  
+ + + + − − 

 

   

 

2 2 2
2 2[2 ] = (9)

2 2
A

de de
Me A A f f l w r− + + − −



 

2 2 2
2 22 3 = (10)

2 2
A

de
AB Me A
B

f f r r−  
+ − − + 

 

  



24 = 0 (11)B A M
B

f f f
 

+ + + 
 




 

The system of field Eqs. (8)-(12) is made up of four separate equations 
(because Eq. (12) is a result of field equations (8)-(11)) with A, B, ,f  ,dew  

,der  ,r  and l  seven unknown parameters. To fully solve the system of 
field equations, we need three more physically valid conditions that 
establish a connection between these parameters. Consequently, we are 
presented with the opportunity to choose among the following physically 
feasible conditions: 

•	 A relation between metric potential as 

	 = (13)A ne B

	 Where n is a constant ([77]-[80]). 
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•	� The average scale factor ( )a t  and the SF f  in the model exhibit a 
power-law relationship [81-82] 

[ ( )] (14)ka tf ∝

	� the power index is denoted by k. In the literature, several researchers 
have looked into different aspects of this relationship ([59]-[71]). 
Considering the practical implementation of equation (14), we 
examine the correlation between SF and metric potentials to decrease 
the complexity of the system

0=  [ ( )] . (15)ka tf f

•	 The researchers have introduced an original THDE density 
2 4= (16)de L gr d −

	� where d  is an unknown parameter. We will use the IR cutoff L as the 
GO scale GOL  in this study, which has the following form 

1
2 2= ( ( ) ( ) ) (17)GOL H t H tb a

−

+

	� where a  and b  are two positive constants. THDE may be written in 
GO scale by combining (16) and (17) 

2 2= ( ( ) ( ) ) . (18)de H t H t gr d b a − ++

Using equations (13) and (15) in Eq. (11), we obtain the metric 
potentials as follows 

1( 1)
1 1 2

1 1
3 3

= sinh ( 1)

k
k

A c c c
e c k t

k k

+  
+ +      

1

1
( 1)

1 1 2
1 1

3 3

= sinh ( 1) (19)
kc c c

B c k t
k k

+  
+ +      

and SF f  can be obtained as 

1

(4 1)
3 3

1 1 2
0 1 1

3 3

= sinh ( 1) (20)

n k
kc c c

c k t
k k

f f

+
+  

+ +      
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where 4 ( 3)
1 3= ,n k nk + +  23

2 (4 1)= ,M
n kk −

+
 1c  and 2c  are integrating constants.

The fact that many authors have introduced an average scale factor 
1

( ) = [ ( )]na t sinh ta about the analysis of DE models in the anisotropic context, 
it is noteworthy to state that the solution obtained in this study is both 
intriguing and logically valid ([83] and [84]). They noted that it produces 
several potential results that align with existing cosmic observations. 
Several researchers in the literature have used this particular version of 
the average scale factor to investigate different aspects of DE theories [85]-
[87]. Consequently, exploring the SF model using this hyperbolic solution 
for average scale factors, as described in Equation (19), is an intriguing 
opportunity. Using Eq. (19) in Eq. (2) we write our DE model as 

1

1

2
( 1)

2 1 1 2
1 1

3 3

2
( 1)

2 2 2 2 21 1 2
1 1

3 3

= sinh ( 1)

sinh ( 1) (21)

k
k

k

c c c
ds c k t

k k

c c c
dt dr r d c k t dz

k k
q

+

+

  
+ +      

 
   − − − + +        

 

The metric (21) denotes a DE model with an MSF (20) and cosmic 
strings. The following dynamical parameters have very much importance 
in the physical discussion of the model. 

3. Cosmological parameters

We will discuss the physical meaning of dynamical parameters in our 
DE model in the presence of MSFs and cosmic strings in this section.

The model’s average scale factor ( )a t  and volume (V) are calculated as 
4 1

113 4 1 1 2
1 1

3 3

( ) = [ ( )] = = sinh ( 1) . (22)

k
k

A c c c
V t a t e B c k t

k k

+
+  

+ +      

Hubble’s parameter (H) and expansion scalar ( )q  are given by 

1 1 2
1 1

3

(4 1)
= 3 = c ( 1) . (23)

3
k c c c

H oth c k t
k

q
 +

+ +  
 

From Eqs. (18) and (23), we get the energy density of Tsallis HDE of 
our model can be obtained as 
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2

2 1 2
1 1 1 1

3

22

2 2 1 2
1 1 1

3

1= (4 1) ( 1) 1 c ( 1)
3

1 (4 1) c ( 1) . (24)
9

de

c c
k c k oth c k t

k

c c
k c oth c k t

k

g

r d b

a

− +

      + + − + +          

   + + + +          	
From Eqs. (9), (19) and (20) we obtain the string tension as 

2

2 1 2
1 1 1 1

3

22
112 2 1 2 1 1 2

1 1 1 1 1
3 3 3

2 1 2
1 1 1 1

3

= 2 ( 1) c ( 1)

c ( 1) sinh ( 1)

2 ( 1) c ( 1)

k
k

c c
kc k sch c k t

k

c c c c c
k c oth c k t c k t

k k k

c c
kc k sch c k t

k

l

−
+

   − + + +        

      + + + × + +                  

  
− − + + +      

1

1

2

1 2
( 1)

21 1 2 1 2
1 1 1 1 1 1

3 3 3

1( 1)

1 1 2 1 1 2
1 1 1 1

3 3 3 3

sinh ( 1) 1 c ( 1)

sinh ( 1) sinh ( 1)

k

k

c c c c c
c k t c k sch c k t

k k k

c c c c c c
c k t c k t

k k k k

−
+

−− +


 

        × + + + − + +                    
     × + + × + +              

1

2
1

(25)

k
k
−
+

 


From equations (10), (19), (20) and (25), we get the tension density as 

1

1

12
( 1)

2 1 2 1 1 2
1 1 1 1 1

3 3 3

22
1

2 2 1 2 1 1 2
1 1 1 1 1

3 3 3

2 2
0

= 2 c ( 1) sinh ( 1)

3 c ( 1) sinh ( 1)

2

k

k
k

c c c c c
kc oth c k t c k t

k k k

c c c c c
k c oth c k t c k t

k k k

M

r

f

−
+

−
+


       + + + +                    



      + + + + +                  

−
1

1

2 (4 1)
3 3

2 2 21 1 2
1 1 0 1

3 3

2 (4 1) 2
3 3

2 1 1 2 1 2
1 1 1 1

3 3 3

1sinh ( 1)
18

(4 1) sinh ( 1) c ( 1) .

(26)

n k
k

n k
k

de

c c c
c k t n c

k k

c c c c c
k c k t oth c k t

k k k

f

r

+
+

+
+

  
+ + −      

      
+ + + + + −                  
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Scalar field:

Fig. 1 illustrates the relationship between a SF (Eq. (20)) and time for 
different values of n. For all values of n, the SF exhibits a decreasing pattern 
throughout cosmic time, as seen in Fig. 1. It is seen that the SF is decreasing, 
leading to an increase in kinetic energy. The observed behaviour  bears 
a resemblance to the SF behaviour seen in DE SF models developed by 
many authors (Ref. [64-66] and [88]). The SF diminishes as the value of n 
increases. To examine the impact of the SF on the development of other 
cosmological parameters, we studied the other dynamical parameters for 
different values of n. 

Figure 1
Scalar field Vs. t for = 0.5,k  1 = 0.075,c  2 = 0.025,c  = 0.45M  and 0 = 0.0001.f

String tension:

The equation of state (EoS) of cosmic strings is restricted by the energy 
conditions. With > 0r  or < 0,l  the weak and strong energy conditions 
result in .r l≥  The domestic energy conditions imply 0r ≥  and 2 2 .r l≥  
The signature of λ  is not constrained by these energy conditions. We have 
plotted the behaviour of string tension l  in terms of time t for different 
values of other model parameters in Fig. 2. It can be seen from Fig. 2 that 
the string tension is negative throughout the evolution of the universe and 
finally vanishes. 
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Figure 2
String tension l  Vs. t for = 0.5,k  1 = 0.075,c  2 = 0.025c  and = 0.45.M

Energy conditions:

The Null energy conditions (NEC) ( 0)eff depr + ≥  suggests that the 
universe’s energy density drops as it expands, and its violation may result 
in the Big Rip of cosmology. The accelerating expansion of the universe is 
represented by the violation of the strong energy conditions (SEC) ( effr +
3 dep ≥ 0, effr + dep ≥ 0)  conditions. The validity of SEC ( effr + 3 dep ≥ 0,

Figure 3
Energy conditions Vs. t for = 0.5,k  1 = 0.075,c  2 = 0.025,c  = 0.45,M  

0 = 0.0001,f  = 0.8502,a  = 0.4817,b  = 1.22,g  and = 2.5.d
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effr + dep ≥ 0)  and weak energy conditions (WEC) ( effr + dep ≥ 0, effr ≥ 0)  
are indicated by the Hawking-Penrose singularity theorems. The WEC 
and NEC are essential among all the other energy conditions because their 
failure causes other energy conditions to be violated.

Fig. 3 displays the energy conditions for various values of in our 
model. The NEC is first fulfilled and then violated. Consequently, the 
model generates a significant impact. Furthermore, our approach must 
comply with the SEC. It is important to mention that the WEC is satisfied, 
but the dominant energy condition (DEC) ( effr ± dep ≥ 0, effr ≥ 0)  is not. 
The observed orientation may be attributed to the late-time acceleration of 
the  universe, a phenomenon that aligns with existing data from 
experiments. 

Deceleration parameter:

The deceleration parameter (DP) is used in the computation of the 
rate at which the universe expands. The term is defined as: 

2= 1 . (27)Hq
H

− −


The nature of the universe’s expansion is explained using DP’s 
signature. The deceleration phase is shown by positive values of DP, 
whereas the model exhibits accelerated expansion for 1 < 0.q− ≤  The DP is 
calculated as follows in our model: 

2

1 1 2
1 1

3

3 3
= 1 s ( 1) . (28)

4 1
k c c

q ech c k t
k k

  +
− + + +    +   

The behavior of DP for our constructed model with respect to time is 
seen in Fig. 4. Our model exhibits a distinct shift from positive to negative 
values, indicating a smooth transition from the initial period of deceleration 
to the present age of acceleration in the universe. The acceleration of 
expansion in our model starts at a point 6.2 st Gyr≈  i.e., 7.5 Gyr ago from 
the present 0( = 13.7 ),t Gyr  resulting in a current value of DP of = 0.75.q −  
The behaviour  of the DP is supported by data obtained from several 
observational approaches ([89]-[92]).
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Figure 4
DP Vs. t for = 0.5,k  1 = 0.075,c  2 = 0.025,c  = 0.45,M  0 = 0.0001,f  

= 0.8502,a  = 0.4817,b  = 1.22,g  and = 2.5.d

EoS parameter:

The EoS parameter ( )dew  of our model is constructed as 

1

2 2

2 2 21 2 1 2
1 1 1 1 1 1 1

3 3

12 ( 1)

2 1 2 1 1 2
1 1 1 1 1

3 3 3

= 2 ( 1) c ( 1) c ( 1)
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(29)
Fig. 5 illustrates the relationship between our model and time for 

several values of n. The evolution of the EoS parameter is evident as it 
transitions from an era of aggressive phantom ( << 1)dew −  to the phase of 
phantom dominance ( < 1)dew −  in the universe. When the magnitude of 
the SF ( )tf  increases, the EoS parameter in our proposed model tends to 
approach the aggressive phantom region. The current values of the EoS 
parameters ( , )den w = ( 1.5,− 0.64),−  ( , )den w = ( 1.7,− 1.045),−  and ( , )den w
= ( 1.9,− 2.192)−  are consistent with modern observational data reported 
by Aghanim et al. [93].

Figure 5
Plot of EoS parameter versus cosmic time t for = 0.5,k  1 = 0.075,c  2 = 0.025,c  

= 0.45,M  0 = 0.0001,f  = 0.8502,a  = 0.4817,b  = 1.22,g  and = 2.5.d

Squared sound speed:

The squared sound speed 2( )sv  parameter is used to assess the stability 
of DE models, with stability being influenced by its sign. The stability of 
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our proposed model is determined by the positive sign of 2 ,sv  whereas the 
model’s instability is determined by the negative sign of 2 .sv  This is how it 
is defined: 

2 = =  . (30)de de
s de de

de de

p
v

r
w w

r r
+





 

2
sv  may be determined by substituting formulae for the parameters in 

Equation (30). As seen in Fig. 6, we conducted a quantitative analysis of 
the squared sound speed 2

sv  by plotting it against time. The consistent 
negative nature of throughout the universe’s history implies the model’s 
fundamental instability. This inclination aligns with the recent findings in 
observational data.

Figure 6
2
sv  Vs. t for = 0.5,k  1 = 0.075,c  2 = 0.025,c  = 0.45,M  0 = 0.0001,f  = 0.8502,a  

= 0.4817,b  = 1.22,g  and = 2.5.d

de dew w ′−  plane:

de dew w ′−  plane is divided into two regions: freezing ( < 0,dew ′ < 0)dew  
and thawing ( > 0,dew ′ < 0)dew  (Caldwell and Linder [94]). Fig. 7 depicts 
the variation of the de dew w ′−  plane for our constructed cosmological 
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model. The de dew w ′−  plane has been shown to represent a thawing zone in 
the evolution of the universe.

Figure 7

de dew w′−  plane for = 0.5,k  1 = 0.075,c  2 = 0.025,c  = 0.45,M  0 = 0.0001,f  
= 0.8502,a  = 0.4817,b  = 1.22,g  and = 2.5.d

Statefinder parameters:

Sahni et al. [95] proposed statefinders as follows: 

3

1= ,   = (31)
13
2

a rr s
aH q

−
 

− 
 



The regions are defined as follows by these statefinders: cosmological 
models for ( , )r s = (1,0)  and ( , )r s = (1,1)  are CDML  and ,CDM  
respectively. The quintessence and phantom DE phases are produced by 
the < 1r  and > 0s  regions. > 1r  and < 0s  represents the Chaplygin gas 
model. The behaviour of r s−  plane for our constrcuted model is shown in 
Fig. 8. The statefinder plane’s trajectory may be shown to eventually meet 
the CDML  limit. In the r s−  trajectory, the phantom and quintessence 
properties can also be seen.
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Figure 8
r s−  plane for = 0.5,k  1 = 0.075,c  2 = 0.025,c  = 0.45,M  0 = 0.0001,f  = 0.8502,a  

= 0.4817,b  = 1.22,g  and = 2.5.d

r – q plane:

The evolution of our constructed model in the plane is seen in Fig. 9. 
We start our model with the SCDM model and then transition to the SS 
model. It is evident from the r q−  trajectory that our model has similarities 
to the quintessence SF model proposed by several authors in the leterature 
([50], [96]). 

Figure 9
r q−  plane for = 0.5,k  1 = 0.075,c  2 = 0.025,c  = 0.45,M  0 = 0.0001,f  = 0.8502,a  

= 0.4817,b  = 1.22,g  and = 2.5.d
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Observational bounds:

Here, we would like to discuss observational bounds on the important 
parameters like k, n and .g  For this purpose, we consider Planck 
collaboration data as a whole (Aghanim et al. [93]) for the EoS parameter: 

0.60
0.48

0.52
0.41

0.50
0.40

0.10
0.10

1.56 (Planck + lowE + TT)
1.58 (Planck + lowE + TT,TE,EE)

1.57 (Planck + lensing + TT,TE,EE + lowE)
1.04 (Planck + lensing + BAO + TT,TE,EE + lowE).

dew

+
−

+
−

+
−

+
−

 −


−


−
−

It can be observed from tables-1(a) to 1(c) that we fit the parameters k, 
n and g  to satisfy the current value of the EoS parameter given by Planck 
+ lowE+ TT observations. Similarly, in tables-2(a) to 2(f) we have obtained 
the observational bounds on k, n and g  given the present values of EoS 
parameter given by Planck +lensing+TT, TE, EE+lowE and Planck 
+lensing+BAO+ TT, TE, EE+lowE. For = 1,g  our Tsallis HDE model 
becomes an ordinary HDE model. Hence we have chosen = 1g  as a special 
case to estimate the observational bounds in each table.

The current value of the deceleration parameter from numerous 
observations (Caunha [89]; Li et al. [90]; Amirhashchi and Amirhashchi 
[91]; Capozziello et al. [92]) is given by 

2

2 0

0.930 0.218 (BAO TDSL Masers Pantheon )
1.2037 0.175 (BAO + TDSL + Masers + Pantheon + H ).
q H

q H
= − ± + + +

= − ± +

In table-3, we fit the parameters k and n to satisfy the current value of 
the deceleration parameter given the above-mentioned observational 
data.

In tables-4(a) to 4(c), we obtain the observational bounds on the 
parameters n and k to discuss the nature of our model using statefinders. 
It can be seen from the table that we can choose the values of n and k for 
different epochs of the universe (quintessence, phantom and Chaplygin).

According to tables-1(a) to 4(c), some parameter combinations will 
result in the correct EoS parameter (Wde) or deceleration parameter (q) or 
statefinder parameters (r, s), one at a time. However, we made an effort to 
show that there are model parameter combinations that are simultaneously 
consistent with all observational constraints to establish the viability of 
our model. From tables-5(a) and 5(b) we obtain model parameters that are 
simultaneously consistent with all observational constraints.
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Table 1(a)
Table represents the EoS parameter at the present epoch for different values of 

parameters k, n and 0.g =

g = 0

k  n  dew  Planck + lowE+ TT 

.42  -1.08 -1.997

 0.60
0.481.56+
−−  

.46  -1.04 -1.685

.5  -1 -1.428

.54  -0.96 -1.215

.6  -0.9 -0.96

Table 1(b)
Table represents the EoS parameter at the present epoch for different values of 

parameters k, n and .g

 k   n   g   dew   Planck + lowE+ TT

.8875 -1.79 0.71 -1.9

0.60
0.481.56+
−−

.925 -1.76 0.74 -1.325

.9375 -1.75 0.75 -1.179

.95 -1.74 0.76 -1.051

.5375 -2.07 1.43 -1.477

.5625 -2.05 1.45 -0.965

Table 1(c)
Table represents the EoS parameter at the present epoch for different values of 

parameters k, n and 1.g =

= 1g

k  n dew Planck + lowE+ TT

.65  -1.85  -1.966  0.60
0.481.56+
−−.69  -1.81  -1.387

.71  -1.79  -1.181

.73  -1.77  -1.014
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Table 2(a)
Table represents the EoS parameter at the present epoch for different values of 

parameters k, n and 0.g =

= 0g

k  n
dew

Planck +lowE+ TT, TE, EE &
Planck +lensing+TT, TE, EE+lowE

.4625  -1.33  -1.899  
0.52
0.411.58+
−−  

&
0.50
0.401.57+
−−  

.5  -1.3  -1.612 
.5125  -1.29  -1.528 
.525  -1.28  -1.448 
.55  -1.26  -1.303

.5625  -1.25  -1.237

.5875  -1.23  -1.115

Table 2(b)
Table represents the EoS parameter at the present epoch for different values of 

parameters k and n.

= 1g

k n dew Planck +lowE+ TT, TE, EE & 
Planck +lensing+TT, TE, EE+lowE

.7125 -1.93 -1.79  0.52
0.411.58+
−−  

& 0.50
0.401.57+
−−

.725 -1.92 -1.609
.7375 -1.91 -1.451
.75 -1.9 -1.313

.7625 -1.89 -1.192
.775 -1.88 -1.085

Table 2(c)
Table represents the EoS parameter at the present epoch for different values of 

parameters k, n and .g

k n g
dew  Planck +lowE+ TT, TE, EE &

Planck +lensing+TT, TE, EE+lowE
.8875 -1.79 0.71 -1.9

 
0.52
0.411.58+
−−  

&
0.50
0.401.57+
−−

.925 -1.76 0.74 -1.325
.9375 -1.75 0.75 -1.179
.525 -2.08 1.42 -1.846
.5375 -2.07 1.43 -1.477
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Table 2(d)
Table represents the EoS parameter at the present epoch for different values of 

parameters k and n.

g = 0

k  n dew Planck + lensing + BAO + TT, TE, 
EE+lowE

.5875  -1.23  -1.115

 
0.10
0.101.04+
−−

.6  -1.22  -1.059

.6125  -1.21  -1.007

.625  -1.2  -0.957 

Table 2(e)
Table represents the EoS parameter at the present epoch for different values of 

parameters k and n.

g = 1

k n dew Planck + lensing + BAO + TT, TE, EE+lowE

.775 -1.88 -1.085
0.10
0.101.04+
−−

.7875 -1.87 -0.99

Table 2(f)
Table represents the EoS parameter at the present epoch for different values of 

parameters k, n and .g

 k   n   g   dew  
 Planck + lensing + BAO + TT, 

TE, EE+lowE

.9317  -1.73  0.77  -1.068 

0.10
0.101.04+
−−.9438  -1.72  0.78  -0.954 

.5625  -2.05  1.45  -0.965 
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Table 3
The table represents the deceleration parameter at the present epoch for 

different values of parameters k and n.

n k q BAO + TDSL + Masers + Pantheon Hz & BAO + 
TDSL +Masers + Pantheon + Hz + H0 

-0.7  0.3  -0.73  
0.930 0.218− ±

& 
1.2037 0.175− ±  

-0.2  0.4  -0.92 
-1.6  0.5  -0.72 
-1.8  0.6  -0.74
-1.7  0.6  -0.77
-0.7  0.6  -0.96
-1.8  0.7  -0.81
-1.8  0.8  -0.86
-1.8  0.9  -0.9

Table 4(a)
The table represents the statefinder parameters limits (Phantom model) for 

different values of parameters k and n.

 Phantom model s > 0 
N k s 

-0.7  0.3  0.198 
-0.1  0.4  0.05 
-1.8  0.6  0.056 
-0.9  0.7  0.001 
-0.1  0.7  0.003 
-2  0.8  0.001 

-1.9  0.9  0.024 
-1.9  1.1  0.001 

Table 4(b)
The table represents the statefinder parameters limits (Chapygin gas model) 

for different values of parameters k and n.

Chaplygin gas model r > 1 and s < 0 
n K r s

-0.5 0.3 1.492 -0.109
-1.1 0.4 3.086 -0.464
-1.4 0.5 2.043 -0.232
-1.5 0.6 1.806 -0.179

Contd...
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-0.9 0.8 1.107 -0.024
-1.2 0.9 1.042 -0.009
-1.4 1.1 1.009 -0.002
-1.3 1.4 1 0

Table 4(c)
The table represents the statefinder parameters limits for different values of 

parameters k and n.

Quintessence model r < 1 

n k r

-1.1  0.4  0.64 

-1.5  0.5  0.51 

-0.1  0.5  0.961 

-0.8  0.6  0.845 

-1.9  0.7  0.991 

-1.9  0.9  0.893 

-1.2  1.1  0.968 

-0.5  1.1  0.994 

Table 5(a)
The table represents the deceleration parameter, EoS parameter and statefinder 

parameters limits for different values of parameters ,g k and n.

Quintessence model r < 1

n k Q wde g

-1.58 1.68 -0.997 -0.979 0

-1.61 1.5 -0.994 -0.975 0.2

-1.52 1.17 -0.982 -0.986 0.5

-1.58 1.08 -0.969 -0.985 0.6

-1.55 0.75 -0.897 -0.982 0.9

-1.58 0.66 -0.847 -0.975 1

-1.73 0.54 -0.717 -0.978 1.2
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Table 5(b)
The table represents the deceleration parameter, EoS parameter and statefinder 

parameters limits for different values of parameters ,g  k and n.

Phantom model s > 0
 n  k  q wde  g

-1.97 1.8 -0.988 -1.006 0
-1.97 1.62 -0.98 -1.012 0.2
-1.55 1.38 -0.992 -1 0.3

-2 1.44 -0.963 -1.048 0.4
-1.97 1.23 -0.941 -1.038 0.6

-2 1.05 -0.895 -1.047 0.8
-1.7 0.69 -0.832 -1.059 1

4.  Results and Conclusions

A wide range of researchers worldwide are attracted by the concept 
of the universe’s accelerated expansion. Various methodologies have been 
suggested to investigate this possibility, including alternate theories of 
gravity and other dynamical DE models. The present research focuses on 
the investigation of a non-static plane-symmetric THDE cosmological 
model within the framework of the general theory of gravity. This model 
incorporates an attracting MSF and cosmic strings. Prominent cosmic 
parameters and planes have been determined. 

Early inflation occurs due to the expansion of the model from a finite 
volume. The model exhibits finite physical quantities at t →∞  and infinite 
physical quantities at = 0.t  Consequently, our model exhibits an initial 
singularity, meaning that our representation of the universe starts with a 
big bang and thereafter expands exponentially. The model exhibits 
homogeneity and uniformity throughout its whole and then attains 
isotropy and shear-free behaviour near the end. The SF reduces as cosmic 
time increases for all parameter values n, and it also decreases as n 
increases. It is seen that the SF is undergoing a decrease, leading to an 
increase in kinetic energy. The observed behaviour has a resemblance to 
the SF models of DE that have been developed by many authors (references 
[88] and [64-66]). The NEC are satisfied at the initial epoch and violated at 
later times. As a result, the model creates a Big Rip. It is also noting that 
the WEC is satisfied, however, the DEC is not. This tendency is due to the 
universe’s accelerated expansion, which is consistent with modern 
observational evidence. The study of the DP reveals that our constructed 
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model exhibits a transition from the early deceleration era to the current 
acceleration epoch. It can also be seen that our DE model entered into 
accelerating expansion at 6.2 ,st Gyr≈  i.e. 7.5 Gyr ago from today (t = 13.7 
Gyr) and the current value of the DP may be found to be 0.75.−  This is 
consistent with data from many schemes 

0

0.930 0.218 (BAO + TDSL + Masers + Pantheon )
1.2037 0.175(BAO + TDSL + Masers + Pantheon + + ) ([89] - [92]).

z

z

q H
q H H

= − ±

= − ±

Our THDE model evolves from the aggressive phantom era 
( << 1)dew −  to the phantom-dominated phase ( < 1)dew −  of the universe. 
When the SF ( )tf  grows, our THDE model approaches the aggressive 
phantom region. The current values of the EoS parameter ( , )den w  =  
( 1.5,−  0.64),−  ( , )den w  =  ( 1.7,−  1.045),−  and ( , )den w  =  ( 1.9,−  2.192)−  
are all in good accordance with recent observational data. The following is 
a list of the Planck collaboration data as a whole (Aghanim et al. [93]): 

0.60
0.48

0.52
0.41

0.50
0.40

0.10
0.10

1.56 (Planck + lowE + TT)
1.58 (Planck + lowE + TT,TE,EE)

1.57 (Planck + lensing + TT,TE,EE + lowE)
1.04 (Planck + lesing + BAO + TT,TE,EE + lowE)

dew

+
−

+
−

+
−

+
−

 −


−= 
−

−

Throughout the evolution of the universe, the de dew w ′−  plane has 
been observed to represent a thawing zone. Squared sound speed 2

sv  is 
negative throughout the universe’s evolution indicating that the model is 
unstable. This behaviour is consistent with what has been reported 
recently. It can be shown that the statefinder plane’s trajectory eventually 
reaches the CDML  limit. The phantom and quintessence characteristics 
can also be seen in the r s−  trajectory. Given the present observational 
data from various schemes we have added observational bounds to the 
important parameters like k, n and .g  For this purpose, we fit the 
parameters k, n and g  to satisfy the present values of EoS and deceleration 
parameters from current observations (Ref. tables-1(a) to 5(b)). 

Finally, here is a brief overview of our findings: 
•	� According to recent data, the DP reveals a transition from the early 

decelerated phase to the current cosmic acceleration. 
•	� When compared to current measurements, the EoS parameter has 

phantom behaviour and consistent ranges. 
•	 de dew w ′−  plane shows a thawing region. 
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•	 Our constructed model has been unstable. 
•	� The NEC are satisfied at the initial era and violated at later times. 

The WEC are satisfied, however, the DEC are not. This is consistent 
with current observational evidence. 

•	� r q−  plane exhibits that our model starts with the SCDM model and 
then moves on to the steady state model. 

•	� The statefinder parameters correspond to the CDML  limit, as well 
as quintessence and phantom behaviour. 

In summary, analysis of the THDE model with MSFs is effective in 
representing the universe’s evolution, from early decelerated phase to 
late-time acceleration. It would be interesting to undertake more 
investigations on the generalized HDE models ([29]) and the well-known 
phenomenon known as holographic inflation (Nojiri et al. [97]; Elizalde 
and Timoshkin [98]; Nojiri et al. [99]). To extract the overall characteristics 
of the models, it would also be intriguing to incorporate a joint observational 
study using information from numerous observations. These essential 
studies are outside the focus of this work and are reserved for future 
works. 
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